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Notes to the Instructor

One goal in our writing has been to create flexible texts that afford the instructor a variety
of topics and make available to the student an abundance of practice problems and projects.
We recommend that the instructor read the discussion given in the preface in order to gain

an overview of the prerequisites, topics of emphasis, and general philosophy of the text.

Software Supplements

Interactive Differential Equations CD-ROM: By Beverly West (Cornell University),
Steven Strogatz (Cornell University), Jean Marie McDill (California Polytechnic State Uni-
versity — San Luis Obispo), John Cantwell (St. Louis University), and Hubert Hohn (Mas-
sachusetts College of Arts) is a popular software directly tied to the text that focuses on helping
students visualize concepts. Applications are drawn from engineering, physics, chemistry, and

biology. Runs on Windows or Macintosh and is included free with every book.

Instructor’s MAPLE/MATHLAB/MATHEMATICA manual: By Thomas W. Po-
laski (Winthrop University), Bruno Welfert (Arizona State University), and Maurino Bautista
(Rochester Institute of Technology). A collection of worksheets and projects to aid instruc-
tors in integrating computer algebra systems into their courses. Available via Addison-Wesley

Instructor’s Resource Center.

MATLAB Manual ISBN 13: 978-0-321-53015-8; ISBN 10: 0-321-53015-2
MAPLE Manual ISBN 13: 978-0-321-38842-1; ISBN 10: 0-321-38842-9
MATHEMATICA Manual ISBN 13: 978-0-321-52178-1; ISBN 10: 0-321-52178-1

Computer Labs

A computer lab in connection with a differential equations course can add a whole new di-
mension to the teaching and learning of differential equations. As more and more colleges
and universities set up computer labs with software such as MAPLE, MATLAB, DERIVE,
MATHEMATICA, PHASEPLANE, and MACMATH, there will be more opportunities to in-
clude a lab as part of the differential equations course. In our teaching and in our texts, we
have tried to provide a variety of exercises, problems, and projects that encourage the student
to use the computer to explore. Even one or two hours at a computer generating phase plane

diagrams can provide the students with a feeling of how they will use technology together

1



with the theory to investigate real world problems. Furthermore, our experience is that they
thoroughly enjoy these activities. Of course, the software, provided free with the texts, is

especially convenient for such labs.

Group Projects

Although the projects that appear at the end of the chapters in the text can be worked
out by the conscientious student working alone, making them group projects adds a social
element that encourages discussion and interactions that simulate a professional work place
atmosphere. Group sizes of 3 or 4 seem to be optimal. Moreover, requiring that each individual
student separately write up the group’s solution as a formal technical report for grading by

the instructor also contributes to the professional flavor.

Typically, our students each work on 3 or 4 projects per semester. If class time permits, oral
presentations by the groups can be scheduled and help to improve the communication skills

of the students.

The role of the instructor is, of course, to help the students solve these elaborate problems on
their own and to recommend additional reference material when appropriate.

Some additional Group Projects are presented in this guide (see page 9).

Technical Writing Exercises

The technical writing exercises at the end of most chapters invite students to make documented
responses to questions dealing with the concepts in the chapter. This not only gives students
an opportunity to improve their writing skills, but it helps them organize their thoughts and
better understand the new concepts. Moreover, many questions deal with critical thinking

skills that will be useful in their careers as engineers, scientists, or mathematicians.

Since most students have little experience with technical writing, it may be necessary to return
ungraded the first few technical writing assignments with comments and have the students redo
the the exercise. This has worked well in our classes and is much appreciated by the students.

Handing out a “model” technical writing response is also helpful for the students.

Student Presentations

It is not uncommon for an instructor to have students go to the board and present a solution



to a problem. Differential equations is so rich in theory and applications that it is an excellent
course to allow (require) a student to give a presentation on a special application (e.g., almost
any topic from Chapter 3 and 5), on a new technique not covered in class (e.g., material from
Section 2.6, Projects A, B, or C in Chapter 4), or on additional theory (e.g., material from
Chapter 6 which generalizes the results in Chapter 4). In addition to improving students’
communication skills, these “special” topics are long remembered by the students. Here, too,
working in groups of 3 or 4 and sharing the presentation responsibilities can add substantially
to the interest and quality of the presentation. Students should also be encouraged to enliven
their communication by building physical models, preparing part of their lectures on video

cassette, etc.

Homework Assignments

We would like to share with you an obvious, non-original, but effective method to encourage

students to do homework problems.

An essential feature is that it requires little extra work on the part of the instructor or grader.
We assign homework problems (about 10 of them) after each lecture. At the end of the week
(Fridays), students are asked to turn in their homework (typically, 3 sets) for that week. We
then choose at random one problem from each assignment (typically, a total of 3) that will
be graded. (The point is that the student does not know in advance which problems will be
chosen.) Full credit is given for any of the chosen problems for which there is evidence that the
student has made an honest attempt at solving. The homework problem sets are returned to
the students at the next meeting (Mondays) with grades like 0/3, 1/3, 2/3, or 3/3 indicating
the proportion of problems for which the student received credit. The homework grades are
tallied at the end of the semester and count as one test grade. Certainly, there are variations
on this theme. The point is that students are motivated to do their homework with little

additional cost (= time) to the instructor.

Syllabus Suggestions

To serve as a guide in constructing a syllabus for a one-semester or two-semester course, the
prefaces to the texts list sample outlines that emphasize methods, applications, theory, partial
differential equations, phase plane analysis, computation, or combinations of these. As a
further guide in making a choice of subject matter, we provide below a listing of text material

dealing with some common areas of emphasis.



Numerical, Graphical, and Qualitative Methods

The sections and projects dealing with numerical, graphical, and qualitative techniques of

solving differential equations include:
Section 1.3: Direction Fields
Section 1.4: The Approzimation Method of Fuler
Project A for Chapter 1: Taylor Series
Project B for Chapter 1: Picard’s Method
Project D for Chapter 1: The Phase Line

Section 3.6: Improved Fuler’s Method, which includes step-by-step outlines of the im-
proved Euler’s method subroutine and improved Euler’s method with tolerance. These

outlines are easy for the student to translate into a computer program (cf. pages 135

and 136).

Section 3.7: Higher-Order Numerical Methods: Taylor and Runge-Kutta, which includes
outlines for the Fourth Order Runge-Kutta subroutine and algorithm with tolerance (see

pages 144 and 145).
Project H for Chapter 3: Stability of Numerical Methods
Project I for Chapter 3: Period Doubling an Chaos

Section 4.8: Qualitative Considerations for Variable Coefficient and Nonlinear Equa-
tions, which discusses the energy integral lemma, as well as the Airy, Bessel, Duffing,

and van der Pol equations.

Section 5.3: Solving Systems and Higher-Order Equations Numerically, which describes
the vectorized forms of Euler’s method and the Fourth Order Runge-Kutta method, and

discusses an application to population dynamics.

Section 5.4: Introduction to the Phase Plane, which introduces the study of trajectories

of autonomous systems, critical points, and stability.



Section 5.8: Dynamical Systems, Poincare Maps, and Chaos, which discusses the use of

numerical methods to approximate the Poincare map and how to interpret the results.
Project A for Chapter 5: Designing a Landing System for Interplanetary Travel
Project B for Chapter 5: Things That Bob

Project D for Chapter 5: Strange Behavior of Competing Species — Part I

Project D for Chapter 9: Strange Behavior of Competing Species — Part I
Project D for Chapter 10: Numerical Method for Au = f on a Rectangle

Project D for Chapter 11: Shooting Method

Project E for Chapter 11: Finite-Difference Method for Boundary Value Problems
Project C for Chapter 12: Computing Phase Plane Diagrams

Project D for Chapter 12: Ecosystem of Planet GLIA-2

Appendix A: Newton’s Method

Appendix B: Simpson’s Rule

Appendix D: Method of Least Squares

Appendix E: Runge-Kutta Procedure for Equations

The instructor who wishes to emphasize numerical methods should also note that the text

contains an extensive chapter of series solutions of differential equations (Chapter 8).

Engineering /Physics Applications

Since Laplace transforms is a subject vital to engineering, we have included a detailed chapter

on this topic — see Chapter 7. Stability is also an important subject for engineers, so we

have included an introduction to the subject in Chapter 5.4 along with an entire chapter

addressing this topic — see Chapter 12. Further material dealing with engineering/physic

applications include:

Project C for Chapter 1: Magnetic “Dipole”



Project B for Chapter 2: Torricelli’s Law of Fluid Flow
Section 3.1: Mathematical Modeling

Section 3.2: Compartmental Analysis, which contains a discussion of mixing problems

and of population models.

Section 3.3: Heating and Cooling Buildings, which discusses temperature variations in

the presence of air conditioning or furnace heating.

Section 3.4: Newtonian Mechanics

Section 3.5: FElectrical Circuits

Project C for Chapter 3: Curve of Pursuit

Project D for Chapter 3: Aircraft Guidance in a Crosswind
Project E for Chapter 3: Feedback and the Op Amp

Project F for Chapter 3: Band-Bang Controls

Section 4.1: Introduction: Mass-Spring Oscillator

Section 4.8: Qualitative Considerations for Variable-Coefficient and Nonlinear Equations
Section 4.9: A Closer Look at Free Mechanical Vibrations
Section 4.10: A Closer Look at Forced Mechanical Vibrations
Project B for Chapter 4: Apollo Reentry

Project C for Chapter 4: Simple Pendulum

Chapter 5: Introduction to Systems and Phase Plane Analysis, which includes sections

on coupled mass-spring systems, electrical circuits, and phase plane analysis.
Project A for Chapter 5: Designing a Landing System for Interplanetary Travel
Project B for Chapter 5: Things that Bob

Project C for Chapter 5: Hamiltonian Systems



Project D for Chapter 5: Transverse Vibrations of a Beam

Chapter 7: Laplace Transforms, which in addition to basic material includes discussions

of transfer functions, the Dirac delta function, and frequency response modeling,.

Projects for Chapter 8, dealing with Schrodinger’s equation, bucking of a tower, and

again springs.
Project B for Chapter 9: Matriz Laplace Transform Method
Project C for Chapter 9: Undamped Second-Order Systems

Chapter 10: Partial Differential Equations, which includes sections on Fourier series, the

heat equation, wave equation, and Laplace’s equation.

Project A for Chapter 10: Steady-State Temperature Distribution in a Circular Cylinder
Project B for Chapter 10: A Laplace Transform Solution of the Wave Equation
Project A for Chapter 11: Hermite Polynomials and the Harmonic Oscillator

Section 12.4: Energy Methods, which addresses both conservative and nonconservative

autonomous mechanical systems.
Project A for Chapter 12: Solitons and Korteweg-de Vries Equation
Project B for Chapter 12: Burger’s Equation

Students of engineering and physics would also find Chapter 8 on series solutions particularly

useful, especially Section 8.8 on special functions.
Biology /Ecology Applications

Project D for Chapter 1: The Phase Plane, which discusses the logistic population model

and bifurcation diagrams for population control.
Project A for Chapter 2: Differential Equations in Clinical Medicine

Section 3.1: Mathematical Modeling



Section 3.2: Compartmental Analysis, which contains a discussion of mixing problems

and population models.
Project A for Chapter 3: Dynamics for HIV Infection

Project B for Chapter 3: Aquaculture, which deals with a model of raising and harvesting

catfish.
Section 5.1: Interconnected Fluid Tanks, which introduces systems of equations.

Section 5.3: Solving Systems and Higher-Order Equations Numerically, which contains

an application to population dynamics.

Section 5.5: Applications to Biomathematics: Epidemic and Tumor Growth Models
Project D for Chapter 5: Strange Behavior of Competing Species — Part I

Project E for Chapter 5: Cleaning Up the Great Lakes

Project D for Chapter 9: Strange Behavior of Competing Species — Part I

Problem 19 in Exercises 10.5, which involves chemical diffusion through a thin layer.

Project D for Chapter 12: Ecosystem on Planet GLIA-2

The basic content of the remainder of this instructor’s manual consists of supplemental group
projects, answers to the even-numbered problems, and detailed solutions to the even-numbered
problems in Chapters 1, 2, 4, and 7 as well as Sections 3.2, 3.3, and 3.4. The answers are,
for the most part, not available any place else since the text only provides answers to odd-
numbered problems, and the Student’s Solutions Manual contains only a handful of worked

solutions to even-numbered problems.

We would appreciate any comments you may have concerning the answers in this manual.
These comments can be sent to the authors’ email addresses below. We also would encourage

sharing with us (= the authors and users of the texts) any of your favorite group projects.

E. B. Saff A. D. Snider
Edward.B.Saff@Vanderbilt.edu snider@eng.usf.edu



Group Projects for Chapter 3

Delay Differential Equations

In our discussion of mixing problems in Section 3.2, we encountered the initial value

problem

r(t)=6——uz(t—to), (0.1)
z(t)=0 for x € [—tp,0],

where t is a positive constant. The equation in (0.1) is an example of a delay differ-
ential equation. These equations differ from the usual differential equations by the
presence of the shift (¢ — ty) in the argument of the unknown function z(¢). In general,
these equations are more difficult to work with than are regular differential equations,

but quite a bit is known about them.!

(a) Show that the simple linear delay differential equation
' = ax(t —b), (0.2)

where a, b are constants, has a solution of the form x(t) = Ce™ for any constant

O, provided s satisfies the transcendental equation s = ae™%.

(b) A solution to (0.2) for ¢ > 0 can also be found using the method of steps. Assume
that x(t) = f(¢) for —b <t < 0. For 0 <t < b, equation (0.2) becomes

' (t) = ax(t —b) = af(t —b),

and so
() = /af(z/ — b)dv + 2(0).

Now that we know z(¢) on [0, b], we can repeat this procedure to obtain

t

x(t) = /ax(l/ —b)dv + x(b)

b

for b < x < 2b. This process can be continued indefinitely.

1See, for example, Differential-Difference Equations, by R. Bellman and K. L. Cooke, Academic Press, New
York, 1963, or Ordinary and Delay Differential Equations, by R. D. Driver, Springer—Verlag, New York, 1977
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Use the method of steps to show that the solution to the initial value problem
' (t) = —x(t — 1), z(t)=1 on [-1,0],
is given by

x(t):i(—l)kw, for n—1<t<n,

where n is a nonnegative integer. (This problem can also be solved using the

Laplace transform method of Chapter 7.)

(c) Use the method of steps to compute the solution to the initial value problem given

in (0.1) on the interval 0 <t < 15 for ¢, = 3.

Extrapolation

When precise information about the form of the error in an approximation is known, a

technique called extrapolation can be used to improve the rate of convergence.

Suppose the approximation method converges with rate O (h?) as h — 0 (cf. Section 3.6).

From theoretical considerations, assume we know, more precisely, that
(s h) = 6(x) + Way(x) + O (). (03)

where y(z; h) is the approximation to ¢(z) using step size h and a,(z) is some function
that is independent of A (typically, we do not know a formula for a,(z), only that it

exists). Our goal is to obtain approximations that converge at the faster rate O (h?T1).

We start by replacing h by h/2 in (0.3) to get

y (x; g) = ¢(x) + g ay(z) + O (h"*) .

If we multiply both sides by 2P and subtract equation (0.3), we find

2Py (:1:; g) —y(z;h) = (2 = 1) ¢(z) + O (K" .

Solving for ¢(z) yields

_ 2y (x;h/2) — y(x; h)
P

¢(x) +0 (k).

Hence,

. (x; g) _ 2y (= };{0231 y(x;h)

has a rate of convergence of O (hP*1).



(a)

(b)

(d)

Assuming
h
y* (x; 5) = ¢(x) + W ayq(x) + O (RPF?)

show that

Uy w1 _ |

has a rate of convergence of O (hP2).
Assuming

y** <x; %) = ¢(x) + WP ayys(z) + O (WPF?)

show that

o ( h) 2y (i h/8) — y(w h/4)

g w2 _ |

has a rate of convergence of O (hP*3).

The results of using Euler’s method (with h = 1, 1/2, 1/4, 1/8) to approximate the

solution to the initial value problem

at x = 1 are given in Table 1.2, page 27. For Euler’s method, the extrapolation
procedure applies with p = 1. Use the results in Table 1.2 to find an approximation
to e = y(1) by computing y***(1;1/8). [Hint: Compute y*(1;1/2), y*(1;1/4), and
y* (1;1/8); then compute y** (1;1/4) and y** (1;1/8).]

Table 1.2 also contains Euler’s approximation for y(1) when A = 1/16. Use this

additional information to compute the next step in the extrapolation procedure;

that is, compute y***(1;1/16).

Group Projects for Chapter 5

Effects of Hunting on Predator—Prey Systems

As discussed in Section 5.3 (page 277), cyclic variations in the population of predators

and their prey have been studied using the Volterra-Lotka predator-prey model

d

d—f = Ax — Buy, (0.4)
dy

@ _ _ D .
7 Cy+ Dzxy, (0.5)
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where A, B, C, and D are positive constants, x(t) is the population of prey at time ¢, and
y(t) is the population of predators. It can be shown that such a system has a periodic
solution (see Project D). That is, there exists some constant 7" such that x(t) = z(t+T)
and y(t) = y(t + T) for all t. The periodic or cyclic variation in the population has
been observed in various systems such as sharks—food fish, lynx—rabbits, and ladybird
beetles—cottony cushion scale. Because of this periodic behavior, it is useful to consider

the average population 7 and y defined by

¢ t
1 1
T = T/x(t)dt, Y= /y(t)dt.
0 0

(a) Show that 7 = C/D and § = A/B. [Hint: Use equation (0.4) and the fact that
z(0) = z(T) to show that

=l

8

/ A — By(t) dt — / x((;) dd—t:o.]

(b) To determine the effect of indiscriminate hunting on the population, assume hunting

reduces the rate of change in a population by a constant times the population. Then

the predator—prey system satisfies the new set of equations

dz

ngx—Ba:y—ea::(A—s)x—Bxy, (0.6)
d
d_? =—Cy+ Dzxy — oy =—(C+ )y + Dzy, (0.7)

where ¢ and J are positive constants with ¢ < A. What effect does this have on the

average population of prey? On the average population of predators?

(c) Assume the hunting was done selectively, as in shooting only rabbits (or shooting
only lynx). Then we have ¢ > 0 and 6 = 0 (or ¢ = 0 and 6 > 0) in (0.6)—(0.7).

What effect does this have on the average populations of predator and prey?

(d) In a rural county, foxes prey mainly on rabbits but occasionally include a chicken
in their diet. The farmers decide to put a stop to the chicken killing by hunting
the foxes. What do you predict will happen? What will happen to the farmers’

gardens?



Limit Cycles

In the study of triode vacuum tubes, one encounters the van der Pol equation?
y' —u(l-y")y +y=0,

where the constant p is regarded as a parameter. In Section 4.8 (page 224), we used the
mass-spring oscillator analogy to argue that the nonzero solutions to the van der Pol
equation with p = 1 should approach a periodic limit cycle. The same argument applies

for any positive value of u.

(a) Recast the van der Pol equation as a system in normal form and use software to
plot some typical trajectories for = 0.1, 1, and 10. Re-scale the plots if necessary
until you can discern the limit cycle trajectory; find trajectories that spiral in, and

ones that spiral out, to the limit cycle.

(b) Now let p = —0.1, —1, and —10. Try to predict the nature of the solutions using
the mass-spring analogy. Then use the software to check your predictions. Are
there limit cycles? Do the neighboring trajectories spiral into, or spiral out from,

the limit cycles?

(c) Repeat parts (a) and (b) for the Rayleigh equation

y”—u[l—(y’)z} Y +y=0.

Group Project for Chapter 13
David Stapleton, University of Central Oklahoma

Satellite Altitude Stability

In this problem, we determine the orientation at which a satellite in a circular orbit of
radius r can maintain a relatively constant facing with respect to a spherical primary
(e.g., a planet) of mass M. The torque of gravity on the asymmetric satellite maintains

the orientation.

2 Historical Footnote: Experimental research by E. V. Appleton and B. van der Pol in 1921 on the
oscillation of an electrical circuit containing a triode generator (vacuum tube) led to the nonlinear equation
now called van der Pol’s equation. Methods of solution were developed by van der Pol in 1926-1927.
Mary L. Cartwright continued research into nonlinear oscillation theory and together with J. E. Little-

wood obtained existence results for forced oscillations in nonlinear systems in 1945.

13



Suppose (z,y, z) and (Z,7,Z) refer to coordinates in two systems that have a common
origin at the satellite’s center of mass. Fix the xyz-axes in the satellite as principal axes;
then let the Z-axis point toward the primary and let the Z-axis point in the direction of
the satellite’s velocity. The xyz-axes may be rotated to coincide with the Tyz-axes by
a rotation ¢ about the z-axis (roll), followed by a rotation 6 about the resulting y-axis
(pitch), and a rotation ¢ about the final z-axis (yaw). Euler’s equations from physics
(with high terms omitted® to obtain approximate solutions valid near (¢, 6,) = (0,0, 0))
show that the equations for the rotational motion due to gravity acting on the satellite

are
L = —dwi (I, — 1) —wo (I, — I, — L)Y’
LY = —3wi (I, —1.)0
Ly = —4wi (I, — L)Y +wy (I, — I, — 1) ¢,

where wg = /(GM)/r? is the angular frequency of the orbit and the positive constants

I, 1,, I, are the moments of inertia of the satellite about the z, y, and z-axes.

(a) Find constants ¢y, ..., cs such tha these equations can be written as two systems

b 00 1 01[e

dlv | (0 0 0 1 P

at | ¢ a0 0 || ¢
0’ 0 C3 (4 0 | 1/1/

and i

d|l¢ | [0 1 0
dt | ¢ s 0] 0|

(b) Show that the origin is asymptotically stable for the first system in (a) if
(cacq + c3 + 01)2 —4eie3 >0,
cicz > 0,

cocyg +c3+c1 >0

and hence deduce that I, > I, > I, yields an asymptotically stable origin. Are

there other conditions on the moments of inertia by which the origin is stable?

3The derivation of these equations is found in Attitude Stabilization and Control of Earth Satellites, by
O. H. Gerlach, Space Science Reviews, #4 (1965), 541-566

14



(c) Show that, for the asymptotically stable configuration in (b), the second system
in (a) becomes a harmonic oscillator problem, and find the frequency of oscillation
in terms of I, I, I., and wy. Phobos maintains I, > I, > I, in its orientation
with respect to Mars, and has angular frequency of orbit wy = 0.82 rad/hr. If
(I, — I,) /1, = 0.23, show that the period of the libration for Phobos (the period
with which the side of Phobos facing Mars shakes back and forth) is about 9 hours.

15



CHAPTER 1: Introduction

EXERCISES 1.1: Background

2.

10.

12.

14.

16.

This equation is an ODE because it contains no partial derivatives. Since the highest
order derivative is d?y/dz?, the equation is a second order equation. This same term
also shows us that the independent variable is x and the dependent variable is y. This

equation is linear.

This equation is a PDE of the second order because it contains second partial derivatives.

x and y are independent variables, and wu is the dependent variable.

This equation is an ODE of the first order with the independent variable ¢ and the

dependent variable x. It is nonlinear.

ODE of the second order with the independent variable x and the dependent variable y,

nonlinear.

ODE of the fourth order with the independent variable x and the dependent variable y,

linear.

ODE of the second order with the independent variable x and the dependent variable y,

nonlinear.

The velocity at time ¢ is the rate of change of the position function z(t), i.e., 2. Thus,

dx
— = ka?,
dt

where k is the proportionality constant.

The equation is
dA
— = LkA?
dt

where k is the proportionality constant.

17



Chapter 1
EXERCISES 1.2: Solutions and Initial Value Problems

2. (a) Writing the given equation in the form y*> = 3 — z, we see that it defines two

functions of x on x < 3, y = ++/3 — x. Differentiation yields

dy _ 4oy mmry — 1 b3
dr — dx (i k x)_idx [(3 @) ]
1 1 1

= +-B-a2) V2 (-)=- =
B P = m = = Ty
(b) Solving for y yields
1

3 . : =1 3 —

y°(x — zsinx) = Yy 21— s
1

= y=—— = [z(1 —sinx)] V3.

/x(l — sinx)

The domain of this function is x # 0 and
sinz£1 = x¢g+2lm, k=0,41,42, ... .

For 0 < 2 < /2, one has
d d 1 d
ﬁ = - [z(1 —sinz)] "3} = —§[:z:(1 — sinx)]’l/?”l%[x(l —sinx)]
1
= —g[x(l —sina)] " Yz(1 — sinz)]Y3[(1 — sinz) + 2(— cos z)]
(xcosx +sinx — 1)y
3z(1 —sinx)

We also remark that the given relation is an implicit solution on any interval not
containing points x = 0,7/2 + 2kr, k =0,+1,+2,....
4. Differentiating the function x = 2cost — 3sint twice, we obtain
/ _ " _

' = —2sint — 3cost, x' = —2cost+ Isint.

Thus,
2"+ 2= (—2cost+ 3sint) + (2cost — 3sint) =0

for any t on (—o0, 00).
6. Substituting x = cos 2t and 2’ = —2sin 2t into the given equation yields
(—2sin 2t) + t cos 2t = sin 2t & tcos2t = 3sin2t.
Clearly, this is not an identity and, therefore, the function x = cos 2t is not a solution.

18



10.

12.

14.

16.

Exercises 1.2

Using the chain rule, we have
y=3sin2x +e *,
y' = 3(cos2x)(2z) + e *(—x) = 6cos2x — e ",

y" = 6(—sin2x)(2x) — e (—x)' = —12sin2z + e .

Therefore,

y'+4y = (—12sin2z + e *) + 4 (3sin2z + ¢ *) = 5e 7,

which is the right-hand side of the given equation. So, y = 3sin 2z + e~* is a solution.

Taking derivatives of both sides of the given relation with respect to x yields

d d dy 1dy

—(y—Iny) = — (2> +1 < —Z =2

dx(y ny) da:(x+> = der ydx .
dy 1 dyy—1 dy 2y
—|1—-=])=2 = =2 = = )
dm( y) . = dr vy . = de y—1

Thus, the relation y—Iny = x%+1 is an implicit solution to the equation 3 = 2zy/(y—1).
) )

To find dy/dx, we use implicit differentiation.

d ., d d
. [2° —sin(z + y)] = %(1) =0 = 2z-— cos(x+y)£(:c+y) =0

d d 2
= Zx—cos(:c—i-y)(l—i-d—i):() %Im—1:2$S€C($+y)—l,

and so the given differential equation is satisfied.

Assuming that C; and Cy are constants, we differentiate the function ¢(z) twice to get
¢ () = Cicosx — Cysinx, ¢"(x) =—Cisinz — Cycosz.

Therefore,
¢+ ¢ = (—Cisinz — Cycosz) + (Cysinz + Cycosz) = 0.

Thus, ¢(x) is a solution with any choice of constants C; and Cs.

Differentiating both sides, we obtain

%(wg—l—Cyg):%(l):O = 2x+20yj—i:0 = %:—Oiy.

19



Chapter 1

2

Since, from the given relation, Cy? = 1 — 22, we have

roxy axy
Cy —Cy?> a2-1°

So,
dy  wy
de  22—1"

Writing Cy? = 1 — 22 in the form

y2

=2+ 1,

we see that the curves defined by the given relation are ellipses with semi-axes 1 and

1/ V/C and so the integral curves are half-ellipses located in the upper /lower half plane.

18. The function ¢(x) is defined and differentiable for all values of x except those satisfying
A—z2=0 = T = *c.

In particular, this function is differentiable on (—c, ¢).

Clearly, ¢(z) satisfies the initial condition:

Next, for any x in (—c¢, ¢),
b~ 2 ] oo - s

Therefore, ¢(z) is a solution to the equation y' = 2xy* on (—c, c).

Several integral curves are shown in Fig. 1-A on page 29.
20. (a) Substituting ¢(z) = ™" into the given equation yields
(€™ +6 (™) 4+ 5 (™) =0 = ™ (m®+6m+5) = 0.
Since e™* # 0 for any x, ¢(x) satisfies the given equation if and only if
m>4+6m+5=0 < m=-—1,-b.

20



Exercises 1.2
(b) We have

(e™)" + 3 (e™)" +2(e™) =0 = ™ (m® +3m® +2m) = 0

= m(m*+3m+2)=0 < m=0-1,-2.
22. We find
¢'(z) = c1e” — 2cpe™ %" ¢" (1) = cre” + dege .
Substitution yields

SHS 2 = (o +loe ™) + (o - 200 ™) - 2 (o + o)

= (c1+c —2c1)e” + (deg — 25 — 2¢3) e 2 = 0.
Thus, with any choice of constants ¢; and ¢, ¢(z) is a solution to the given equation.

(a) Constants ¢; and ¢, must satisfy the system

2:¢(0):Cl+02
1:(25/(0):61—262.

Subtracting the second equation from the first one yields
3co =1 = 02:1/3 = 61:2—02:5/3.

(b) Similarly to the part (a), we obtain the system

1=¢(1) =cie+ cpe?
0=¢(1) = cre — 2coe?

which has the solution ¢; = (2/3)e™!, ca = (1/3)e%.

24. In this problem, the independent variable is t, the dependent variable is y. Writing the
equation in the form
dy

—Z =ty +sin’t,
it Y

we conclude that f(t,y) = ty + sin®t, df(t,y)/0y = t. Both functions, f and df/dy,
are continuous on the whole ty-plane. So, Theorem 1 applies for any initial condition,

in particular, for y(m) = 5.
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26.

28.

30.

With the independent variable ¢ and the dependent variable x, we have

f(t,x) =sint — cosx, %:sinx,

which are continuous on tz-plane. So, Theorem 1 applies for any initial condition.

Here, f(z,y) = 3x — /y — 1 and

Of(x,y) 0 1/3y] _ 1
a—y:a—y[Bx—(y—l)/)] Yy w1y O

The function f is continuous at any point (z,y) while df/Jy is defined and continuous
at any point (z,y) with y # 1 i.e., on the zy-plane excluding the horizontal line y = 1.
Since the initial point (2,1) belongs to this line, there is no rectangle containing the

initial point, on which 0f /0y is continuous. Thus, Theorem 1 does not apply.

Here, the initial point (z¢,yo) is (0, —1) and G(x,y) = = + y + €™. The first partial

derivatives,
Gelr,y) = (x+y+e”) =1+ye™” and Gy(z,y)=(z+y+ ewy)'y =1+ ze",
are continuous on the xy-plane. Next,
G(0,-1)=—-1+¢€" =0, G,(0,—1) =1+ (0)e’ =1 #£0.

Therefore, all the hypotheses of Implicit Function Theorem are satisfied, and so the
relation x + y + €* = 0 defines a differentiable function y = ¢(x) on some interval

(—0,9) about xy = 0.

EXERCISES 1.3: Direction Fields

2.

22

(a) Starting from the initial point (0, —2) and following the direction markers we get
the curve shown in Fig. 1-B on page 30.
Thus, the solution curve to the initial value problem dy/dx = 2x + vy, y(0) = —2,

is the line with slope

dy
2,(0) = (22 +y)lo=o = y(0) = -2
and y-intercept y(0) = —2. Using the slope-intercept form of an equation of a line,

we get y = —2x — 2.



(b)

(c)

Exercises 1.3
This time, we start from the point (—1,3) and obtain the curve shown in Fig. 1-C

on page 30.

From Fig. 1-C, we conclude that

lim y(x) = oo, lim y(x) = oo.

r—00 r——00

4. The direction field and the solution curve satisfying the given initial conditions are

sketched in Fig. 1-D on page 30. From this figure we find that the terminal velocity is

limy o v(t) = 2.

6. (a)

(b)

(c)

(d)

The slope of the solution curve to the differential equation ¢y’ = x + siny at a point
(x,y) is given by y'. Therefore the slope at (1,7/2) is equal to

dy

dx|._ = (z +siny)|—1 =1 +sin s = 2.

2

The solution curve is increasing if the slope of the curve is greater than zero. From
the part (a), we know that the slope is x + siny. The function siny has values
ranging from —1 to 1; therefore if x is greater than 1 then the slope will always

have a value greater than zero. This tells us that the solution curve is increasing.

The second derivative of every solution can be determined by differentiating both

sides of the original equation, 3y’ = x + siny. Thus
d (dy d :

%<@) —%(a:—l—smy) =

d’y dy

@ =1+ (COS y)%

=1+ (cosy)(x + siny)

(chain rule)

1
:1+xcosy+sinycosy:1+xc0sy+§sin2y.

Relative minima occur when the first derivative, 1/, is equal to zero and the second
derivative, 3" | is positive (Second Derivative Test). The value of the first derivative
at the point (0,0) is given by

dy

%:0+Sin020.

This tells us that the solution has a critical point at the point (0,0). Using the

second derivative found in part (c¢) we have

d? 1
d_lz:1+0.coso+§sin0:l.
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Chapter 1

This tells us that the point (0,0) is a point of relative minimum.

8. (a) For this particle, we have z(2) = 1, and so the velocity

_d:v

v(2) = o =t -2 _ =2 -2(2°=T.

o t=2
t=2

(b) Differentiating the given equation yields
d*x d (dx d dx
ar @A) O s 8y g2 3,200
at? dt (dt) =) Tat
= 3% — 327 (£ — 2®) = 3> — 3t%2% + 32°.

(c) The function u? is an increasing function. Therefore, as long as z(t) < ¢, z(t)*> < t*

and

dz

— =t —z(t)’>0

o ()

meaning that z(¢) increases. At the initial point ty = 2.5 we have z(ty) = 2 < t.

Therefore, z(t) cannot take values smaller than 2.5, and the answer is “no”.

10. Direction fields and some solution curves to differential equations given in (a)—(e) are
shown in Fig. 1-E through Fig. 1-I on pages 31-32.
(a) ¥y =sinz.
(b) ¢ =siny.
(c) ¢ =sinzsiny.
(d) v =a®+2y%
(e) v =a®—2y%
12. The isoclines satisfy the equation f(x,y) =y = ¢, i.e., they are horizontal lines shown in

Fig. 1-J, page 32, along with solution curves. The curve, satisfying the initial condition,

is shown in bold.
14. Here, f(z,y) = x/y, and so the isoclines are defined by

— = = Yy=—-=.
Yy c
These are lines passing through the origin and having slope 1/c. See Fig. 1-K on

page 33.
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16.

18.

Exercises 1.4

The relation z + 2y = c yields y = (¢ —x)/2. Therefore, the isoclines are lines with slope

—1/2 and y-intercept ¢/2. See Fig. 1-L on page 33.

The direction field for this equation is shown in Fig. 1-M on page 33. From this picture

we conclude that any solution y(z) approaches zero, as x — +oc.

EXERCISES 1.4: The Approximation Method of Euler

2.

In this problem, g = 0, yo = 4, h = 0.1, and f(x,y) = —x/y. Thus, the recursive

formulas given in equations (2) and (3) of the text become

Tpt1 =Tp+h=x,+0.1,

Tn
yn—‘rl:yn—l—hf(xnayn):yn_’_O]-(__>7 n:071a27""

To find an approximation for the solution at the point 1 = ¢+ 0.1 = 0.1, we let n =0

in the last recursive formula to find

x
Y1 =yo+0.1 (--“) =4+ 0.1(0) = 4.
Yo
To approximate the value of the solution at the point zo = 21 + 0.1 = 0.2, we let n =1

in the last recursive formula to obtain

1 0.1 1
=y +01(——=)=4+01(——) =4—— =3.9975 ~ 3.998.
e ) e S A

Continuing in this way we find

) 0.2
= 0.1=0.3 = 01— =3995+01( ————| = 3.992
€3 T2 + ) Y3 Y2 + ( y2) + ( 39975) 3
2y =04, Yy ~ 3.985,
25 =05, ys ~ 3.975

where all of the answers have been rounded off to three decimal places.
Here 2o =0, yo = 1, and f(z,y) = = +y. So,

Tpi1 =Tp+h=x,+0.1,

Yn+1 :yn"i_hf(xmyn) :yn+0'1(xn+yn)a n=0,1,2....
Letting n = 0, 1,2, 3, and 4, we recursively find
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To=31+h=02, yp=1y +01(x1+wy)=114010.1+11)=122,

Ty =204+ h=03, y3=10s+0.1(xs41s)=122+0.1(0.2+ 1.22) = 1.362,
1.362 4 0.1(0.3 4 1.362) = 1.528

1.5282 4 0.1(0.4 + 1.5282) = 1.721,

( ) =
( )
xy=x3+h=04, ys=1ys+0.1(z3+ys)
v5 =24 +h =05, ys=uys+0.1(xs+ys)

where all of the answers have been rounded off to three decimal places.

6. In this problem, xg = 1, yo = 0, and f(z,y) = z — y*. So, we let n =0,1,2,3, and 4, in

10.

26

the recursive formulas and find

ri=x0+h=11, y1=yo+0.1(zo—y] +0.1(1 - 0% =0.1,

To=x1+h=12, yp=y +0.1(z; - 1+0.1(1.1 = 0.1%) = 0.209 ,

325+ 0.1(1.3 — 0.325%) = 0.444,

0
0.

( 0.209 + 0.1(1.2 — 0.209%) = 0.325,
ry=x3+h=14, y4:y3+0.1(x3 Y3 0.
( 0.

rs=a4+h=15, ys=ys+0.1(x4—13 444 +0.1(1.4 — 0.444%) = 0.564,

)
u)
T3=xs+h=13, y3=yo+0.1 (22— 1)
)
)

where all of the answers have been rounded off to three decimal places.

The initial values are xg = yo = 0, f(x,y) = 1 —siny. If number of steps is N, then the
step h = (m — xo)/N = /N.

For N=1,h=m,

x1=xzo+h=m 1 =yo+ h(l—sinyy) =~ 3.1416.

For N =2 h=m/2,

r1=x0+7/2=m/2, y1 =yo+ h(l—sinyy) =r/2~ 1.571,
To=mx1+7/2=m, yos=1vy1+h(l—siny)=mn/2~1571.

We continue with NV = 4 and 8, and fill in Table 1 on page 28, where the approximations

to ¢(m) are rounded to three decimal places.

We have xy = y(0) = 0, h = 0.1. With this step size, we need (1 —0)/0.1 = 10 steps to
approximate the solution on [0, 1]. The results of computation are given in Table 1 on

page 28.



12.

14.

16.

Exercises 1.4

Next we check that y = e™™ 4+ — 1 is the actual solution to the given initial value

problem.

y’:(e‘x—l—x—l)/:—e_m—i-l:x—(e‘m+x—1):x—y,
y(0)= (e +az—-1)| _,=e"+0-1=0.

Thus, it is the solution.
The solution curve y = e™® 4+ — 1 and the polygonal line approximation using data

from Table 1 are shown in Fig. 1-IN, page 34.

Here, zo = 0, yo = 1, f(z,y) = y. With h = 1/n, the recursive formula (3) of the text
yields

- 1 1 1
Y(1) = o = Yoy + 2L = %4(1+—):[%4<1+—>}(L+—>
n n n n
1\2 1\" 1\"
= g (14=) == (1) =(14+2) .
n n n

Computation results are given in Table 1 on page 29.

For this problem notice that the independent variable is ¢ and the dependent variable is
T. Hence, in the recursive formulas for Euler’s method, ¢ will take the place of x and
T will take the place of 3. Also we see that h = 0.1 and f(t,T) = K (M* —T*), where
K =407* and M = 70. Therefore, the recursive formulas given in equations (2) and (3)
of the text become

tn+1 - tn + 01 y

Toi1 =Ty +hf (ty, T,) =T, +01(407%) (70* = T;)), n=0,1,2,....
From the initial condition 7°(0) = 100 we see that t; = 0 and 7, = 100. Therefore, for
n = 0, we have

ti=t,+01=0+01=0.1,

Ty =Ty +0.1(4074)(70* — T;) = 100 + 0.1(40~*)(70* — 100*) ~ 97.0316,
where we have rounded off to four decimal places.

Forn=1,
to=1t+01=0.140.1=0.2,
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Ty =Ty +0.1(4074)(70* — T") = 97.0316 + 0.1(40~*)(70* — 97.0316%) ~ 94.5068.
By continuing this way, we fill in Table 1 on page 29. From this table we see that

T(l) = T(t10> =~ TlO = 82694,
T(Q) = T(tgo) ~ T20 = 76446,

where we have rounded to three decimal places.

TABLES

N h o)

T 3.142
7/2 1.571
m/4  1.207
7/8 1.148

o =~ DN =

Table 1-A: Euler’s approximations to ¢ = 1 — siny, y(0) = 0, with N steps.

n Tn Yn n Tn Yn

0 0 0 6 0.6 0.131
1 01 O 7 0.7 0.178
2 0.2 0.01 8 0.8 0.230
3 03 0.029 9 09 0.287
4 04 0.056 10 1.0 0.349
5 0.5 0.091

Table 1-B: Euler’s approximations to y' = z —y, y(0) = 0, on [0, 1] with h = 0.1.
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h

y(2)

0.5
0.1
0.05
0.01

24.8438

~ 6.4 - 10176

~ 1.9 10114571

> 10!

030

Figures

Table 1-C: Euler’s method approximations of y(2) for y' = 2zy?, y(0) = 1.

n t, T, n t, T,

1 0.1 97.0316 11 1.1 81.8049
2 0.2 94.5068 12 1.2 80.9934
3 0.3 92.3286 13 1.3 80.2504
4 0.4 90.4279 14 1.4 79.5681
5 0.5 88.7538 15 1.5 78.9403
6 0.6 87.2678 16 1.6 78.3613
7 0.7 85.9402 17 1.7 77.8263
8 0.8 84.7472 18 1.8 77.3311
9 0.9 83.6702 19 1.9 76.8721

10 1.0 82.6936 20 2.0 76.4459

Table 1-D: Euler’s approximations to the solution of 7" = K (M* — T%), T(0) = 100,
with K =40%, M =70, and h = 0.1.

Figure 1-A: Integral curves in Problem 18.
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Figure 1-B: The solution curve in Problem 2(a).
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Figure 1-C: The solution curve in Problem 2(b).
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Figure 1-E: The direction field and solution curves in Problem 10(a).

Figure 1-F: The direction field and solution curves in Problem 10(b).
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Figure 1-H: The direction field and solution curves in Problem 10(d).
Figure 1-I: The direction field and solution curves in Problem 10(e).
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Figure 1-K: The isoclines and solution curves in Problem 14.
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Figure 1-L: The isoclines and solution curves in Problem 16.
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Figure 1-M: The direction field in Problem 18.
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0.4

0.2

Figure 1-N: Euler’s method approximations to y = e *+z—1 on [0, 1] with ~ = 0.1.
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CHAPTER 2: First Order Differential Equations

EXERCISES 2.2: Separable Equations

10.

This equation is not separable because sin(z + y) cannot be expressed as a product

g(x)p(y).

This equation is separable because
ds 2t 2 2 2
e tln (s*) 4+ 8t> = t(2t) In|s| + 8¢> = 2t*(In|s| + 4).

Writing the equation in the form

dy 2z B 2z 2 1
dr  zy>+3y2  (z+3)y> z+3 y?

we see that the equation is separable.

Multiplying both sides of the equation by 3dx and integrating yields
dz dx

ydy=— = / yidy= | —

x x

= y*=zln|z|+C = y'=dh|z|+C = y=+y4dln|z|+C,

| =

where C' := 4 is an arbitrary constant.

To separate variables, we divide the equation by x and multiply by dt. Integrating yields

dx
— = 3t3dt = In|z| =t*+ C) = 7| = ' +C = Cret’
x
= ‘g;’ = C2et3 = xTr = :i:CQ@td = Cetd,
where C) is an arbitrary constant and, therefore, Cy := €' is an arbitrary positive

constant, C' = +£(} is any nonzero constant. Separating variables, we lost a solution
x = 0, which can be included in the above formula by taking C' = 0. Thus, x = C’etg, C

— arbitrary constant, is a general solution.
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12. We have
Svdv _ dx N / Svdv [ dx
1—402 =z 1—4? | 2
d d
= _§/_u:/_x (u:1—4v2, du:—SUdv)
8 u x
= —gln’1—4v2‘:ln|x|+01

8
= 1 —4v® = +exp [—g In|z| + Cl} = Cg™8/3,

where C' = +e! is any nonzero constant. Separating variables, we lost constant solutions
satisfying

9 1
1—4v"=0 = v::|:§,

which can be included in the above formula by letting C' = 0. Thus,

v = :I:# , C arbitrary,

is a general solution to the given equation.
14. Separating variables, we get

dy 2 dy 2
1+y2:3:pdx = /1+y2:/3l‘d(ﬂ

= arctany = 2° 4+ C = y = tan (x3+0),

where C' is any constant. Since 1 + 3? # 0, we did not lose any solution.
16. We rewrite the equation in the form
r(1+ y?)dx + erydy =0,

separate variables, and integrate.

e xdr = — ydy /e * xdx:—/ yy
1492 1+ 12
d
= /e‘“du: _ (u:x2, v = 1+y2)
v
= —e "=—Inl|+C = In(l4+y*)—e™® =C

is an implicit solution to the given equation. Solving for y yields

y = £1/Crexp [exp (—22)] — 1,

C

where ] = e is any positive constant,
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18.

20.

22,

Exercises 2.2

Separating variables yields

1+y2 1+y2

Since y(0) = /3, we have

arctanv3 = —lncos0+C = C = C =

ol 3

Therefore,
T T
arctany:—ln|cosx\+§ = y:tan(—ln|cosx|—|—§>
is the solution to the given initial value problem.
Separating variables and integrating, we get
/(2y+1)dy:/(3x2+4x+2)dx = v 4y =2+22%+ 204+ C.
Since y(0) = —1, substitution yields
(=1)* 4+ (=1) = (0)* +2(0)* + 2(0) + C = C =0,

and the solution is given, implicitly, by y? +y = 2% + 22? + 2z or, explicitly, by

S \/1+3+22+2
Y= 7 1 T T x.

(Solving for y, we used the initial condition.)

Writing 2ydy = —2%dx and integrating, we find

9 T
=——4C
Yy 3 +
With y(0) = 2,
. _ (0 _
(2)° = 3 +C = C =4,
and so
3 3
yzz—x——i—él = Y = —x——|—4.

3
We note that, taking the square root, we chose the positive sign because y(0) > 0.

d d
Y —tanzds = / Y :/tanxdx = arctany = —In|cosz| + C.
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24. For a general solution, we separate variables and integrate.
e
/erdy = /8x3dx = 5 = 22 + Oy = e =4z + C.
We substitute now the initial condition, y(1) = 0, and obtain
1=4+4+C = C=-3
Hence, the answer is given by

e =4z* — 3 = yz%ln(4w4—3).

26. We separate variables and obtain

dy dx
/\/E T2 = VY n|l+z+C n(l+z)+C,

because at initial point, z = 0, 1 + x > 0. Using the fact that y(0) = 1, we find C.
and so y = [2 — In(1 + x)]* /4 is the answer.

28. We have

dy
dt
= Y= +eCe~ -1 = C’le’(t’I)Q,

d
w(l—t) = 5:2(1—15)(115 =  lnly|=—-(t-1?2+C

where C; # 0 is any constant. Separating variables, we lost the solution y = 0. So, a

general solution to the given equation is

Y= 026—(1&—1)2’ Cs is any.

Substituting t = 0 and y = 3, we find

3= Che? = Cy = 3¢ . y = Bl — 3217

The graph of this function is given in Fig. 2—A on page 71.

Since y(t) > 0 for any ¢, from the given equation we have y/(t) > 0 for ¢t < 1 and ¢/(t) <0
for t > 1. Thus t = 1 is the point of absolute maximum with Y., = y(1) = 3e.
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30. (a)

(b)

32. (a)

(b)

(c)

Exercises 2.2

Dividing by (y + 1)?/3, multiplying by dx, and integrating, we obtain

/d—y:/(x—?))da: = 3(+1)1/3:x—2—3x+0
(y+ 1) ! 2

l’2 3
= y:—1+<€—x+C’1) .

Substituting y = —1 into the original equation yields

% = (r—3)(-1+1)*3 =0,

and so the equation is satisfied.

For y = —1 for the solution in part (a), we must have
2 3 2
<%—x—|—(]1) =0 < %—I—i—ClEO,

which is impossible since a quadratic polynomial has at most two zeros.

The direction field of the given differential equation is shown in Fig. 2—B, page 72.
Using this picture we predict that lim, ., ¢(z) = 1.

In notation of Section 1.4, we have zo = 0, yo = 1.5, f(z,y) = y> — 3y + 2, and
h = 0.1. With this step size, we need (1 — 0)/0.1 = 10 steps to approximate ¢(1).
The results of computation are given in Table 2 on page 71. From this table we

conclude that ¢(1) ~ 1.26660 .

Separating variables and integrating, we obtain

dy dy y—2
— =d = — = [ d = 1 = C
Zo3yt2 /y2—3y+2 /I HPES

where we have used a partial fractions decomposition

1 1
2 —3y+2 y—2 y-—1

to evaluate the integral. The initial condition, y(0) = 1.5, implies that C' = 0, and

SO
lny_Q‘:x ‘y_—Q =e = g:—e”".
y—1 y—1 y—1
(We have chosen the negative sign because of the initial condition.) Solving for y
yields i
y=ol) =

The graph of this solution is shown in Fig. 2-B on page 72.
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(d) We find

9
¢(1):Zi1

Thus, the approximate value ¢(1) ~ 1.26660 found in part (b) differs from the

~ 1.26894 .

actual value by less than 0.003.

(e) We find the limit of ¢(z) at infinity writing

* 49 1
lim &2 = fim (14 —1,
200 e 1 a—oo e + 1

which confirms our guess in part (a).

34. (a) Separating variables and integrating, we get

dT drT
= —kdt =— [ kdt In|T"—M|=—-kt+C
T—M - /T—M / = In| | +C
= T — M| = eCrekt = T — M = +el1e = Ce ™k,

where C' is any nonzero constant. We can include the lost solution 7' = M into this

formula by letting C' = 0. Thus, a general solution to the equation is
T=M-+Ce ™.

(b) Given that M = 70°, T'(0) = 100°, T'(6) = 80°, we form a system to determine C'

and k.
100 = 70+ C N C =30
80 = 704 Ce 6 k = —(1/6)In[(80 — 70)/30] = (1/6)1n 3.

Therefore,

T =70 4 30e~*123/6 — 70 4+ (30)37Y/°,
and after 20 min the reading is
T(20) = 70 4 (30)372/6 =~ 70.77°.

36. A general solution to the cooling equation found in Problem 34, that is, T' = M + Ce™".

Since T'(0) = 100°, T'(5) = 80°, and 7'(10) = 65°, we determine M, C, and k from the

system
M+C = 100
M + Ce5* 80 = Cl =) =0 L 3/4
e — [ = .
Cek(1—e™™) = 15

M+ Ce % = 65
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38.

Exercises 2.3

To find M, we can now use the first two equations in the above system.

M+C = 100
= M = 20.

M+ (3/4)C = 80
With m = 10, ¢ = 9.81, and k£ = 5, the equation becomes

dv dv
100— =1 81) — 20— = 196.2 — v.
Oodt 00(9.81) — 5v = Odt 96 v

Separating variables and integrating yields

dv 1 t
- - — [ dt Inlv—1962] = —— + C —196.2 + Ce V20
/u—196.2 20 = Infv = tC = v the

where C'is an arbitrary nonzero constant. With C' = 0, this formula also gives the (lost)

constant solution v = 196.2. From the initial condition, v(0) = 10, we find C.
196.2 + C = 10 = C = —186.2 = () =196.2 — 186.2e"/.
The terminal velocity of the object can be found by letting t — oc.

Voo = lim (196.2 — 186.2¢/%%) = 196.2 (m/sec).

EXERCISES 2.3: Linear Equations

Neither.
Linear.
Linear.

Writing the equation in standard form,

WY 9,
de x
we see that
Pla)= -2 = ) —e /—1 dz| = exp (—Inz) = »
x—x w(z) = exp Ix—xp nx—x.

Multiplying the given equation by pu(z), we get

d<g>:2+l = y:x/<2—|—i>dx:x(2x+ln|x|+0).

dr \x T
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10. From the standard form of the given equation,

dy 2 4
T
dr =z

Y

we find that

(@) = exp [ / (Q/x)dx] — exp (2Inz) = 2

d

:> -
dx

(ny) =

12. Here, P(z) = 4, Q(z) = x%e7**. So, p(x) = €' and

dzx 3

14. We divide the equation by = to get to get its standard form.

d 3
L . s Y
dr =z

Thus, P(x) = 3/z, Q(z) = 2% — 2z + 4,

6 25
= x3y:/x3(x2 2x+4)dx:%—%+x4+0
3 22
= y:%—%+x+03¢3

= y = $2/$2dl’ =z (-2 '+ C) =

d 3
— (e*y) =2° = y = 6_49”/9320[:16 =e (:C— + C’) :

Cx—1

3

16. We divide by 22 + 1 both sides of the given equation to get its standard form,

dy 4x 2?2+ 2r —1

_+ e
dx :1:2—|—1y 2 +1

Thus, P(z) = (42)/(2* + 1), Q(x) = (2* + 22 — 1) /(2? 4+ 1),

1(z) = exp (/ xff_ 1dx> = oxp [2In(a? + 1)] = (22 + 1)°

2t

= (x2+1)2y:/(x2+1)(x2+2x—1)dx:—+—+x2—x+C’

5 2

5 4
= y:(%+%+x2—x+0)(x2+l)_2.
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Exercises 2.3
18. Since p(x) = exp ([ 4dz) = e, we have
d

% (e4my) — e4z€—z — 633:

= Yy = 649”/635”(195 = 63 + Ce e,

Substituting the initial condition, y = 4/3 at = = 0, yields
4 1

—=—-+C = C=1
33Jr ’

and so y = e7%/3 + e~4® is the solution to the given initial value problem.

20. We have
p(x) = exp (/ S;ix) =exp(3lnz) = 2°
= xgy:/x3(3x—2)d:c:3?x5—%4+0
= y = 3%2 - g + Oz~ 3
With y(1) =1,
1=MD:§ %+C ~ o= = y:3#— 0

-+
2 10x3°
22. From the standard form of this equation,

—y—i—ycotx:x,
dx

we find

p(x) = exp (/ cotxdx) = exp (Insinz) = sin z.

(Alternatively, one can notice that the left-hand side of the original equation is the

derivative of the product ysinz.) So, using integration by parts, we obtain

ysinz = /a:sinxdx = —xcosz +sinx + C

= y=—xcotx+ 1+ Ccscu.

We find C' using the initial condition y(w/2) = 2:

QZ—gCOtg—f—l—f-CCSC(g):l—I—C = C=1,

and the solution is given by

y=—xcotr+1+cscw.
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24. (a) The equation (12) on of the text becomes
d—i{ 20y =50e—10t = pt) =
= y = 20t/50610tdt 5e 1%+ Ce™.
Since y(0) = 40, we have

40=5+C = C =35 = y = 5e 10 4 35720

The term 5e~ % will eventually dominate.

(b) This time, the equation (12) has the form
d—i F10y = 50e—10t = p(t) = e
= y=e 0 / 50dt = e 1% (50t + O).

Substituting the initial condition yields

40 = y(0) = C = y = e (50t 4 40).

26. Here
sin x cos x
Pla) = T
+ s x
i d 1
= pu(x) =exp /w =exp [=In(1+sin’z)| = V1+sin’z.
1+ sin“x 2
Thus,

y\/1+sin2:v:/\/1+sin2tdt = y=(1+sin’2) 1/2/1—1—s11r1 tl/zdt
0 0

and

y(1) = (1 +sin®1) 1/2/ (1 + sin®t)"/2dt.

We now use the Simpson’s Rule to find that y(1) ~ 0.860.

28. (a) Substituting y = e~* into the equation (16) yields

d(e™™)

tet= e pe =0,
dr € € (&
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Exercises 2.3

So, y = e " is a solution to (16).

1

The function y = ™' is a solution to (17) because

-1
% + @) =(-)z 2+ 2=0.
(b) For any constant C,

d(Ce™™)

+Ce®=—-Ce*+Ce*=0.

Thus y = Ce™™ is a solution to (16).
Substituting y = Cz~! into (17), we obtain

2L ) (G2 = (—O)r 2 4 P2 = O(C — )22,

and so we must have C(C' — 1) = 0 in order that y = Cz™! is a solution to (17).
Thus, either C' =0 or C = 1.

(c) For the function y = C'y, one has

d(Cy) Ay o~ (dy N\
. + P(z) (Cy) = C’% +C(P(x)y) =C o + P(z)y) =0
if g is a solution to y' + P(z)y = 0.
30. (a) Multiplying both sides of (18) by y?, we get
d
yz—y + 29 = .
dx
If v = 93, then v/ = 3y?y’. Thus, y?y’ = v'/3, and we have
1dv
5% + 21) =X,

which is equivalent to (19).
(b) The equation (19) is linear with P(z) = 6 and Q(x) = 3z. So,

p(r) = exp ( / 6dx) =0
N M@zﬁ“/@%ﬂ%zgf(m%—/fwa

e—Gx 6 er T 1
= s L) =2 = e
5 (xe 6 + 1) 9 12—|— e,

where C' = ('} /2 is an arbitrary constant. The back substitution yields

3/ T 1
= YT 4 Gt
y \/2 g T v
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32. In the given equation, P(z) = 2, which implies that p(z) =

2 Following guidelines,

e
first we solve the equation on [0, 3]. On this interval, Q(x) = 2. Therefore,
y(z) = e /(2)62xdx =1+ Cre .
Since y1(0) = 0, we get
1+Ce® =0 = Cy=-1 = yi(x) =1-— e,
For x > 3, Q(z) = —2 and so
yo(w) = 7" /(—2)62xd$ = —1+ Coe .
We now choose Cy so that
1p(B)=puB)=1-¢" = —14Ce b =1—¢F = Cy =2¢5 — 1.
Therefore, yo(z) = —1 + (2¢® — 1)e™2, and the continuous solution to the given initial

value problem on [0, 00) is

y(z) =

1 —e 2, 0<ax<3,
—1+ (2% —1)e™*, x> 3.

The graph of this function is shown in Fig. 2—C, page 72.

34. (a) Since P(z) is continuous on (a,b), its antiderivatives given by [ P(z)dx are con-

46

tinuously differentiable, and therefore continuous, functions on (a,b). Since the
function e is continuous on (—oco,c0), composite functions u(x) = e/ P@4 are
continuous on (a,b). The range of the exponential function is (0,00). This implies
that p(z) is positive with any choice of the integration constant. Using the chain

rule, we conclude that

dl;_? = ol L ( / P(x)dx) = (@) P(x)

T
for any = on (a,b).

(b) Differentiating (8), we apply the product rule and obtain

d
d—i =y (/u@dx+c> +uuQ =P (/MQdSCJrC) +Q,

and so

e [_ulp(/“w“c) +Q} +P[u1 (/quHCﬂ ~ Q.



(c)

(d)

36. (a)

(b)

Exercises 2.3

Suggested choice of the antiderivative and the constant C' yields

T

y(xo) = p(x)™ /Mde + you (o) = p(zo) yop(zo) = yo -

o T=x0

We assume that y(x) is a solution to the initial value problem (15). Since u(x) is a
continuous positive function on (a,b), the equation (5) is equivalent to (4). Since,
from the part (a), the left-hand side of (5) is the derivative of the product u(z)y(z),
this function must be an antiderivative of the right-hand side, which is u(x)Q(z).
Thus, we come up with (8), where the integral means one of the antiderivatives, for
example, the one suggested in the part (c¢) (which has zero value at ). Substituting

x = xo into (8), we conclude that

= CM(%)_la

r=x0

Yo = y(xo) = p(we) ™" </ pQdx + C)

and so C' = you(xo) is uniquely defined.

If yu(x) = exp ([ Pdz) and yu(z) = p(z) ™", then

W (D)2 P — ) ) Pla) = () Pla)

and so

% + P(x)yn = —p(x) "' P(x) + P(x)u(x) ™" = 0,

i.e., yp is a solution to the equation 3’ + Py = 0. Now, the formula (8) yields
y = p(z)”! (/ p(x)Q(z)dx + C) = yn(@)o(z) + Cyn(x) = yp(2) + Cyn(z),

where v(z) = [ pu(z)Q(z)dx.
Separating variables in (22) and integrating, we obtain

d d d d
dy _ 3dw dy _ [ 3dx

= In|y| =—-3nz+C.
Y z Y x

Since we need just one solution v, we take C' = 0

Inly| =—-3Inz = y=+a7?

and we choose, say, y, = v75.
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(c) Substituting y, = v(z)yn(z) = v(x)z~

d d 3 d d 3 d
—Uyh—l—v—yh~|——vyh:—vyh+v U =
dx dx T dz

Therefore, dv/dx = 22 [y, = x°.

6
— [ Wfdr ==
v(z) /x T=>

(We have chosen zero integration constant.)

(d) Integrating yields

(e) The function
3

T
y=Cyn+vyn = Ca™" 4

is a general solution to (21) because

d d 3 3
—y+§y = —(C’x?’—i—x—)—F%(C’xB’—i—x—)

dr x
x? x?
= [=3Cz '+ )+ (3Ca"+= | =2”
2 2
38. Dividing both sides of (6) by x and multiplying by dz yields

d—'u:de = /d—'u:/Pda:
1 0
=

In |p :/Pda: = = texp (/Pdm).

Choosing the positive sign, we obtain (7).

EXERCISES 2.4: Exact Equations

10/3

2. This equation is not separable because the coefficient x — 2y cannot be written as a

product f(z)g(y). Writing the equation in the form

xd—y — 2y = —x10/3,
dz

we see that the equation is linear. Since M (z,y) = 2193 — 2y, N(z,y) = ,
oM 0N

— =1
dy Ox ’

and so the equation is not exact.
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10.

12.

Exercises 2.4

First we note that M(z,y) = \/—2y — y? depends only on y and N(z,y) = 3 + 2z — 22
depends only on x. So, the equation is separable. It is not linear with = as independent
variable because M (z,y) is not a linear function of y. Similarly, it is not linear with y

as independent variable because N(z,y) is not a linear function of x. Computing

oM 1 ~1/2 l+y
— = (—2y—¢? —2—-2y) = ———F,
oy 2( Yy y) ( Y) /—_2y_y2
ON 9_ 9

9 _ 9y

Ox ’

we see that the equation (5) in Theorem 2 is not satisfied. Therefore, the equation is

not exact.

It is separable, linear with z as independent variable, and not exact because

oM 0N

By T e

. Here, M(z,y) = 2z +ycos(zy), N(z,y) = z cos(zy) — 2y. Since M (z,y)/N(z,y) cannot

be expressed as a product f(x)g(y), the equation is not separable. We also conclude that
it is not linear because M (x,y)/N(z,y) is not a linear function of y and N(z,y)/M (z,y)

is not a linear function of x. Taking partial derivatives

L — cos(ay) — ey sin(ay) =
ay = cos(zy) — zysin(zy) = -,

we see that the equation is exact.

In this problem, M(z,y) = 2z + vy, N(z,y) = v — 2y. Thus, M, = N, = 1, and the

equation is exact. We find

F(x,y) = /(256 +y)de =2 + zy + g(y),

OF
oy " +4'(y) (,y) =2 —2y

S = = gl = /(—2y>dy:—y2

= Flr,y) =2"+ay -y
and so z2 + 2y — y? = C is a general solution.

We compute

oM - ON
—— =e"cosy = —.

y ox
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Thus, the equation is exact.

F(a;,y):/(exsiny—BxZ) dr = e“siny — 2° + g(y),

oF 1 .
a—y:excosy—i-g'(y):excosy—gy_z/s

1 1 _
= Jdw=-3v" = —g/y Py =y

So, e*siny — x3 + ¢y = C is a general solution.

14. Since M (t,y) = €e'(y —t), N(t,y) = 1 + €', we find that

oM, _oN
oy ot

Then

Flty) = / (14 )y = (1+ )y + (),

F
%—t =e'y+ h'(t) =e'(y —t) = hi(t) = —te'

and a general solution is given by

1+eYy—(t—1)e' =C = y:%.
16. Computing
%_A; - a% (ye™ —y™') = ™ +aye™ +y 2,
%—];[ = % (ze™ + 2y~?) = " + aye™ +y 7,

we see that the equation is exact. Therefore,

F(z,y) = / (ye™ —y ") do = €™ —zy~" + g(y).

So,
oF

y
Thus, g(y) = 0, and the answer is ¢ — zy~! = C.

=ze™ + 2y 2+ ¢ (y) = N(z,y) = 9'(y) = 0.
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18. Since

OM _ ON

By o 2y* + sin(z + ),

the equation is exact. We find

F(z,y) = / 2z + y* — cos(z + y)| doz = 2® + xy® — sin(z + y) + g(y),
oF ,
9 2zy — cos(xz +y) + ¢'(y) = 2zy — cos(z +y) — €’
= J=— = gy =—e"
Therefore,

F(x,y) =2 +2y* —sin(z +y) —e¥ =C

gives a general solution.

20. We find
oM 0 '
oy — 0y [y cos(zy)] = cos(zy) — zysin(zy),
ON 0

5 = B [ cos(zy)] = cos(zy) — xysin(xy).

Therefore, the equation is exact and

F(z,y) = / (x cos(zy) — y_1/3) dy = sin(zy) — gy2/3 + h(z)

oF 2
9 ycos(zy) + h'(z) = N + y cos(zy)
2
= h(z) = —— = h(z) = 2arcsin z,
and a general solution is given by
3 23

sin(zy) — 5 Y + 2arcsinz = C.

22. In Problem 16, we found that a general solution to this equation is
e —ay t=C.
Substituting the initial condition, y(1) = 1, yields e — 1 = C. So, the answer is

1

eV —xy  =e—1.

o1
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24. First, we check the given equation for exactness.

o
de Ot

So, it is exact. We find

F(t,x) :/(et—l)dx::v(et—l)—i—g(t),

o=+l 5 g [a=t
= x(et—l)—kt:C

is a general solution. With z(1) = 1, we get
He-1)+1=C = C=e,
and the solution is given by

e—t
et —1°

T =
26. Taking partial derivatives M, and N,, we find that the equation is exact. So,
F(z,y) = / (tany — 2) dz = z(tany — 2) + g(y),
85 =axsec’y +4'(y) =asec’y +y*

dy

=  Jy=y"' = gy =hly,

and
z(tany —2) +Inly| = C

is a general solution. Substituting y(0) = 1 yields C' = 0. Therefore, the answer is
z(tany —2) +Iny = 0.

(We removed the absolute value sign in the logarithmic function because y(0) > 0.)

28. (a) Computing
oM

—— = cos(xy) — zysin(zy),

dy
which must be equal to N/dz, we find that

N(z,y) = /[cos(xy) — zysin(zy)] dx

= / [z cos(zy)], dx = x cos(zy) + g(y).
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(b) Since
oM ON
_— = Yy __ 3 _
o (1+zy)e 4x 5

we conclude that
N(z,y) = / [(1+ zy)e™ — 42°] do = ze™ — 2" + g(y).
30. (a) Differentiating, we find that

oM
a_y = 52% + 1223y + Sy,
ON

T 62% + 1223y + 6y .

Since M, # N,, the equation is not exact.

(b) Multiplying given equation by z"y™ and taking partial derivatives of new coeffi-
cients yields

d
d_y (5xn+2ym+1 + 6l,n+3ym+2 + 4xn+1ym+2)

— 5(m + 1)xn+2ym 4 6(m + 2>xn+3ym+l 4 4(m+ 2>xn+1ym+1
d
d_ (2xn+3ym + 3mn+4ym+1 + 3mn+2ym+1)
X
— 2(71 4 3>xn+2ym 4 3(n 4 4)xn+3ym+l 4 3(n + Z)anrlmerl_

In order that these polynomials are equal, we must have equal coefficients at similar

monomials. Thus, n and m must satisfy the system
5(m+1) =2(n+3)
6(m+2)=3(n+4)
4(m+2) =3(n+2).
Solving, we obtain n = 2 and m = 1. Therefore, multiplying the given equation by

22y yields an exact equation.

(c) We find
F(z,y) = / (52'y* + 62°y* + 42°y?) da
= 2y’ + 2%’ + a2y’ + g(y).
Therefore,
g—]; = 22°y + 32%° + 32"y + ¢'(v)
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= 2%y + 32%)% + 32%y? = g(y) =0,
and a general solution to the given equation is
zPy? + 2% + 2ty = C.

32. (a) The slope of the orthogonal curves, say m,, must be —1/m, where m is the slope

of the original curves. Therefore, we have

h(@.y) dy _ Fy(zy)
" Eiry) dr ~ Fu(z,y) F, de — Fy(z,y)dy = 0.
T Foay) T Fo(z,y) = Fy(z,y)de (z,7) dy

(b) Let F(z,y) = 2* + y*. Then we have F,(z,y) = 2z and F,(z,y) = 2y. Plugging
these expressions into the final result of part (a) gives

2ydx —2xdy =0 = ydr —xdy = 0.

To find the orthogonal trajectories, we must solve this differential equation. To this

end, note that this equation is separable and thus

1 1
/—dx:/gdy = In|z| =Inly|+ C

T
= enlel=C — clnlyl = y = kx, where k = 4e .

Therefore, the orthogonal trajectories are lines through the origin.

(c) Let F(x,y) = xy. Then we have F,(z,y) = y and F,(z,y) = z. Plugging these

expressions into the final result of part (a) gives
rxdr —ydy = 0.

To find the orthogonal trajectories, we must solve this differential equation. To this

end, note that this equation is separable and thus

22 2
/xdmz/ydy = E:§+C = -y =k,
where k := 2C. Therefore, the orthogonal trajectories are hyperbolas.
34. To use the method described in Problem 32, we rewrite the equation z? + y?> = kx in

the form x + 27 'y? = k. Thus, F(z,y) = v + 271y,

OF s  OF

— =1-a — =2y
o Ty gy Y

o4
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Substituting these derivatives in the equation given in Problem 32(b), we get the re-

quired. Multiplying the equation by x"y™, we obtain

20"y e 4 (2" Py = ay™) dy = 0.

Therefore,
oM
oy 2(m + 1)z ty™,
ON
% — (TL 2)xn—3ym+2 o nxn—lym

Thus, to have an exact equation, n and m must satisfy
n—2=0
{ 2(m+1) = —n.
Solving, we obtain n = 2, m = —2. With this choice, the equation becomes
2xytdx + (1 — :v2y_2) dy =0,

and so

|

|
8
<
_|._
Q\
S
I
=
s
<
I
—_

|
S

N
<
o

Therefore, g(y) = y, and the family of orthogonal trajectories is given by 2%y~ +y = C.
Writing this equation in the form 22 4 4% — Cly = 0, we see that, given C, the trajectory
is the circle centered at (0,C/2) and of radius C'/2.

Several given curves and their orthogonal trajectories are shown in Fig. 2—-D, page 72.

The first equation in (4) follows from (9) and the Fundamental Theorem of Calculus.

(?)_]:Z - % /M(t,y)dt +9)| =Mt y)l=a = M(z,y).

zo

For the second equation in (4),

oF o |
or _ o
9 = / M(t,y)dt + g(y)

0
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= %/M(t,y)dt+g’(y)

o

xT

o )

x0
EXERCISES 2.5: Special Integrating Factors

2. This equation is neither separable, nor linear. Since

oM 4, , ON
oyl T Y
it is not exact either. But
My—Nx_x_l—y_ 1 —ay 1
N  wy—-1 a@y-1) o

is a function of just x. So, there exists an integrating factor p(z), which makes the

equation exact.

4. This equation is also not separable and not linear. Computing

OM N

gy Y
oy Ox’

we see that it is exact.

6. It is not separable, but linear with x as independent variable. Since

oM N
hdna—'] 8_ =1,
y ox
this equation is not exact, but it has an integrating factor u(x), because
M,— N, 3
N o
depends on x only.
8. We find that
oM ON N, — M, —8x 4
oy Ox M 2xy Y

depends just on y. So, an integrating factor is

uly) = exp { / (—3) dy] — exp(—4lny) =y,
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So, multiplying the given equation by y~*, we get an exact equation
2y 3dx + (y_2 — 3x2y_4) dy = 0.

Thus,

F(z,y) = / 2rydr = 2%y + g(y),

oF

S a2t () = 2 —
o Ty T+ g (y) =y
=

J)=y?* = gly)=-y

This yields a solution
F(z,y) =2y —y ' =C,
which together with the lost solution y = 0, gives a general solution to the given equation.

10. Since
oM ON M, — N, 2
- 1. == 4 = - _ =
dy " Ox o N —x’

the equation has an integrating factor

1(x) = exp [/ (-%) da:} ~exp(—2Inz) — 2.

Therefore, the equation
2 [(m4 —x+ y) dr — xdy] = (ZE2 —z x_Qy) dr —z'dy =0

is exact. Therefore,

F(x,y) = / (=2 ) dy = -z 'y + h(z),

OF
B = 2y + () =2 - FaYy
T

= B (z) =a® —2* = h(z) = 5 In|z|

3 1.4

+x——ln|x|:C’ = y=——zl|z| - Cz.
3 3
Together with the lost solution, x = 0, this gives a general solution to the problem.

12. Here, M(z,y) = 2zy®> + 1, N(z,y) = 32%y*> — y~'. Since
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the equation is exact. So, we find that

F(x,y) = / (2zy° + 1) dv = 2%y® + = + g(y),

OF .
Eﬁ;==3x2y2+-g%y)==3x2y2—-y !

= Jly)=-y" = gly)=—Inly|,

and the given equation has a general solution

2y +z—Inly| = C.

14. Multiplying the given equation by x"y™ yields

(12:L,nym + 5xn+1ym+1) d{E + (6xn+1ym—1 + 3:L,n+2ym) dy — 0

Therefore,
oM
— = 12ma™y™ + 5(m + 1)z y™,
o
ON
= 6(n+ 1)z"y™ " + 3(n + 2)z"y™.

Matching the coefficients, we get a system

12m = 6(n + 1)
5(m+1) =3(n+2)

to determine n and m. This system has the solution n = 3, m = 2. Thus, the given

equation multiplied by z3y?, that is,
(12953y2 + 5x4y3) dx + (6x4y + 3x5y2) dy = 0,
is exact. We compute
F(x,y) = / (122%y* + 52'y’) do = 32y + 2°y° + g(y),

oF
i 62ty 4+ 32°y* + ¢'(y) = 62y + 32°y?
= Jy=0 = gy=0

and so 3z%y? + 2°y® = C is a general solution to the given equation.

o8
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(a)

(b)

Exercises 2.5

An equation Mdx + Ndy = 0 has an integrating factor u(x + y) if and only if the
equation

p(x +y)M(z,y)dx 4 p(z +y)N(z,y)dy = 0

is exact. According to Theorem 2, Section 2.4, this means that

5o e+ )M ) = 5 ln(o + )N )]

Applying the product and chain rules yields

OM (x,y)

dy :M/(x+y)N(fan)+u(x+y)M

w4+ y)M(z,y) + p(x +y) e

Collecting similar terms yields

ON(z,y) OM(z,y)
ox oy

f(x+y) [M(z,y) — N(z,y)] = p(z +y)

ON/Ox —OM/0y  p'(x+y)
M-N  plr+y)

The right-hand side of (2.1) depends on x + y only so the left-hand side does.

(2.1)

To find an integrating factor, we let s = x + y and denote

_ ON/O0x — OM /0y
N M—N ‘

G(s)

Then (2.1) implies that

KO ) = Inju(s)| = / G(s) ds
= sl = e | [Goas] = ue = zew | [awas]. 2

In this formula, we can choose either sign and any integration constant.

We compute

ON/dx — M)y (1+y) —(1+=) _1
M—N C B4ytay)—B+r+ay)

Applying formula (2.2), we obtain
p(s) = exp [/(1)(18} =e¢’ = plrty) =",
Multiplying the given equation by p(z + y), we get an exact equation
V(3 +y + ay)dr + " V(3 + z + zy)dy = 0
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and follow the procedure of solving exact equations, Section 2.4.

F(z,y) = /e“y(S +y+ay)de =€’ {(3 +y) /e‘”daz + y/xezd:ﬁ]
= e[(B+y)e” +y(z — 1e”] + h(y) = " (3 +zy) + h(y) -

Taking the partial derivative of F' with respect to y, we find h(y).

8_F
dy
= h'(y) =0 = h(y) =0.

="M@ +ay+a) + W (y) =e"N(z,y) =3+ +ay)

Thus, a general solution is

"3+ xy) =C.

18. The given condition, M (x,y) + yN(x,y) = 0, is equivalent to yN(z,y) = —xM(z,y).

In particular, substituting x = 0, we obtain
yN(0,y) = —(0)M(0,y) = 0.

This implies that = 0 is a solution to the given equation.
To obtain other solutions, we multiply the equation by x~1y. This gives

w Yy M (z,y)dz + 27 yN (z, y)dy = 2~ yM (2, y)de — x~ e M (2, y)dy

=M (z,y) (x’dex — x’ldy) = —axM(x,y)d (33719) =
Therefore, 7'y = C or y = Cx.
Thus, a general solution is
y=Czx and z=0.
20. For the equation
el PO [P(r)y — Q(x)] da + ! T@ddy = 0,

we compute

oM 90

By = oy (T IP@y — QM))) = o TP (),

ON 0 d

T2 (pfP@de) _ [ P(x)de _ J P(@)dx

Jr  Ox (6 ) c dx (/ P(x)dx> € P(z).

Therefore, M /0y = ON/0z, and the equation is exact.
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EXERCISES 2.6: Substitutions and Transformations
2. We can write the equation in the form
de a2 —¢* 1 (z t
dat  2tx 2\t z)’

which shows that it is homogeneous. At the same time, it is a Bernoulli equation because

it can be written as

dr 1 t
— - T ==
a2t 2" 7

4. This is a Bernoulli equation.

6. Dividing this equation by 6df, we obtain

dy 1 1 1/2
a0~ 0' = 5"

Therefore, it is a Bernoulli equation. It can also be written in the form

dy _y y
- =z _I_ =,
ag 6 0
and so it is homogeneous too.
8. We can rewrite the equation in the form
dy  sin(x +y)
= =" 7 —tan(z +y).

dr  cos(x +y)

Thus, it is of the form dy/dx = G(ax + by) with G(t) = tant.

10. Writing the equation in the form

dy _wy+y oy <y>2
dx x? x

and making the substitution v = y/x, we obtain

dv 9 dv dz dv dz
vt+r—=0v+v = — = — = — = —
dx v? x v? x
1 T T
= —— =1 +C = ——=1 +C = =
v nlel y nlel Y In|z|+C

In addition, separating variables, we lost a solution v = 0, corresponding to y = 0.
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12. From
dy x2+y2_ 1/z y
dr 2wy —‘§<§+;>’
making the substitution v = y/x, we obtain
dv 1/1 1+ v? dv 1+ v? 1+ 3v?
“”@:7(;”) - T - TL T T YT T
vdv dx vdv dx
1+32 & (/1+3m"_ r

1
= gln (1+30v*) = —Inlz|+ Cs = 1+ 30 = Oy|z| 3,

where C; = €3¢2 is any positive constant. Making the back substitution, we finally get

2 C 2 —|zl3
L ) [ e e
v/ af? [z |z

1+3(
x
= 3|x|y2 =C; — |:13|3 = 3|90|y2 + |x|3 =C, = 3xi+23=0C,

where C' = £(; is any nonzero constant.

14. Substituting v = y/0 yields

+0@— + = 0@—
) dH_SeCU ) dG_SeCU
df do
= cosvdv:7 = cosvdv = i

= sinv =1In|0] +C = y = farcsin (In 6] + C) .

16. We rewrite the equation in the form

@:g(lny—i-l)
x x

dx
and substitute v = y/z to get
n dv (Inv+1) N dv | N / dv dx
v+2r— =v(lnv r— =vlnv = | —
dx dx vinv x
= In|Inv| =Inlz|+ C4 = Inv =+e“z = Cx = v = e

where C' # 0 is any constant. Note that, separating variables, we lost a solution, v = 1,

which can be included in the above formula by letting C' = 0. Thus we have v = €“*.

where C' is any constant. Substituting back y = xv yields a general solution
y = ze
to the given equation.
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18. With z =x+y+2 and 2/ =1+ ¢, we have

dz +1 = —dz d = / /
— Z = ax
dr 2241 22 +1

= arctanz =z + C = r+y+2=z=tan(z+C)

= y=tan(z +C) —x — 2.

20. Substitution z = z — y yields

] dz N dz 1 . N dz p
dm iz dx me 1 —sinz v

= /d—z,:/dxzmﬁLC’.
1 —sinz

The left-hand side integral can be found as follows.

/ dz B /(1+Sinz)dz B / (14 sinz)dz
1—sinz 1—sin’z cos? z
= /secQZ—F/tanzseczdz:tanz+secz.

Thus, a general solution is given implicitly by

tan(z — y) + sec(z —y) =z + C.

22. Dividing the equation by y? yields

dy
-39 2x
y dx y N
We now make a substitution v = y~2 so that v/ = —2y =3¢/, and get
dv
— 420 = —2e*
dx

This is a linear equation. So,

() = exp ( / 2dx> — e

2x C —2z
v(x) = 6_2’”/ (—2¢*) e*dx = —(1/2)e " (" + C) = _% ‘
Therefore,
1 e+ Ce™ N —:I:\/ 2
y2 N 2 Y= ez + C’e—Qx '

Dividing the equation by 33, we lost a constant solution y = 0.
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24. We divide this Bernoulli equation by y'/? and make a substitution v = y*/2.

dy 1
71/2_ - 1/2:5 -9
v 5y (z —2)
dv 1 dv 1 5(z —2)
p = 5(z — 2 & - .
- da:+a:—QU (z-2) ~ dx+2(:c—2)v 2

An integrating factor for this linear equation is

o) e | [ o] = VL

1 /5(91:—2)\/\:c—2| .
V2] 2

1

Therefore,

Since y = v?, we finally get
y=[(x—2)%+Clx— 272"
In addition, y = 0 is a (lost) solution.

26. Multiplying the equation by 3%, we get

2@ 3 T
dx '

With v = 3, v/ = 35/, the equation becomes

- dv T d T 4x
5%4—1}:6 = @+3U:3€ = @(631)):36

3 xT
= v=r¢e " / 3t dr = % + Ce 37,

Therefore,

3J1
y=vv= 3%+C€‘39~".

28. First, we note that y = 0 is a solution, which will be lost when we divide the equation

by ¥ and make a substitution v = y~2 to get a linear equation

d d
I g, SO N S
dx dx
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An integrating factor for this equation is

() = exp { / (-2)@} = e,

Thus,
Vo= er/erzxdx:ezx <—$€2x+/62xdw)
—2x
2x —2x € 1 2z
= — — C|=—x—=-+Ce™.
e ( xe 5 + ) T 5 + Ce
So,
—1/2 1
\/—x — 3+ Ce?

We make a substitution

r=u+h, y=v+k,
where h and k satisfy the system (14) in the text, i.e.,

h+k—-—1=0
k—h—-5=0.

Exercises 2.6

Solving yields h = =2, k = 3. Thus, x = u — 2 and y = v + 3. Since dx = du, dy = dv,

this substitution leads to the equation

(u+v)du+ (v—u)dv=0 =

dv  u+4v 1+ (v/u)

du u—v 1—(v/u)

This is a homogeneous equation, and a substitution z = v/u (v' = z 4+ uz’) yields

N dz 14z N dz 14z 1422
Z4+u— = U— = T —
du 1—2 du 1—2 1—2
(1—-2)dz du
= A Sul kot
1+ 22 U

= arctan z — %ln (14 2%) =Inju|+ Cy
= 2arctang —In [u2 (1 + 22)] = 2C,

= 2 arctan v_ In (u2 + ’U2) =C.
U

The back substitution yields

2 arctan <i;g) ~In[(z+2)7+(y-3)?% =C.
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32. To obtain a homogeneous equation, we make a substitution x = u + h, y = v + k with

h and k satisfying

2h+k+4=0 6 8
= .
h—2k—-2=0 5 5
This substitution yields

dv _v+2u _ (v/u)+2
du  2v—u 2v/u)—1"

(2u 4 v)du + (u — 2v)dv =0

We now let z = v/u (so, v" = z + uz’) and conclude that

N dz  z+2 N dz 242 22242242
z U—— = u— = — =
du 2z-—1 du 2z-—1 2z —1
/(22—1)dz du
RS ) N Rl
22—z—1 u
= In|z>—z—1|=—2Inu[+ = In[u’2® — v’z —u®| = C4
= ln|v2—uv—u2|:C’1

= In = Cl

()1 (9) (1)

= (5y +8)> — (5y + 8) (5z + 6) — (5z +6)> = C,

where C' = £25¢“1 # 0 is any constant.

Separating variables, we lost two constant solutions z(u), which are the zeros of the
polynomial 22 — 2z — 1. They can be included in the above formula by taking C' = 0.

Therefore, a general solution is given by
(5y +8)° — (5y +8) (bz + 6) — (52 4+ 6)> = C,
where C' is an arbitrary constant.

34. In Problem 2, we found that the given equation can be written as a Bernoulli equation,

dr 1 t

— = —I=—=I

at 2 2
Thus,
de 1

1
o = — 72 —

The latter is a linear equation, which has an integrating factor

u<t>=exp(—/%) L
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38.

Exercises 2.6
Thus,

v :t/(—l)dt:t(—t+0) =t + Ct

= 2?4+t - Ct=0,

where C'is an arbitrary constant. We also note that a constant solution, t = 0, was lost

in writing the given equation as a Bernoulli equation.

Dividing the equation by y? yields

d 1
y—2_y by l=g8 N v=yl v = —y %y
dr =
dv 1 N dv 1 N
= —— t-v=z — ——U=—x
dr = dr =z

where C' = 3(C; is an arbitrary constant. Thus,

I
y= A+ Cr

Together with the constant (lost) solution y = 0, this gives a general solution to the

original equation.

Since this equation is a Bernoulli equation (see Problem 6), we make a substitution

v = y'/? so that 20/ = y~ /%y and obtain a linear equation
dv 1 dv 1 1
Q@ L g1y N av 1L ap
0" o~ 20" 2

An integrating factor for this equation is

1(0) = exp <—/%) =912,

1/2
v = 91/2/ (%e—me—l/ﬁ dh = 97 (In 6] + C).

So,

Therefore,

0
y:v2:z(ln|9|+0)2.

Dividing the given equation by 6 df, we lost a constant solution 6 = 0.
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40. Using the conclusion made in Problem 8, we make a substitution v =z +y, v =1+ 9/,

42.

68

and obtain a separable equation

dv dv
— =tanv +1 =

— = dx.
dzx tanv + 1 v

The integral of the left-hand side can be found, for instance, as follows.
dv cosv dv 1 cosv — sinw
— _— = —— + 1) dv
tanv + 1 sinv + cosv 2 sinv + cosv

1 i 1
_ 1 [/ d(sinv + cosv) +/dv} :§(In|sinv+cosv|+v)-

2 sinwv + coswv

Therefore,

(In|sinv + cosv| +v) =z + C

N —

= In|sin(z +y) +cos(x +y)| +z+y =2z + Cy
= In|sin(z +y) +cos(z+y)| =z —y+ Cy
= sin(x + y) + cos(z +y) = £e%2e" Y = Ce™ 7Y,

where C' # 0 is an arbitrary constant. Note that in procedure of separating variables we

lost solutions corresponding to
tanv4+1=0 = x—i—yzvz—g—l—kﬂ, k=0,£1,£2,...,
which can be included in the above formula by letting C' = 0.

Suggested substitution, y = vz? (so that y = 2zv + 2%’), yields

dv dv
200 + 12— = 2ux + cosv = r2— = cosw.
dx dx
Solving this separable equation, we obtain
dv dz
=— = In|secv +tanv| = —x ' + Cy
cosv X
= secv + tanv = +eleV/F = Qe V/®

= sec (%) + tan <%> =Ce V7,
x x

where C = £¢% is an arbitrary nonzero constant. With C' = 0, this formula also

includes lost solutions

y:[g+@k+wﬂx{ k=0,+1,42, ... .
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So, together with the other set of lost solutions,

y = (g+2k7r>:c2, k=0,41,42 ...

we get a general solution to the given equation.

44. From
dy  wmz+bhy+a

de  asx +boy + ¢

using that as = ka; and by = kb, we obtain

@__ a1$+bly+01 _ a1w+b1y+cl —G(ax+b )
dx kaix + kbyy + co k(ayz + biy) + c2 ! 1Y)
where
t—|—01
G(t) = — )
() k’t—f—Cg

46. (a) Substituting y = u + 1/v into the Riccati equation (18) and using the fact that

u(z) is a solution, we obtain

d (u+v7") =P(z) (u+ U_1)2 +Q(z) (u+v7") + R(z)

iz
o % _ U—?Z_Z = P(a)u’ + 2P(z)u(z)v™" + P(z)v™
+Q(z)u+ Q(z)v" + R(x)
o % [Play? + Q) + R(x))
+[2P(x)u(x) + Q)] v™" + P(a)v ™
- _0—23_2 = 2P(z)u(x) + Q)] v + P(x)v™2
- % + 2P(2)u(z) + Q(x)]v = —P(z),

which is indeed a linear equation with respect to v.
(b) Writing

d 1
ay . (—2x4—|——) Y+ 2°
dx x

and using notations in (18), we see that P(z) = 23, Q(z) = (—22* + 1/x), and
R(z) = z°. So, using part (a), we are looking for other solutions to the given
equation of the form y = x + 1 /v, where v(x) satisfies

d 1 d 1
—U+{2(az3)x+<—2x4+—>}v— AR ——
x

dx " dx T
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Since an integrating factor for this linear equation is

pi(z) = exp (/%) =,

.5
v:x_l/(—fl)dl‘:—gv +C

we obtain

T
and so a general solution is given by

5%

C—a5

y=x+
REVIEW PROBLEMS

2. y=—82% — 4o — 1+ Ce**

3 4x® 3z
PR LRI
6 5 T a1 7

6. y2=2In[1—2*+Candy=0
8. y=(Ca2—22% " and y=0
10. x4y + 2y*/? + arctan(z + y) = C

12. 2ye?® + e = C

_ t2(t — 1)

14. z
2

+tt—1)+3(t—1)Int—1+C(t—-1)
16. y = coszIn|cosx| + C cosx

18. y:1—2x+\/§tan<\/§x+0>

1292)”3

20. y = ((19—3 -

22. By—22+9)(y+a—-2)'=C

24. 2,/xy +sinz —cosy = C

26. y=Ce /2

28. (y+30+2y+3)(z+2)—(x+2)?*=C
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32.

34.

36.

38.

40.

y=Ce' — g — =

1
4

y? = 2?In(z?) + 1622

22

y=a’sine + —

2
sin(2az+y)—%+ey:sin2+—

T2
3

3

v=[2= (1) oretn (5)]

Y

B 8
1 —3e T — 4y
TABLES

n Tn Yn n Tn Yn
1 0.1 1475 6 0.6 1.353368921
2 0.2 1.4500625 7 0.7 1.330518988
3 0.3 1.425311875 8 0.8 1.308391369
4 04 1.400869707 9 0.9 1.287062756
5 0.5 1.376852388 10 1.0 1.266596983

Figures

Table 2—A: Euler’s approximations to ' = x — y, y(0) = 0, on [0, 1] with A = 0.1.

FIGURES

Figure 2—A: The graph of the solution in Problem 28.
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Figure 2—B: The direction field and solution curve in Problem 32.
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Figure 2—C: The graph of the solution in Problem 32.

Figure 2—D: Curves and their orthogonal trajectories in Problem 34.
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CHAPTER 3: Mathematical Models and Numerical
Methods Involving First Order Equations

EXERCISES 3.2: Compartmental Analysis

2. Let x(t) denote the mass of salt in the tank at time ¢ with ¢ = 0 denoting the moment
when the process started. Thus we have x(0) = 0.5 kg. We use the mathematical model
described by equation (1) of the text to find x(¢). Since the solution is entering the tank
with rate 6 L/min and contains 0.05 kg/L of salt,

input rate = 6 (L/min) - 0.05 (kg/L) = 0.3 (kg/min).

We can determine the concentration of salt in the tank by dividing x(¢) by the volume
of the solution, which remains constant, 50 L, because the flow rate in is the same as

the flow rate out. Therefore, the concentration of salt at time ¢ is x(t)/50 kg/L and
z(t) 3x(t)

output rate = w0 (kg/L) - 6 (L/min) = =T (kg/min).
Then the equation (1) yields
d 3 dr 3
T_oo3-2 o Ty 03, 2(0)=05.

da 725 dt 25
This equation is linear, has integrating factor u(t) = exp [ [(3/25)dt] = €*/?*, and so
d (¢#/%7)

dt
= e3Py —0.3 <2§5) VB 4L =25 L0 = x=25+ Ce P,

=0.3¢™/%

Using the initial condition, we find C'.
0.5=2(0)=25+C = C=-2,
and so the mass of salt in the tank after ¢ minutes is
z(t) = 2.5 — 2e73/,
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If the concentration of salt in the tank is 0.03 kg/L, then the mass of salt there is
0.03 x 50 = 1.5 kg, and we solve

2.5 — 273/ = 1.5 = e 3% = % =  t= 25;1;12 ~

5.8 (min).

. Let x(t) denote the mass of salt in the tank at time ¢. Since at time t = 0 the tank

contained pure water, the initial condition is z(0) = 0. We use the mathematical model
described by equation (1) of the text to find x(¢). Since the solution is entering the tank
with rate 4 L/min and contains 0.2 kg/L of salt,

input rate = 4 (L/min) - 0.2 (kg/L) = 0.8 (kg/min).

We can determine the concentration of salt in the tank by dividing x(¢) by the volume
v(t) of the solution at time ¢. Since 4 L enter the tank every minute but only 3 L flow

out, the volume of the solution after £ minutes is
v(t) =v(0)+ (4 —3)t =100+t (L).

Therefore, the concentration of salt at time ¢ is x(t)/v(t) = z(t)/(100 + ¢) kg/L and

output rate = 1(fo<2t (kg/L) - 3 (L/min) = 1“:’)”5 (i)t (kg /min).

Then the equation (1) yields

dx 3z dx 3z
a0 T @ Tt O

This equation is linear, has integrating factor

1u(t) = exp (/ 103[’;[1 t) = (100 + t)?,

and so

d ((100 + t)*x)
dt
= (100 + 1)’z = 02(100 + t)* + C = 2 =0.2(100 +t) + C(100 +¢)~>.

=0.8(100 + t)*

Using the initial condition, we find C'.

0=x2(0)=20+C-107° = C=-2-107,
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and so the mass of salt in the tank after ¢ minutes is
r=0.2(100 +¢) —2-107(100 + ¢) .

To answer the second question, we solve

t
i(t) =0.2—2-107(100 + t)~* = 0.1 = (100 +t)* =2-10°
v

= t:\/42-108—100:100<(7§—1>%19 (min).

. The volume V of the room is
V =12 x 8 x 8 = 768 ft3.

Let v(t) denote the amount of carbon monoxide in the room at time ¢. Since, at t = 0,

the room contained 3% of carbon monoxide, we have an initial condition
v(0) =768 - 0.03 = 23.04.

The input rate in this problem is zero, because incoming air does not contain carbon
monoxide. Next, the output rate can be found as the concentration at time ¢ multiplied

by the rate of outgoing flow, which is 100 ft>/min. Thus,

v(t)

100v(t)  25v(t)
tput rate = 2 . 100 = _
OUPHL tae = 768 102

and the equation (1) of the text yields

dv 25v
w_ =Y —93.04.
dt oy V(0)=230

This is the exponential model (10), and so we can use formula (11) for the solution to

this initial value problem.

v(t) = 23.04¢(35/192)¢

The air in the room will be 0.01% carbon monoxide when

v(t) . 23.04e(25/192)¢ . 1921n 300
y S = 768 o=t 25

~ 43.8 (min).

. Let s(t),t > 0, denote the amount of salt in the tank at time ¢. Thus we have s(0) = s 1b.

We again use the mathematical model

rate of change = input rate — output rate (3.1)
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to find s(¢). Here
input rate = 4 (gal/min) - 0.5 (Ib/gal) = 2 (Ib/min).

Since the flow rate in is the same as the flow rate out, the volume of the solution remains

constant (200 gal), we have

s(t)
= W /gal
e(t) = 20 (b ga
and so
. s(t) s(t) _
tput rate = 4 (gal -——(Ib/gal) = —= (Ib .
output rate (gal/min) 500 (Ib/gal) 0 (Ib/min)
Then (3.1) yields
ds_o_ s L ALy
dt = 50 dt 50
This equation is linear, has integrating factor u(t) = exp [ [(1/50)dt] = e"/*°. Integrat-
ing, we get
d (e/%s)

1
T 2¢t/%0 = s =100 + Ce7 /% = c(t) = 5 + (C'/200)e7/%0,

where the constant C' depends on sg. (We do not need an explicit formula.) Taking the
limit yields
1
lim ¢(t) = lim 5t (C'/200)e~/50

t—o0 t—o0

In this problem, the dependent variable is z, the independent variable is ¢, and the
function f(t,z) = a — bx. Since f(t,z) = f(z), i.e., does not depend on ¢, the equation
is autonomous. To find equilibrium solutions, we solve

flz)=0 = a—br=0 = x:%.

Thus, z(t) = a/b is an equilibrium solution. For < a/b, ' = f(x) > 0 meaning that x
increases, while 2/ = f(z) < 0 when = > a/b and so = decreases. Therefore, the phase
line for the given equation is as it is shown in Fig. 3—A on page 100. From this picture,
we conclude that the equilibrium = = a/b is a sink. Thus, regardless of an initial point
xg, the solution to the corresponding initial value problem will approach x = a/b, as

t — 00.

Equating expressions (21) evaluated at times t, and ¢, = 2t, yields

Apita 2Apitg

Papre” _ pipie”
P1— Do (1 —e7Arita)  pp —pp (1 — e=24p1ta)
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With y = e 4P1a_ this equation becomes

PaPIX  _  pprX
pr—pa1=x) p1—p(l—x?)
= papi(pr — 2u)X + Pap1X’ = PP (P1 — Pa) X + PapuP1IX
Pa(P1 — Do)
po(p1 — Pa)

= P1X [Pa(P1 — o) — Do(P1 — Pa)X] =0 = X =

Hence, with t = ¢,, expression (21) yields

Do = Pal1 [ a(pl - pb)] / [pb(pl - pa)]
D1 — Pa + Pa [Pa(p1 — o) / [Po(P1 — Pa)]
_ p2pi(p1 — o) A )

= DPo = 2 2 - 2

Po(pr — pa)® +Pa(PL —Pb)  DoD1— 2Pals + P
= p1 (popy — P2) = Pa (2D0Ps — PoPa — Pabs)
Pa(PaPb — 2P0Ps + PoPa)

p?L — PoPy

= p1 =

and the formula for p; is proved.

For the second formula, using the expression for y, we conclude that

Y = e Anite — Pa(P1 — Pb)
Po(P1 — Pa)
1 1 1 -
N 4 ml_ mm% Da)
pita X Dita Pa(p1— pb)

Since
[ PaPb — 2pops + PoPa
P1 = Pa = Pa 5 —1
Pa — PoDPy
. PaPb — PoPs + PoPa — Pa _ Pa(P — Pa)(Pa — Po)
¢ P2 — Poby P2 — Poby
 Pa(Papy — 2pops + Popa)
P1—DPv = B — Do
DPa — PoDPy
_ PoPa — 2popaps + popy _ Po(Pb — Pa)?
P — PoPb P2 — popy
we have

Po(P1 —Pa) _ Po Pa(Pa—Po) _ Po(Pa —Po)

Pa(Pr =) Pa Do —Pa)  Po(Db—Pa)’
and the formula for A is proved.

14. Counting time from the year 1970, we have an initial condition p(0) = 300 for the
population of alligators. Thus, the formula (11) yields

p(t) = 300e™.

7
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In the year 1980, t = 10 and, therefore,

In5
p(10) = 300eF10 = 1500 = k= ?—O

In the year 2010, t = 2010 — 1970 = 40, and the estimated population of alligators,

p(t) — 300€(t1n5)/10'

according to the Malthusian law, is

p(40) = 300eM0™m3)/10 — 300 . 5* = 187500.

16. By definition,

Replacing h by —h in the above equation, we obtain

() = lim p(t — f_l)h— pt) _ liy p(t) — Z(t — h) |

Adding the previous two equations together yields

2/(t) = lim [p(tJrhi)l—p(t)+p(t)—z;(t—h)]
. [p+h)=p(t—h)
- ;1336{ h }
Thus
Y(t) = lim {p(t + h)2—hp(t - h)} _

18. Setting ¢t = 0 for the year 2000, we obtain
te = 1920 — 1900 = 20, t, = 1940 — 1900 = 40 .
Thus, t, = 2t,, and so we can use formulas given in Problem 12 to find p; and A. With
po = 76.21, Pa = 106.02, py = 132.16,

these formulas give

_ [papb — 2pops + PoPa
P1=

5 } Do =~ 176.73,
DPa — PoDPy

1 o
A= In [pb(p pO)} ~ 0.0001929 .

We can now use the logistic equation (15).
In 1990, t = 90 and computations give p(90) ~ 166.52.
In 2000, ¢ = 100 and p(100) ~ 169.35.

The census data presented in Table 3.1 are 248.71 and 281.42, respectively.
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Assuming that only dust clouds affect the intensity of the light, we conclude that the
intensity of the light halved after passing the dust cloud.

Let s denote the distance (in light-years), and let I(s) be the intensity of the light after
passing s light-years in the dust cloud. Using the given conditions, we then obtain an
initial value problem

dl

— =-0.17, I(0)=I,.
ds » 1(0) 0

Using the formula (11), we find that
I(s) = Ie *'*.
If the thickness of the dust cloud is s*, then
I(s*) = Ipe ™" = (1/2)1, = s*=10In2 ~ 6.93.
Thus, the thickness of the dust cloud is approximately 6.93 light-years.

Let D(t) and S(t) denote the diameter and the surface area of the snowball at time ¢,
respectively. From geometry, we know that S = wD?. Since we are given that D’(t) is

proportional to S(t), the equation describing the melting process is

dD dD dD
P i D? =
i kS i k (7T ) = oE km dt
1
—D7t = knt D=—--——r.
= wt+ C = T C

Initially, D(0) = 4, and we also know that D(30) = 3. This yields a system

1

1 1 1

—_— = 30k C=—- = km =
30kn + C T 3 i

1
- O =_-.
c =

3= D(30) =

Thus,
1 360

(—1/360)t — (1/4)  t+90°
The diameter D(t) of the snowball will be 2 inches when

D(t) = —

360
— =2 t = i
7190 = 90 (min),

and, mathematically speaking, the snowball will melt infinitely long, but will never

disappear, because D(t) is a strictly decreasing approaching zero, as t — 0.
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24. If m(t) (with ¢ measured in years) denotes the mass of the radioactive substance, the

law of decay says that
dm

dt
with the decay constant k depending on the substance. If the initial mass of the substance

is m(0) = my, then the formula (11) of the text yields

= km(?),

m(t) = moe*".

In this problem, my = 300 g, and we know that m(5) = 200 g. These data yield

In(2
200 = m(5) = 300 - f® = k= _“(5/ 3)
and so the decay is governed by the equation
9\ /3
mi(t) = 3006l MC/3/5 300 (_) '
3

If only 10 g of the substance remain, them

2\ "/ 51n(30)
300 <3) 0 = n(3/2) 94 (yrs)

26. (a) Let M(t) denote the mass of carbon-14 present in the burnt wood of the campfire.

80

Since carbon-14 decays at a rate proportional to its mass, we have
dM
— = —aM,
dt

where « is the proportionality constant. This equation is linear and separable.

Using the initial condition, M (0) = My, from (11) we obtain
M(t) = Moeiat.

Given the half-life of carbon-14 to be 5550 years, we find o from

1 1 In(0.5)

Mo = Mae—®(5550) Z — ¢—a(5550) = ~ (0.00012489.

5 Mo e = 5 e = « —rrr0 0.00012489
Thus,

M(t) — M0670.00012489t )

Now we are told that after ¢ years 2% of the original amount of carbon-14 remains

in the campfire and we are asked to determine ¢. Thus

0.02My = M~ 0-0001248% = 0.02 — ¢ —0-00012489¢
In 0.02

= = Z0.00012489

~ 31323.75 (years).
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(b) We repeat the arguments from part (a), but use the half-life 5600 years given in
Problem 21 instead of 5550 years, to find that

1MO = Moe_a(560°) - 1 — pa(3600) n(0.5)

2 2 ~ 25600

J—

~ 0.00012378,
and so the decay is governed by
M(t) = Mye000012378t

Therefore, 3% of the original amount of carbon-14 remains in the campfire when ¢

satisfies
0.03My = Me0-00012378¢ = 0.03 = ¢ —0-00012378¢
In0.03
= = ——— = 28328.95 )
—0.00012378 (years)

(c) Comparing the results obtained in parts (a) and (b) with the answer to Problem 21,
that is, 31606 years, we conclude that the model is more sensitive to the percent of

the mass remaining.

EXERCISES 3.3: Heating and Cooling of Buildings

2. Let T'(t) denote the temperature of the beer at time ¢ (in minutes). According to the

Newton’s law of cooling (see (1)),

ar
— = K[70—-T(t

I _ K0 - (o),
where we have taken H(t) = U(t) = 0 and M(t) = 70°F, with the initial condition

T'(0) = 35°C. Solving this initial value problem yields
ar

T—170

35 =T(0) = 70 — Ce KO = C=3 = T(t)=70—35e K.

=-Kdt = h|T-70/=-Kt+C, = T()=70—Ce ",

To find K, we use the fact that after 3 min the temperature of the beer was 40° F. Thus,

_ In(7/6)
=—

40 = T(3) = 70 — 35e K@ = K

and so

6\ /3
T(t) =70 — 35¢~ (/63 — 70 — 35 (?> .
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Finally, after 20 min, the temperature of the beer will be

20/3
T(20) =70 — 35 (?) ~ 57.5 (F°).

4. Let T'(t) denote the temperature of the wine at time ¢ (in minutes). According to the

Newton’s law of cooling,

ar
— = K23 -T(),

where we have taken the outside (room’s) temperature M () = 23° C, with the initial
condition 7'(0) = 10° C. Solving this initial value problem yields

dT
T3 = KAt = In|T—23|=-Kt+C, = T(t)=23-Ce ",

10 = T(0) = 23 — Ce KO = (C=13 =  T()=23—13e K",

To find K, we use the fact that after 10 min the temperature of the wine was 15° C.

Thus,
In(1
15 = T(10) = 23 — 13~ K010 = K= 11(1—30/& ,
and so

t/10
T(t) = 23 — 13~ U3/8Y10 — 93 _ 13 <%) :

We now solve the equation 7'(¢) = 18.

8\ 8\ 5 101n(5/13)
18 = 23 — 1 - — = =_— 71" ~19,. in).
s=23-13 <13) (13) 13 L= Ty 197 (min)

. The temperature function 7'(¢) changes according to Newton’s law of cooling. Similarly

to Example 1, we conclude that, with H(¢) = U(¢t) = 0 and the outside temperature
M(t) = 12°C, a general solution formula (4) yields

T(t) =12+ Ce ",
To find C', we use the initial condition,
T(0) = T'(at noon) = 21°C,
and get

200=T0)=12+Ce X0 = (C=21-12=9 = T(t)=12+ 9.
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The time constant for the building is 1/K = 3hr; so K = 1/3 and T'(t) = 12 + 9e~*/3.

We now solve the equation

T(t) =12+ 9¢7% =16
to find the time when the temperature inside the building reaches 16°C.
—t/3 9
12 +9e7"° =16 = t=3In 2 ~~ 2.43 (hr).

Thus, the temperature inside the building will be 16°C at 2.43 hours after noon, that is,

approximately at 2:26 P.M.

Similarly, with the time constant 1/K = 2, we get
9
T(t) =12 + 9e /2 = 12+ 9e7 Y2 = 16 = t=2In <Z> ~ 1.62 (hr)

or 12:37pP.M.
. Setting t = 0 at 2:00 A.M., for the outside temperature M (¢) we have

mt
M(t) =65—15 —

(t) cos (12)

so that a general solution (4) (with K =1/2, H(t) = U(t) = 0) becomes

1 mt
T — ot/2 _/ t/2 -1
(t) = e { 5] ¢ 65 — 15 cos B dt +C

B 540 mt 907 . [ mt /2
= 65 T cos<12> T sm( )—l—Ce .

Neglecting the exponential term, which will become insignificant with time (say, next
day), we obtain

~ 540 mt 90r . (7t
T(t) ~ T(t) =065 — COS (E) — m Sin (—) .

Solving T"(t) = 0 on [0,24) gives

540 . Tt 907 7t 0 N ; 7t s
Sin | — — COS | — = an | — —
36 + 72 12 36 + 72 12 12 6

12
=t = — arctan (%) ~1.84 (h), tmax =t + 12 ~ 13.84 (h).
m

Therefore, the lowest temperature of T (tyin) =~ 51.7°F will be reached 1.84 (h) after
2:00 A.M., that is, at approximately 3:50 A.M.

The highest temperature of T (tax) =~ 78.3°F will be 12 hours later, i.e., at 3:50 P.M.
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In this problem, we use the equation (9) from the text with the following values of

parameters.
K = 0.5,
M(t) = 40 (°F) ,
H(t) =0,
Ky = Ki—K=2-05=1.5,
Tp = 70 (°F) .
Thus, we have
dTl’
' =05(40—-T)4+1.5(70 —T) =125 - 2T.

Solving this linear equation yields
T(t)=e* { / (125)e* dt + C] =625+ Ce .
Setting t =0 at 7: 00 A.M., we find that
T(0) =62.5+ C = 40 = C=-225 = T(t) = 62.5 — 22.5¢ " .
At 8:00A.M., t =1 so that
T(1) = 62.5 — 22.5¢7% ~ 59.5 (°F) .
Since T'(t) is an increasing function with
tlggo T(t) =62.5,

the temperature in the lecture hall will never reach 65°F.

We let T3 (t) and Ty(t) denote the temperature of the coffee of the impatient friend and
the relaxed friend, respectively, with ¢ = 0 meaning the time when the coffee was served.
Both functions satisfy the Newton’s law (1) of cooling with H(t) = U(t) = 0 and the air
temperature M (t) = M, = const. Therefore, by (4), we have

Ti(t) = Mo+ Cre ™™ k=1,2. (3.2)

The constants C} depend on the initial temperatures of the coffee. Let’s assume that

the temperature of the coffee when served was Tj , the amount of the coffee ordered was
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Vo, the temperature of the cream was 7., and the teaspoon used had the capacity of

V.. With this assumptions, we have the initial conditions

ToVo + 1.V,
T(0) =Ty,  Ti(0) = OVEW

(since the impatient friend immediately added a teaspoon of cream). Substituting these

initial conditions into (3.2) yields

ToVo + 1.V,
1 Vot V. 05 2 0o — My
Hence,
ToVo + 1.V, Kt (ToVo + T Vo) — Mo (Vo + Vo) ey
T (t) =M —— M = M
1(t) o+( AT 0)6 o+ AT e ,

Tg(t) = Mg + (TO — Mo) €_Kt s

and so, after 5 min, the temperatures were

T T.V.) — M, ¢) _
Ti(5) = by + LT =R (T 1) o

TQ(E)) = Mo + (TO - Mo) 6_5K .

At this same instant of time, the second (relaxed) friend had added a teaspoon of cream

reducing his coffee’s temperature to

T(5)Vo + T.V.  [Mo+ (To — My) e ] Vo + T.V,
Vo+Ve Vo+ V. '

f2(5) -
We now compare Ty(5) and Th(5).
Ty(5) — Ta(5) = (Vo + Vo) ' Vo (Mo — T.) (1 — e7™¥) > 0,

because we assume that the cream is cooler than the air, i.e., T, < My. Thus, the

impatient friend had the hotter coffee.

Since the time constant is now 72, we have K = 1/72. The temperature in the new tank
increases at the rate of 1°F for every 1000 Btu. Furthermore, every hour of sunlight

provides an input of 2000 Btu to the tank. Thus,
H(t)=1x2=2(°F/h).
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We are given that 7'(0) = 110, and that the temperature M (t) outside the tank is

constantly 80°F. Hence, the temperature in the tank is governed by

dr 1 1 28
— = _—[80-T 2= ——T(t)+ =
= = 80~ T(0)) + 0+,

T(0) =110.
72 (0) 0

Solving this separable equation gives
T(t) =224 — Ce V™2,
To find C, we use the initial condition and find that
T0)=110=224 - C = C=114.

This yields
T(t) =224 — 114e717.

So, after 12 hours of sunlight, the temperature will be

T(12) = 224 — 114e ¥/ ~ 127.5 (°F) .

Let A:=+/C?+ C3. Then

Cicoswt +Cysinwt = A L coswt—i—L sin wt
! ? VO +C2 JCP+C2

= A (o coswt + azsinwt). (3.3)
We note that ) )
Cl 02
2 2
agta=—m] +|—m )| =1
b (wﬁclucg) (Jc%c‘g)
Therefore, oy and a5 are the values of the cosine and sine functions of an angle ¢, namely,

the angle satisfying

(8% C2

- in¢g = —~  tang = 22— 22 3.4
cosp=aq, Sing=ay an ¢ o G (3.4)

Hence, (3.3) becomes
Cy coswt + Cysinwt = A (cos ¢ coswt + sin ¢ sinwt) = A cos (wt — ¢) . (3.5)

In the equation (7) of the text,

coswt + (w/K) sinwt
1+ (w/K)?

F(t) = = (' coswt + Cysinwt
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with

1 WK
1+ (w/K)2 7?7 14 (w/K)?

<= (rrie) + () =0

Thus, (3.4) and (3.5) give us

C) =

F(t) = (1 + (w/K)z)_l/Q cos (wt — ¢) , where tan¢ = % )
EXERCISES 3.4: Newtonian Mechanics

2. This problem is a particular case of Example 1 of the text. Therefore, we can use the

general formula (6) with

400 400
= T m 12.5 (slugs),

b =10, and vyg = v(0) = 0. But let us follow the general idea of Section 3.4, find an

m

equation of the motion, and solve it.

With given data, the force due to gravity is F; = mg = 400 1b and the air resistance
force is F5 = —10v lb. Therefore, the velocity v(t) satisfies

d d
R+ R=40-100 =  —=32-08, v(0)=0.

125 — =
dt dt

Separating variables and integrating yields

dv B
0.8v —32
= 0.8v —32 = :l:601670.8t — 02670.815 = U(t) = 40 + 0670.815'

—dt = In|0.8v—32|=—08t+C,

Substituting the initial condition, v(0) = 0, we get C' = —40, and so
v(t) =40 (1 — e *%).
Integrating this equation yields
z(t) = / v(t) dt = 40 / (1—e %) dt = 40t + 50e "% + C,
and we find that C'= —50 by using the initial condition, z(0) = 0. Therefore,
x(t) = 40t + 508 — 50 (ft).
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When the object hits the ground, z(t) = 500 ft. Thus we solve
z(t) = 40t + 50~ %% — 50 = 500.

Since x(13) < 500 and z(14) > 500 a (positive) solution ¢ € [13,14]. On this interval,

e 98 is very small, so we simply ignore it and solve

40t — 50 = 500 = t = 13.75 (sec).

4. Using the equation of the motion of the object found in Problem 2, we solve the equation
40t +50e "% —50 =30 = 40t +50e""¥ — 80 = 0.

This time, the solution belongs to [1, 2] and, therefore, we cannot ignore the exponential
term. Thus, we use Newton’s method (see Appendix A in the text) to approximate the

solution. We apply the recursive formula

g(tn)
tho1 =t — —=
i g/(tn)

with
g(t) = 40t + 50e~ %% — 80 — J(t) = 40 (1 B 670.825)

and an initial guess t; = 1. Computations yield

ti=1, g(t|)~ —17.53355;

Q

ty = 1.67386, g(ts

)

ty = 1.79601,  g(t2) ~ 3.72461;
) &~ 0.05864;
)

(
(
(
t, = 1.67187,  g(ts) ~ 0.000017.

Therefore, the object will hit the ground approximately after 1.67 sec.

6. We can use the model discussed in Example 1 of the text with m =8, b = 16, g = 9.81,
and the initial velocity vg = —20 (the negative sign is due to the upward direction). The

formula (6) yields

z(t) = mgy M (Uo _ @) (1- e*bt/m)

b b b
:Mt_ﬁ(QM%jl)

16 16 > (1 — e (9%) = 4.905¢ — 12,4525 (1 — e ) |
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Because the object is released 100 m above the ground, we determine when the object
strikes the ground by setting xz(t) = 100 and solving for ¢. Since the (positive) root
belongs to [20, 24] (because x(20) < 100 and x(24) > 100), we can omit the exponential
term in z(t) and solve

 112.4525

4.905t — 12.4525 =1
905 925 00 = 1005

~ 22.9 (sec).

. Since the air resistance force has different coefficients of proportionality for closed and
for opened chute, we need two differential equations describing the motion. Let x1(¢),
z1(0) = 0, denote the distance the parachutist has fallen in ¢ seconds with the chute
closed, and let vy(t) = dxy(t)/dt denote her velocity. With m = 100, b = b; = 20 N-

sec/m, and vy = 0 the initial value problem (4) of the text becomes

d do; 1
100 % = 100g — 200, = Ay _u=g  (0)=0.

This is a linear equation. Solving yields

dt (e"°v,) = e'/%g = vi(t) = 59 4 Cre™?;
O:v1(0)25g+01 = 01:—59
= u(t) =59 (1—e ") =49.05(1 — e /)

t

= ri(t) = /Ul(S)ds =49.05 (s + 56*5/5) ’s:g = 49.05 (¢ + 5e—t/5 _ 5).

S=

0

When the parachutist opens the chute t; = 30 sec after leaving the helicopter, she is
3000 — z1(30) ~ 1773.14
meters above the ground and traveling at a velocity

v1(30) =~ 48.93 (m/sec).

Setting the second equation, we for convenience reset the time ¢. Denoting by () the
distance passed by the parachutist during ¢ sec from the moment when the chute opens,

and letting vy(t) = dzo(t)/dt, we have

d
100 % = 100g — 100wy, w(0) = vy (30) = 48.93, 2(0) = 0.
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Solving, we get

va(t) = g+ Coe™";
1893 =1y(0) =g+ Cy =  Cy=4893—g=39.12
. vs(t) = 9.81 4 39.12¢

t
= xo(t) = /vg(s)ds = (9.81s — 39.12¢°) |
0
=9.81t — 39.12¢7* + 39.12.

s=t
s=0

With the chute open, the parachutist falls 1773.14 m. Solving z5(t) = 1773.14 for ¢ yields
0.81t —39.12¢ " +39.12 = 1773.14 =ty ~ 176.76 (sec).

Therefore, the parachutist will hit the ground ¢; 4+t = 30 + 176.76 = 206.76 sec after
dropping from the helicopter.

Repeating the above computations with ¢; = 60, we get

v1(60) ~ 49.05

21(60) = 2697.75,

vy(t) = 9.81 + 39.24e"

To(t) = 9.81t — 39.24e™" +39.24..

Solving x5(t) = 3000 — 2697.75 = 302.25 for ¢ yields ¢, ~ 26.81 so that the parachutist
will land after t; 4+ t5 = 86.81 (sec).

10. The motion of the object is governed by two different equations. The first equation

describes the motion in the air, the second one corresponds to the motion in the water.

For the motion in the air, we let x;(¢) be the distance from the object to the platform
and denote by vy (t) = 2 (t) its velocity at time ¢. Here we can use the model described
in Example 1 of the text with m =2, b = b; = 10, vg = v1(0) = 0, and g = 9.81. Thus,

using formulas (5) and (6), we get

mg 9\ —bt/m _
v(t) =~ +(vo— ; )e Him = 1.962 (1 —e ™),

mgqg m mg —bt/m -~
z(t) = -t - (vo - T) (1—e™/™) =1.962t — 0.392 (1 — e~™).

90



Exercises 3.4

Therefore, solving

z1(t) = 1.962¢ — 0.392 (1 — ") = 30,

we obtain t ~ 15.5 sec for the time when the object hit the water. The velocity of the

object at this moment was

01(15.5) = 1.962 (1 — e (159 ~ 1.962.

We now go to the motion of the object in the water. For convenience, we reset the time.
Denoting by x4(t) the distance passed by the object from the water surface and by v (t)

— its velocity at (reset) time ¢, we get we obtain initial conditions
v2(0) = 1.962, 25(0) = 0.

For this motion, in addition to the gravity force F, = mg and the resistance force

F, = —100v, the buoyancy force F, = —(1/2)mg is presented. Hence, the Newton’s
second law yields
d 1 1
m% =mg — 100v — Emg: §mg— 100w

dv 100
d_; _ g — — vy = 4.905 — 500y,

Solving the first equation and using the initial condition yields
vy(t) = 0.098 4+ Ce |
v2(0) = 0.098 + C' = 1.962 = C =1.864
= vy(t) = 0.098 + 1.864¢ "
t
= To(t) = / vy(s)ds = 0.098t — 0.037e % + 0.037.
0
Combining the obtained formulas for the motion of the object in the air and in the water

and taking into account the time shift made, we obtain the following formula for the

distance from the object to the platform

o 1.962t — 0.392 (1 — e~%), t <15.5
€T =
0.0981(¢ — 15.5) — 0.037e~°00¢=155) 1-30.037, ¢ > 15.5.

1 min after the object was released, it traveled in the water for 60 — 15.5 = 44.5 sec.

Therefore, it had the velocity

v9(44.5) = 0.098 (m/sec).
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We denote by z(t) the distance from the shell to the ground at time ¢, and let v(t) = 2'(t)

be its velocity. Choosing positive upward direction, we get initial conditions
xz(0) =0, v(0) = 200.

There are two forces acting on the shell: the gravity force F; = —mg (with the negative
sign due to the upward positive direction) and the air resistance force F, = —v/20 (with
the negative sign because air resistance acts in opposition to the motion). Thus, we
obtain an equation

dv v N dv ) v
m— = —mg— — —=—g——=—9g— —.
dt 9750 a9 0m YT a0

Solving this linear equation yields
v(t) = —40g + Ce V40 = —392.4 + Ce /40
Taking into account the initial condition, we find C.
200 =v(0) = —3924+C = C=5924 = ot)=—392.4+ 592.4¢ /40

At the point of maximum height, v(t) = 0. Solving

2.4
v(t) = —392.4 + 59247 =0 =  t=40In (%) ~ 16.476,

we conclude that the shell reaches its maximum height 16.476 sec after the shot. Since

t
x(t) = /U(t) dt = —392.4t + 23696 (1 _ e—t/40) 7
0
substituting ¢t = 16.476, we find that the maximum height of the shell is

2(16.476) ~ 1534.81 (m).

We choose downward positive direction and denote by v(t) the velocity of the object
at time t. There are two forces acting on the object: the gravity force F;, = mg and
the air resistance force F, = —bv™ (with the negative sign because air resistance acts in

opposition to the motion). Thus, we obtain an equation

dv n dv b
m%:mg—bv = il Al
Assuming that a finite limit
f e =V

exists and using the equation of the motion, we conclude that
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(i) the limit
lim [v(t+ 1) —v(t)] = lim v(t + 1) — lim v(¢) = 0;

t—00 t—o00 t—o0
(ii) ©'(t) has a finite limit at infinity and, moreover,

b b
. / R F 2 .n — _ n
0= i (9ot ) =0 v

By Mean Value Theorem, for any N =0,1,2,...
U(N—l—l)—U(N):U/(QN), QNG(N,N+1)

Therefore, (i) yields
lim o' (Oy) =0,

N—oo

and so, by (ii), v'(¢) has zero limit at infinity and

b m
g——Vvr=0 = v=¢27
m b
The total torque exerted on the flywheel is the sum of the torque exerted by the motor
and the retarding torque due to friction. Thus, by Newton’s second law for rotation, we
have
dw

[azT—k\/a with  w(0) = wp,

where I is the moment of inertia of the flywheel, w(t) is the angular velocity, dw/dt is the
angular acceleration, 1" is the constant torque exerted by the motor, and k is a positive

constant of proportionality for the torque due to friction. Separating variables yields

d k
A 7}

Vo (T/R) 1

Ji—a (x—y,dx—dey)—Q/y_a—Q[ dy +a -
= 2(y+ahly—a))+C=2(Vz+aln|yVz —a|) +C,

Since

integrating the above equation, we obtain

k

2 (Vw+ (T/k)In |\w — (T/k)]) + C = —t

k2
= k\/ZJrTln\k\/Z—ﬂ:—ﬁtJrCl.
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Using the initial condition w(0) = wy, we find that

Oy = ky/mo + T'ln |ky/@g — T

Hence, w(t) is given implicitly by

k (Vw — /@) +Tn

kyw-T| k%
koo — T 21

Since we assume that there is no resistance force, there are only two forces acting on the
object: Fy, the force due to gravity, and FY, the friction force. Using Fig. 3.11 in the

text, we obtain

F, = mgsin30° = % ,
3
Fy = —pN = —pmg cos 30° = —%—,
and so the equation describing the motion is
d d 5—1+3
_dv _mg  pmgV/3 _U:g@_Ng):M
dt 2 2 e 2 10
with the initial condition v(0) = 0. Therefore,
t s=t
5—1+3 5—1+/3 5—1+3
v(t):/g( \/_)ds:g( \/_)s :g( \/_)t
10 10 10
0 s=0
t s=t
_ _9B=v8) L _9(B-V3),
= z(t) = /v(s)ds = 50 s = 50 .
0 s=0
Solving
5—+3 10
x(t)z—g(%\/_)t2:5 = =,
g9(5-V3)

we conclude that the object will reach the bottom of the plane t* sec after it is released

having the velocity

v(t") = : = 5—3) ~ 5.66 (m/sec).
10 g (5 _ \/3) 4 ( )

We remark that the mass of the object is irrelevant.
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The gravitational force Fy; down the incline is
F, = mgsina,
the force Fy due to static friction satisfies
Fr < uN = pmgcosa.

The object will slide if F,, > F. In the worst case, that is, in the case when the friction

force is the largest possible, the angle @ must satisfy
mgsina > [mg cos « = tana > p = « > arctan .
Thus, o = arctan p.

In this problem, there are two forces acting on a sailboat: a constant horizontal force
due to the wind and a force due to the water resistance that acts in opposition to the
motion of the sailboat. All of the motion occurs along a horizontal axis. On this axis,
we choose the origin to be the point, where the boat begins to “plane”, set ¢t = 0 at this
moment, and let z(¢) and v(t) = 2'(t) denote the distance the sailboat travels in time ¢

and its velocity, respectively. The force due to the wind is still
F, =600 N.

The force due to water resistance is now
F. = —60v N.

Applying Newton’s second law we obtain

dv dv 6
i _ = Z(10 = ).
20 7 600 — 60v = : 5( 0—v)

Since the velocity of the sailboat at ¢ = 0 is 5 m/sec, a model for the velocity of the

moving sailboat is expressed as the initial value problem

dv 6

_— = - 1 _— pu— .

—=2(0-v),  v(0)=5
Separating variables and integrating yields

dv 6dt 6t _
U—lO :—? = 11](1)-10) :—g—l-cl = v(t)zlo—l—Ce 6t/5.
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Setting v = 5 when ¢ = 0, we find that 5 = 10+C so that C' = —5 and v(t) = 10—5e /5.
The limiting velocity of the sailboat under these conditions is

lim v(t) = lim (10 — 5e~%/%) =10 (m/sec).

t—o0
To find the equation of motion, we integrate v(t) using the initial condition z(0) = 0.

t

25

t
2
x(t) = / (10 — 56_68/5) ds = (103 + g 6_68/5) = 10t + n (e—ﬁt/5 _ 1) '
0

0

24. Dividing the equation by my — at yields

dv n af
dt g mo — ot

= v(t) = ] (—g+i) ds +v(0)

mo — as

mo
mo — at’

= [—gs — Bln(mgy — as)]|zzg = —gt+ fln

where we used the condition 0 <t < mg/a so that mg — at > 0.

Since the height h(t) of the rocket satisfies 2(0) = 0, we find

h(t) = /v(s)ds = / (—gs—l—ﬁln ﬁ) ds
0 0

2 . s=t
= [—ﬁ + fBsInmg + A (mo — as)In M}
a

2 e
gt*  p

«

s=0
mo

mo — ot

EXERCISES 3.5: Electrical Circuits

10000 100000000 10000
2. itor voltage = —————— — c0s 100t 4~ gin 100f + ————— 1000000t y7
Capacitor voltage = — 355550557 cos 100 + 75555001 S 109 + 155600001 ¢

10000 1 10000
Reiat | _ 100¢ 1 100f — —1000000¢ 7
esistor voltage 100000001 cos + 100000001 SN 1000000016

10000 1 10000
t = —— 100t + —— ¢in 100 — ———— o —1000000¢ A
Current = 5550001 % 19% + Too000001 =™ 1°% ~ 150000001 ¢

1 E
4. From (2), I = Z/E(t)dt. From the derivative of (4), [ = C a;_t
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d (1
Multiply (2) by I to derive 7 (§LI 2) + RI? = EI (power generated by the voltage

source equals the power inserted into the inductor plus the power dissipated by the

resistor). Multiply the equation above (4) by I, replace I by dgq/dt and then replace g by
d (1
CE¢ in the capacitor term, and derive RI* + 7\ 3

the voltage source equals the power inserted into the capacitor plus the power dissipated

CE%) = EI (power generated by

by the resistor).

In cold weather, 96.27 hours. In (eztremely) humid weather, 0.0485 seconds.

EXERCISES 3.6: Improved Euler’s Method

6.

10.

12.

14.

16.

20.

For k=0,1,2,...,n, let 2 = kh and 2, = f (x}), where h = 1/n.

(@) h(zo+21+20+ -+ 2p1)
(b) (h/2) (Z() + 221 + 222 + -+ 2Zn_1 + Zn>

() (h/2) (204221 + 2204+ 22,1 + 2,)
See Table 3—A on page 98.

See Table 3—B on page 98.

() ~ y (m;m271) ~ 1.09589

2.36 at x = 0.78

r =1.26

See Table 3—C on page 99.

EXERCISES 3.7: Higher-Order Numerical Methods: Taylor and Runge-Kutta

2.

4.

6.

Ynt1 = Yn + B (2o — v2) + (P*/2!) [yn + (20 — 29n) (Tntn — ¥3)]

Yni1 = Yn + 0 (27 + yn) + (P2/2) (220 + 27 + ya) + (P°/3!) (2 + 220 + 25 + )

+ (h*/41) (24 23, + 22 + yn)

Order 2: ¢(1) ~ 0.62747
Order 4: ¢(1) ~ 0.63231
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8. 0.63211
10. 0.70139 with h = 0.25
12. —0.928 at x = 1.2
14. 1.00000 with h = 7/16
16. See Table 3—D on page 100.

20. z(10) ~ 2.23597 x 104

TABLES

Table 3—A: Improved Euler’'s method approximations in Problem 8.

T, 1.2 1.4 1.6 1.8
Yn 1.48 2.24780 3.65173 6.88712

Table 3—B: Improved Euler’s method approximations in Problem 10.

Tn Yn

0.1 | 1.15845
0.2 | 1.23777
0.3 | 1.26029
0.4 | 1.24368
0.5 | 1.20046
0.6 | 1.13920
0.7 | 1.06568
0.8 | 0.98381
0.9 | 0.89623
1.0 | 0.80476
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Table 3—C: Improved Euler’s method approximations in Problem 20.

t

r=1.0

r=1.5

r=2.0

0
0.2
0.4
0.6
0.8
1.0
1.2
1.4
1.6
1.8
2.0
2.2
24
2.6
2.8
3.0
3.2
3.4
3.6
3.8
4.0
4.2
4.4
4.6
4.8
5.0

0.0
1.56960
2.63693
3.36271
3.85624
4.19185
4.42005
4.57524
4.68076
4.75252
4.80131
4.83449
4.85705
4.87240
4.88283
4.88992
4.89475
4.89803
4.90026
4.90178
4.90281
4.90351
4.90399
4.90431
4.90453
4.90468

0.0
1.41236
2.14989
2.51867
2.70281
2.79483
2.84084
2.86384
2.87535
2.88110
2.88398
2.88542
2.88614
2.88650
2.88668
2.88677
2.88682
2.88684
2.88685
2.88686
2.88686
2.88686
2.88686
2.88686
2.88686
2.88686

0.0
1.19211
1.53276
1.71926
1.84117
1.92743
1.99113
2.03940
2.07656
2.10548
2.12815
2.14599
2.16009
2.17126
2.18013
2.18717
2.19277
2.19723
2.20078
2.20360
2.20586
2.20765
2.20908
2.21022
2.21113
2.21186
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Table 3—D: Fourth-order Runge-Kutta approximations in Problem 16.

In Yn

0.5 | 1.17677
1.0 | 0.37628
1.5 | 1.35924
2.0 | 2.66750
2.5 | 2.00744
3.0 | 2.72286
3.5 | 4.11215
4.0 | 3.72111

FIGURES

Figure 3—A: The phase line for ' = a — bx in Problem 10.
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CHAPTER 4: Linear Second Order Equations

EXERCISES 4.1: Introduction: The Mass-Spring Oscillator
2. (a) Substituting cy(t) into the equation yields
m(cy)” + b(cy) + k(cy) = c(my” + by’ + ky) = 0.
(b) Substituting y; () 4+ y2(t) into the given equation, we obtain

m(y1 4+ y2)" + by +y2) + k (y1 + y2) = (myy + by; + kyr)

+ (myy + byy + kys) =

4. With F.y =0, m =1, k =9, and b = 6 equation (3) becomes
y' + 6y +9y=0.
Substitution y; = ™3 and y, = te™3 yields

(e +6 (7)) + 9 (e7) = 973 —18e73 + 973 = 0,

(te™)" +6 (te™)" +9 (te™™) = (9t — 6)e™ + 6(1 — 3t)e > + 9te ™ = 0.

Thus, y; = e~ and y, = te™3 are solutions to the given equation.

Both solutions approach zero as t — oc.
6. With Fi.s =2cos2t, m =1, k =4, and b = 0, the equation (3) has the form
y" + 4y = 2cos2t.
For y(t) = (1/2)tsin 2¢, one has
/ ]' . /i .
y'(t) = 5 sin 2t + t cos 2t, y"(t) = 2 cos 2t — 2t sin 2t;

1
y" + 4y = (2cos 2t — 2tsin 2t) + 4 (5 tsin 2t> = 2 cos 2t.

0.
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Hence, y(t) = (1/2)tsin 2t is a solution. Clearly, this function satisfies the initial condi-
tions. Indeed,

=0

1
y(0) = —tsin2¢
2 =0

=0.

/ I
y'(0) = = sin2t + tcos 2t
2 t=0

As t increases, the spring will eventually break down since the solution oscillates with

the magnitude increasing without bound.
8. For y = Acos 3t + B sin 3t,
y' = —3Asin 3t + 3B cos 3t, y" = —9A cos 3t — 9B sin 3t.
Inserting y, ¥/, and y” into the given equation and matching coefficients yield

y" 4+ 2y + 4y = 5sin 3t
= (—9Acos3t — 9Bsin3t) + 2(—3Asin 3t + 3B cos 3t) + 4(A cos 3t + Bsin 3t)
= (—bA+6B)cos3t + (—6A — 5B)sin3t = 5sin 3¢

—5A+6B =0 ~ A=—-30/61
—6A—5B=5 B = —25/61.

Thus,
y = —(30/61) cos 3t — (25/61) sin 3t

is a synchronous solution to y” + 2y’ + 4y = 5sin 3t.
10. (a) We seek solutions to (7) of the form y = A cos Qt + Bsin Qt. Since

y' = —AQsin Ot + BQ cos Qt,
y" = —AQ? cos Ot — BN sin O,

we insert these equations into (7), collect similar terms, and match coefficients.

m(—AQ? cos Ut — BO? sin Qt) + b(—AQ sin Qt + BQ cos Qt)
+k(AcosQt + BsinQt)
= (—mAQ? + bBQ + kA) cos U + (—mBQ* — bAQ + kB) sin Qt = cos Qt
_ { ~mAQ? + bBQ + kA = 1
—mBQ?* —bAQ + kB =0
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_ m92+k)+B(bQ)_1
—bQ) + B(—mQ? + k) =0

N s mQO? — k B b
C(mQ2 — k)? + 15202 (mQ2 — k)* + b2Q2
02—k b2
= y=— m 5 cos Ut + 5 sin ()t .
(M2 — k)” + 22 (M2 — k)” + 2422
(b) With m =1, b= 0.1, and k = 25, the coefficients A and B in part (a) are
02— 25 0.102
A(Q) = — 2 ) ) B(Q) = 2 2 :
(Q2 — 25)% 4 0.01 (Q2 — 25)% 4 0.01

The graphs of these functions are shown in Fig. 4—A on page 173.

(c) If m=1,b=0, and k = 25, the coefficients A and B in part (a) become

1

AQ)) = ——
() 02 —257
The graphs of these functions are shown in Fig. 4-B, page 173.

(d) If b =0, then equation (7) reduces to my” + ky = cos Qt.
Substituting y = A cos Qt + B sin (2t yields

m (—AQ? cos Ut — B sin Q) + k (Acos Qt + BsinQt) = cos Qt

= (—=mQ* + k) (AcosQt + BsinQt) = cos Q.
Assuming now that Q = /k/m, we get —mQ? + k = 0, and so the above equation
is impossible with any choice of A and B.

(e) Differentiating y = (2m€Q) 't sin Ot twice, we obtain

1 1
I — ; n__ . .
V=59 (sin Qt + 2 cos Q) v'= 5 (2 cos Ot — tQsin Q)

1
my" + ky = 3 (2 cos Qt — Q2 sin Q) + tsin Qt

2mS)
k

Ot Q-+ —
cos +< —i—mQ)

tsin Ot
2

= cos {2t
since —=Q 4+ k/(mf) =0if Q = \/k/m
EXERCISES 4.2: Homogeneous Linear Equations: The General Solution

2. The auxiliary equation, r? + 67 +9 = (r +3)? = 0, has a double root 7 = —3. Therefore,

-3t

e 3t and te 3t

are two linearly independent solutions for this differential equation, and
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10.

12.

14.

104

a general solution is given by
y(t) = cre + cote ™,
where c¢; and ¢y are arbitrary constants.

The auxiliary equation for this problem is r? —r — 2 = (r — 2)(r + 1) = 0, which has the
roots r = 2 and 7 = —1. Thus {e*, e~} is a set of two linearly independent solutions to

this differential equation. Therefore, a general solution is given by

y(t) = c1e?t + coet,

where ¢; and ¢y are arbitrary constants.

The auxiliary equation for this problem is 72 — 57 +6 = 0 with roots r = 2, 3. Therefore,
a general solution is

y(t) = cre* + cpe™.

Solving the auxiliary equation, 612 + r — 2 = 0, yields r = —2/3,1/2. Thus a general
solution is given by

y(t) = cret? 4 coe™ 23,

where ¢; and ¢y are arbitrary constants.

Solving the auxiliary equation, 4r* — 4r + 1 = (2r — 1)® = 0, we conclude that r = 1/2

is its double root. Therefore, a general solution to the given differential equation is

y(t) = cre'’? + cotel’?,

The auxiliary equation for this problem is 3r2+11r —7 = 0. Using the quadratic formula

yields

_ —11+/121+84  —11++/205
N 6 N 6 '

Thus, a general solution to the given equation is

r

y(t) = ceTHHV0RN/6 4 ) p(—11=V205)1/6,
The auxiliary equation for this problem is r? + r = 0, which has roots r = —1,0. Thus,

a general solution is given by

y(t) = cret + ey,



16.

18.
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where ¢, ¢y are arbitrary constants. To satisfy the initial conditions, y(0) = 2, /(0) = 1,

we find the derivative y'(t) = —cie™" and solve the system
y(0)=cre P +ey=c1+cy =2 N g =—1
Yy (0)=—cie = —¢ =1 Cy =

Therefore, the solution to the given initial value problem is

y(t) = —e "+ 3.

The auxiliary equation for this problem, r? — 4r 4+ 3 = 0, has roots r = 1, 3. Therefore,

a general solution is given by

3t

y(t) = cre’ + cpe = Y (t) = cre’ + 3epe .

Substitution of y(¢) and y/(¢) into the initial conditions yields the system

y(0)=c1+c=1 N ¢ =4/3
y'(0)=c1 +3c2=1/3 oy =—1/3.

Thus, the solution satisfying the given initial conditions is

The auxiliary equation for this differential equation is 72 —6r+9 = (r —3)? = 0. We see
that r = 3 is a repeated root. Thus, two linearly independent solutions are y;(t) = €3

and yy(t) = te3'. This means that a general solution is given by y(t) = c1€3* + cote?.

To find the constants ¢; and cp, we substitute the initial conditions into the general

solution and its derivative, y/(t) = 3c1€3* + ¢y (€3 + 3te3!), and obtain

c
y'(0) =25/3 =3¢; + ca.

So, ¢; = 2 and ¢y = 7/3. Therefore, the solution that satisfies the initial conditions is

given by
t
y(t) = 2 + gtefﬁ = <7§ + 2> et
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24.

26.
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The auxiliary equation for this differential equation, r* — 4r +4 = (r — 2)? = 0, has
2t

a double root r = 2. Thus, two linearly independent solutions are y;(t) = e* and
yo(t) = te?. This means that a general solution is given by y(t) = (c1 + cot) €*.
Substituting the initial conditions into the general solution and its derivative yields
y(l) = (Cl + 02t> €2t|t:1 = (Cl + CQ) 62 =1
Y'(1) = (c2 + 2¢1 + 2c9t) €*],_, = (2¢1 + 3c2) 2 = 1.

So, ¢; = 2¢7% and ¢y, = —e~2. Therefore, the solution is

y(t) = (262 —e?t) e = (2 —t)e™ 2.

We substitute y = e’ into the given equation and get
3re’ — 7€ = (3r —7)e™ = 0.

Therefore,
7
3r—7=0 = ==
r r=g

)

7t/3

and a general solution to the given differential equation is y(t) = ce™/?, where ¢ is an

arbitrary constant.

Similarly to the previous problem, we find the characteristic equation, 3r+11 = 0, which

has the root r = —11/3. Therefore, a general solution is given by z(t) = ce /3,

(a) Substituting boundary conditions into y(t) = ¢; cost + cosint yields
2 = y(0)=¢
0 = y(n/2)=cy.

Thus, ¢; and ¢y are determined uniquely, and so the given boundary value problem

has a unique solution y = 2 cost.

(b) Similarly to part (a), we obtain a system to determine ¢; and cs.
2 = y(0)=¢
0 = y(r)=—c1.

However, this system is inconsistent, and so there is no solution satisfying given

boundary conditions.
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(c) This time, we come up with a system

2 = y(0)=¢
-2 = y(n)=—a,

which has infinitely many solutions given by ¢; = 2 and ¢y — arbitrary. Thus, the

boundary value problem has infinitely many solutions of the form

y =2cost+ cosint.

28. Assuming that y;(t) = €3 and y,(t) = e~ are linearly dependent on (0, 1), we conclude

that, for some constant ¢ and all ¢ € (0,1),

y1(t) = cya(t) = e3t = ce™ = e =c.

Since an exponential function is strictly monotone, this is a contradiction. Hence, given

functions are linearly independent on (0, 1).

30. These functions are linearly independent, because the equality yi(t) = cyo(t) would
imply that
t* cos(Int) = ct*sin(Int) = cot(lnt) = ¢

on (0,1), which is false.

32. These two functions are linearly dependent since y(t) = 0 - yo(t).

34. (a) This formula follows from the definition of 2 x 2 determinant.

(b, ¢) If y1(t) and y,(t) are linearly independent on I, then Wy, y2|(t) is never zero on I
since, otherwise, these functions would be linearly dependent by Lemma 1. On the
other hand, if y;(t) and yo(t) are any two differentiable functions that are linearly

dependent on I, then, say, y;(t) = cy2(t) on I and so
Wiy, 42](t) = y1 (eyn) =y (ey1) =0 on L.
36. Assume to the contrary that €™, ™! and e"3! are linearly dependent. Without loss of

generality, let

T1

e t — Clergt + 0267"315 = 6(7‘1—7’2)15 = + C2€(T3—T‘2)t
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38.

40.

42,
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for all ¢. Differentiating this identity, we obtain

(r1 — 1) e = ¢y (15 — 1y) €372

Since 7, — o # 0, dividing both sides by (r; — r5) e ™) we obtain

C2 (7"3 — T2)€(T37'r1)t = 1 = Ce(?“g*?’l)t = 1
(r1—72)

on (—o00,00), which is a contradiction (r3 — r; # 0!).
The auxiliary equation for this problem is r® — 6r? — r 4+ 6 = 0. Factoring yields
3 —6r —1r 4 6= (7“3—67"2) —(r—6)=7*(r—6) — (r —6) = (r — 6) (7“2—1).

Thus the roots of the auxiliary equation are r = +1 and r = 6. Therefore, the functions

¢ and €% are solutions to the given equation, and they are linearly independent on

el, e”
(—00,00) (see Problem 40), and a general solution to the equation 3" —6y” —y'+6y = 0
is given by

y(t) = cre’ + coe™" + c5e

The auxiliary equation associated with this differential equation is 72 —7r2 4+ 7r+15 = 0.
We see, by inspection, that r = —1 is a root. Dividing 7® — 7r? + 7r + 15 by r + 1, we
find that

rP =T+ Tr+15 = (r + 1)(r* = 8r 4+ 15) = (r + 1)(r — 3)(r — 5).
Hence r = —1, 3, 5 are the roots to the auxiliary equation, and a general solution is

y(t) = cre™t + cpe™ + cze™.

By inspection, we see that r = 1 is a root of the auxiliary equation, r3 + 7% —4r +2 = 0.

Dividing the polynomial r* + 72 — 4r + 2 by r — 1 yields
Pt —dr4+2=>r-1)(r"+2r-2).

Hence, two other roots of the auxiliary equation are r = —1++/3, and a general solution
is given by

y(t) = cre’ + coeTITVI 4 ye1mVR
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44. First we find a general solution to the equation y"” — 2y” — ' + 2y = 0. Its characteristic
equation, 3 — 2r2 —r +2 = 0, has roots r = 2, 1, and —1, and so a general solution is
given by

y(t) = c1e® + coe’ + cze".

Differentiating y(t) twice yields

Y (t) = 2c1€* + cpe’ — cze, y'(t) = dcre® + coe’ + cze!

Now we substitute y, ¥/, and y” into the initial conditions and find ¢;, ¢z, and cs.

y(0)=c1+ca+c3 = 2 cp =1
Yy (0)=2c1+co—c3 = 3 = co =1
y”(O) = 401 +cat+c3 = 5) C3 = 0.

Therefore, the solution to the given initial value problem is
y(t) =e* +¢'.

46. (a) The characteristic equation associated with y” —y = 0 is r*> — 1 = 0, which has

distinct real roots r = 1. Thus, a general solution is given by

y(t) = cre’ + coe™" .

Differentiating y(t) yields y/(t) = c1e' — cee™". We now substitute y and ¢’ into the

initial conditions for cosht to find its explicit formula.

y(0)=c14+c =1 N o =1/2
Y(0)=c1—c =0 o =1/2.
Therefore,
t ot
cosht = cre
2

Similarly, for sinh ¢, we have

y(0>:Cl+Cg =0 _ 01:1/2
Y0)=c1—c =1 o =—1/2.
Therefore,
t
sinht = S
2
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Applying derivative rules, we find that

d (e +et (et+e) e —et
at N T a < 2 ) 2 2 S
d d t ot t -ty t —t
— sinht = — S :(e ) :6+€ = cosht.
dt dt 2 2

(b) It easily follows from the initial conditions—cosh0 = 1 and sinh 0 = 0— that cosht

(c)

(d)

and sinh ¢ are linearly independent on —o0, co. Indeed, since sinh ¢ is not identically

zero, neither of them is a constant multiple of the other. By Theorem 2, a general

solution to y” —y = 0is y(t) = ¢y cosht + ¢y sinh ¢.

Let r1 = a+ 3 and r, = a — 3 be to real distinct roots of the auxiliary equation

ar? 4+ br +c¢ = 0. Then a general solution to ay” + by’ + cy = 0 has the form

Yy = 0167’1 -+ C2€r2 = e” (Cleﬁt + Cgeiﬁt) .

(4.1)

It follows from the explicit formulas obtained in part (a) that

cosh(/3t) + sinh(Bt) = €’

t cosh(3t) — sinh(Bt) = e 7.

Substituting these expressions into (4.1) yields

y = e [C} (cosh(Bt) + sinh(Bt)) + Cy (cosh(Bt) — sinh(5t))]

= e [(C} + Cy) cosh(Bt) +

(Cy — Cy) sinh(Bt)] = e [c; cosh(Bt) + ¢y sinh(Bt)]

where ¢; = C1 4+ (5 and ¢, = C] — Cy are arbitrary constants.

The auxiliary equation for y” + v’ — 6y = 0, which is 72 +7 — 6 = 0, has two real

distinct roots r = —3,2. Solving the system

{

Oé—ﬁ: )

we find that o = —1/2, § = —5/2. Hence, a general solution is

y = e 2 [c; cosh(—5t/2) + ¢y sinh(—5t/2)] = e7/? ¢y cosh(5t/2) — ¢y sinh(5t/2)]
= y =e M2 [ (c1/2) cosh(5t/2) + (cz/2) sinh(5t/2)

+ (5ey/2) sinh(5t/2) — (5¢2/2) cosh(5t/2)] .
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To satisfy the initial conditions, we solve the system

2 =yl0)=q N =
—17/2 = y'(0) = — (c1/2) — (5¢2/2) e =3.

Therefore, the answer is

y = e "?[2cosh(5t/2) — 3sinh(5¢/2)] .

EXERCISES 4.3: Auxiliary Equations with Complex Roots

2.

10.

The auxiliary equation in this problem is r? + 1 = 0, which has roots r = £i. We see

that a = 0 and § = 1. Thus, a general solution to the differential equation is given by

y(t) = 1O cost + ceVsint = ¢ cost + ¢y sint.

The auxiliary equation, 7> — 10r + 26 = 0, has roots r =54 14. So, « =5, 3 =1, and
y(t) = cre’ cost + cre” sint
is a general solution.

This differential equation has the auxiliary equation r*> — 4r + 7 = 0. The roots of
this auxiliary equation are r = (4 + /16 — 28) /2=2+ V/3i. We see that o = 2 and
= +/3. Thus, a general solution to the differential equation is given by

w(t) = cre* cos (\/§t> + cpe* sin <\/§t> :

The auxiliary equation for this problem is given by

—2+v4—-24 1 5)
2 +4dr4+6=0 = 274+2r+3=0 = r= 1 ——§i§i.

Therefore, « = —1/2 and = NG /2, and a general solution is given by

ot ot
y(t) = cre? cos (\/_T> + cpe % sin (%) :

The associated auxiliary equation, r? + 47 + 8 = 0, has two complex roots, r = —2 =+ 2i.
Thus the answer is

y(t) = cre”* cos 2t + coe ' sin 2t .
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12. The auxiliary equation for this problem is 7% + 7 = 0 with roots r = £+/7i. Hence,
u(t) = ¢ cos (ﬁt) + ¢g sin (\/725) ,
where ¢; and ¢y are arbitrary constants, is a general solution.
14. Solving the auxiliary equation yields complex roots
P —=2r+26=0 =  r=1%5i
So, « =1, # =5, and a general solution is given by

y(t) = cre’ cos 5t + coe’ sin 5t.

16. First, we find the roots of the auxiliary equation.

33 —4(1)(-11) 3++63
B 2 2

r2—3r—11=0 = r

These are real distinct roots. Hence, a general solution to the given equation is

y(t) = cle(3+‘/§)t/2 + 026(3’\/@”2.
18. The auxiliary equation in this problem, 2r? + 13r — 7 = 0, has the roots r = 1/2, —7.

Therefore, a general solution is given by

y(t) = cre’? + cpe™™.

3 — 12 42 =0, is a cubic equation. Since any cubic equation

20. The auxiliary equation, r
has a real root, first we examine the divisors of the free coefficient, 2, to find integer real
roots (if any). By inspection, r = —1 satisfies the equation. Dividing 7* —r?+2 by r+1
yields

=t 2= (r+1)(r*—2r+2).

Therefore, the other two roots of the auxiliary equation are the roots of the quadratic
equation 12 — 2r + 2 = 0, which are » = 1 +i. A general solution to the given equation
is then given by

y(t) = cre”" + coe’ cost + czel sint.
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The auxiliary equation for this problem is r? + 2r + 17 = 0, which has the roots
r=—144.
So, a general solution is given by
y(t) = cre” " cos 4t + coe " sin 4t

where ¢; and ¢y are arbitrary constants. To find the solution that satisfies the initial
conditions, y(0) = 1 and y/(0) = —1, we first differentiate the solution and then plug in
the given initial conditions into y(¢) and /'(¢) to find ¢; and ¢y. This yields

Y (t) = cre”"(— cos 4t — 4sin4t) + coe ™' (— sin 4t + 4 cos 4t)
and so

y(()) =C = 1
y'(0) = —c1 + 4y = —1.

Thus ¢; = 1, ¢3 = 0, and the solution is given by y(t) = e~ cos 4t .

The auxiliary equation for this problem is r?2 +9 = 0. The roots of this equation are
r = £3i, and a general solution is given by y(t) = ¢; cos 3t + ¢ sin 3t, where ¢; and ¢ are
arbitrary constants. To find the solution that satisfies the initial conditions, y(0) = 1

and 3/(0) = 1, we solve a system

y(0) = (c1 cos3t + casindt) [ =1 =1
y'(0) = (=3¢ sin 3t + 3¢y cos 3t) [y—g = 3co = 1.

Solving this system of equations yields ¢; = 1 and ¢ = 1/3. Thus

in 3t
y(t) = cos 3t + =

is the desired solution.

The auxiliary equation, 72> — 2r +1 = 0, has a repeated root r = 1. Thus, a general

solution is

y(t) = (c1 + cot) €',
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where ¢; and ¢y are arbitrary constants. To find the solution that satisfies the initial
conditions, y(0) = 1 and 3/(0) = —2, we find y/(¢t) = (¢1 4 ca + cot) €' and solve the

system
1 = y0)=a
-2 = y(0)=c1+c.
This yields ¢ = 1, ¢co = =2 — ¢; = —3. So, the answer is
y(t) = (1 —3t)e".

Let b = 5. Then the given equation becomes y” + 5y’ + 4y = 0. The auxiliary equation,

r2 4+ 5r + 4 = 0, has two real distinct roots r = —1, —4. Thus, a general solution is

4t /

y=cie "+ e = y = —cie”t — 4ege™ 4

Substituting the initial conditions yields

1=y(0)=c1+c
0= y/(O) = —C —402 .

Thus, ¢ =4/3, co = —1/3, and

is the solution to the given initial value problem.

With b = 4, the auxiliary equation is 72 4+ 4r + 4 = 0, having a double root r = —2.

Hence, a general solution is given by
y = (c1 + cot) e = Y = (cy — 2c1 — 2cot) e,
Substituting the initial conditions, we obtain

1= y(O) = C
0= ’y,(O) = —261 +c.

Thus, ¢; =1, ¢o = 2, and
y=(1+2t)e
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is the solution to the given initial value problem for b = 4.

Finally, if b = 2, our equation has the characteristic equation 7% + 2r + 4 = 0, with

complex roots 7 = —1 + v/3. Thus, a general solution is given by

y=c¢e" |:C1 cos <\/§t) + ¢y sin <\/§t>} =
y =et [(—01 + \/§CQ> Cos (\/gt) — (\/gcl + 02> sin <\/§t>} ,

and we have a system

1=y(0)=c¢
0=1(0) = —c1 + V3¢, .

Solving, we get ¢; =1, ¢y = 1/4/3, and y = ¢! [cos (\/gt) + (1/\/5) sin (\/gt)}
The graphs of the solutions, corresponding to b = 5, 4, and 2, are shown in Fig. 4-C on

page 174.

30. Applying the product rule yields

@ = % [€" (cos Bt + isin Bt)]

= ae® (cos Bt + isin Bt) + e (—Bsin Bt + if3 cos [t)
= e [(a+iB)cos Bt + (ia — 3) sin (]

= e [(a+if)cos Bt + i (a + i) sin Bi]

= (a+1if) e (cos ft 4 isin Bt) = (a + iB)eleTDt

32. (a) We want to determine the equation of motion for a spring system with m = 10 kg,
b =0, k=250 kg/sec?, y(0) = 0.3 m, and ¢'(0) = —0.1 m/sec. That is, we seek

the solution to the initial value problem
10y" (t) + 250y(t) = 0; y(0) =10.3, y'(0) = —0.1.
The auxiliary equation for the above differential equation is
10, +250=0 =  r*4+25=0,

which has the roots r + 5i. Hence & = 0 and 3 = 5, and the displacement y(t) has
the form

y(t) = c1 cos bt + ¢y sin 5t.
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We find ¢; and ¢y by using the initial conditions. We first differentiate y(t) to get
y'(t) = —5¢q sin b5t + Heg cos bt.
Substituting y(t) and y/(¢) into the initial conditions, we obtain the system

y(0) =03 =,
y'(0) = —0.1 = 5c; .

Solving, we find that ¢; = 0.3 and ¢ = —0.02. Therefore the equation of motion is
given by
y(t) = 0.3 cos 5t — 0.02sin 5¢ (m).

(b) In part (a) we found that 3 = 5. Therefore the frequency of oscillation is 5/(27).

34. For the specified values of the inductance L, resistance R, capacitance C', electromotive

force E(t), and initial values ¢y and Iy, the initial value problem (20) becomes

I
10—+ 201 + 6260 = 100;  ¢(0) =0, 1(0)=0.

In particular, substituting ¢ = 0, we conclude that
107'(0) + 201(0) + 6260¢(0) = 100 = I'(0) = 10.

Differentiating the above equation, using the relation I = dg/dt, and simplifying, yields

an initial value problem
I" +2I' + 6261 = 0; I(0) =0, [I'(0) = 10.

The auxiliary equation for this homogeneous second order equation, r? + 2r 4+ 626 = 0,

has roots r = —1 &£ 25¢. Thus, a general solution has the form
I(t) = e " (1 cos 25t + ¢y sin 25¢) .

Since

I'(t) = e " [(—c; + 25¢3) cos 25t + (—25¢; — ¢g) sin 25t]
for ¢; and ¢y we have a system of equations
I(O) = C = 0
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I'(0) = —c; + 25¢o = 10.
Hence, ¢; = 0, co = 0.4, and the current at time ¢ is given by

I(t) = 0.4¢ " sin 25¢ .

36. (a) The auxiliary equation for Problem 21 is r* + 2r + 2 = 0, which has the roots

24+ 1-38 ‘
r=——p——=-1=%i

Thus, (21) gives a general solution of the form
y(t) = dy eI dye =170
The differentiation formula (7) for complex exponential function yields
Y (1) = (=1 4 0)dy e 4 (=1 — §)dpe 1
Therefore, for d; and dy we obtain a system
y(0) =dy +dy =2
y(0)=(-1+1d)di +(-1—1i)dy =1.

Multiplying the first equation by (1+:) and adding the result to the second equation
yields
31 31
%dy =3+2 = dlzl—g - d2:2—d1:1+§l,

and a complex form of the solution is
31 , 3i ,
y(t) = (1 _ EZ) p(-1HE (1 + Ez) p(-1-0t
A general solution, given by (9), is
y(t) = cre " cost + cpe 'sint

where ¢; and ¢, are arbitrary constants. To find the solution that satisfies the initial
conditions, y(0) = 2 and y'(0) = 1, we first differentiate the solution found above,

then plug in given initial conditions. This yields
y'(t) = cre (= cost — sint) + cpe *(cost — sint)
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(b)

38. (a)
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and

y(()) =C = 2
Yy (0)=—c1+ca=1.

Thus ¢; = 2, co = 3, and
y(t) =2e " cost + e 'sint.

To verify that this form of the solution is equivalent to the complex form, obtained

using (21), we apply (6) to the latter and simplify.

31 ; 3i ,
(1 - 5) T+ (1 * 52) e
3i 3i
= ¢! {(1 - 5@) (cost +isint) + (1 + g) (cost — isint)}

= e "(2cost + 3sint) .

If y(t) in (21) is a real-valued function, then, for any ¢,

y(t) = y(t) = dle(a+iﬂ)t + dQe(a,iﬁ)t _ d_le(afiﬁ)t n d_Qe(aJriﬁ)t .
Therefore,

0=y(t) = y(t) = (d = ) e 4 (d — dy) el
= (dl—d_g) 2Pt =, — ds.

Since 3 # 0, this is possible if and only if d; — dy = 0 or d;y = ds.

Fixed x, consider the function f(¢) := sin(x + t). Differentiating f(t) twice yields

() = W = cos(x +t) d(xd—ti— b _ cos(z + 1),
() = W = —sin(x +t) d(xd—: H__ sin(z +t) .
Thus, f"(t) + f(t) = —sin(x +¢) + sin(z +¢t) = 0. In addition, f(0) = sinz,

f(0) = cosx. Therefore, f(t) is the solution to the initial value problem

y"+y=0, y(0)=sinz, y(0)=cosz. (4.2)
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(b) The auxiliary equation for the difefrential equation in (4.2) is 7? + 1 = 0, which has
two imaginary roots r = 4i. Therefore, a general solution is given by
y(t) = c1cost + cysint.
We now find constants ¢; and ¢y so that y(t) satisfies the initial conditions in (4.2).
sine = y(0) = ¢,
cosx =1y (0) = (—c¢ysint + ¢y cost) ’t:O: .
Therefore, y(t) = sinx cost + coszsint.
(c) By Theorem 1, Section 4.2, the solution to the initial value problem (4.2) is unique.
Thus, y(t found in part (b) must be f(¢) meaning that

sin(x 4+ t) = sinz cost + cosrsint.

EXERCISES 4.4: Nonhomogeneous Equations: The Method of Undetermined

10.

Coefficients

The method of undetermined coefficients can be used to find a particular solution in the
form (15) with m =3, a =0, and § = 4.
Writing

sin x Ca
= e ging,

6433

we see that the right-hand side is of the form, for which (15) applies.
The nonhomogeneous term simplifies to
f(z) = 4zsin® z + 4z cos® x = 4a (sin® x + cos® z) = 4z

Therefore, the method of undetermined coefficients can be used, and a particular solution

has the form (14) with m = 1 and r = 0.

Yes, one can use the method of undetermined coefficients because the right-hand side of

the given equation is exactly of the form, for which (15) applies.

Since 7 = 0 is not a root of the auxiliary equation, 72 + 2r — 1 = 0, we choose s = 0 in
(14) and seek a particular solution of the form y,(t) = Ay. Substitution into the original

equation yields
(Ag)" +2(A) — Ag = 10 = Ag = —10.
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Thus, y,(t) = —10 is a particular solution to the given nonhomogeneous equation.

The associated auxiliary equation, 2r + 1 = 0, has the root r = —1/2 # 0. So, we take
s =0 in (14) and look for a particular solution to the nonhomogeneous equation of the

form

I'p(t) = A2t2 + Alt + AO

Substitution into the original differential equation yields

By equating coefficients we obtain

A2:3 A2:3
4A2 +A1 - O = Al = —4142 = —12
24, + A =0 Ay = —2A, = 24.

Therefore, x,(t) = 3t* — 12t + 24.

The auxiliary equation, 7?4+ 1 = 0, has imaginary solutions r = £i, and the nonhomoge-
neous term can be written as 2% = e(™2? Therefore, we take the form (14) with m = 0,

r=1In2 and s = 0.
Yp = Ap2°® = y, = Ap(In2)2” = Yy = Ap(In2)*2".
Substitution into the original equation yields

Yo+ yp = Ag(In2)?2% 4+ 42" = Ag [(In2)* + 1] 27 = 2*.

1

Thus, 4y = [(In2)2+ 1], and so yp(z) = [(In2)* + 1] 2.

The corresponding homogeneous equation has the auxiliary equation r? — 1 = 0, whose
roots are r = £1. Thus, in the expression 6,(t) = (A1t + Ap) cost + (Byt + By) sint none

of the terms is a solution to the homogeneous equation. We find

0,(t) = (A1t + Ap) cost + (Byt + By) sint
= 0,(t) = Ay cost — (Ait + Ag)sint + By sint + (Bit 4 By) cost
= (Bit+ Ay + By) cost + (—Ai;t — Ag + By)sint
= 0,(t) = Bycost — (Bit + By + Ay)sint — Ay sint 4 (= Ayt — Ao + By) cost



18.

20.

Exercises 4.4
= (—Ait — Ao+ By) cost + (=Bt — By — 24;) sint.
Substituting these expressions into the original differential equation, we get

9;/ — Hp = (—Alt - A() + 231) cost + (—Blt - Bo - 2A1) sint
— (Ayt 4+ Ag) cost — (Bit + By) sint
= —2A tcost + (—2Ap + 2B;) cost — 2Bytsint + (—2A; — 2By) sint = tsint.

Equating the coefficients, we see that

24, =0 A =0
—24y+2B, =0 _ Ay= By =—1/2
2B, =1 By =—1/2
—2A, — 2By =0 By = —A; = 0.

Therefore, a particular solution of the nonhomogeneous equation 8” — 6 = tsint is given

by 6,(t) = —(tsint + cost)/2.

Solving the auxiliary equation, r?+4 = 0, yields r = 4-2i. Therefore, we seek a particular
solution of the form (15) with m =0, a =0, § = 2, and take s = 1 since o + i3 = 2i is

a root of the auxiliary equation. Hence,

yp = Aot cos2t + Bytsin 2t ,

Yy, = (2Bot + Ag) cos 2t + (—2Aot + By) sin 2t

y, = (—4Aot 4 4By) cos 2t + (—4Bot — 4A¢) sin 2t ;
Yy, + 4y, = 4B cos 2t — 4 A sin 2t = 8sin 2t .

Equating coefficients yields Ay = —2, By = 0. Hence, y,(t) = —2t cos 2t.
Similarly to Problem 18, we seek a particular solution of the form

Yy, = t(Ait+ Ag)cos2t+t(Bit+ By)sin2t
= (A1t2 + Aot) cos 2t + (Blt2 + Bot) sin 2t .

Differentiating, we get

yll) = [QBth + (2141 -+ 280) t+ Ao] cos 2t + [—2A1t2 -+ (—2A0 —+ 231) t+ BO:| sin 2t,
yy = [—4A1t* + (—4Ag + 8B1) t + (241 + 4By)] cos 2t
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+ [—4B1t* + (—8A4; — 4By) t + (—4 A4y + 2B;)] sin 2¢.
We now substitute y, and g, into the given equation and simplify.

y, + 4y, = [8Bit + (241 + 4By)] cos 2t + [-8 At + (—4Ag + 2By)] sin 2t = 16t sin 2¢.

Therefore,
8B, =0 B =0
2A, + 4By =0 N By=—-4;/2=1
—8A; =16 A= -2
—4Ay+2B, =0 Ay=D1/2=0

and y, = —2t* cos 2t + ¢ sin 2t.

22. The nonhomogeneous term of the original equation is 24t%¢!. Therefore, a particular
solution has the form x,(t) = ¢* (Aat? + Ayt + Ag) €'. The corresponding homogeneous
differential equation has the auxiliary equation 72 —2r +1 = (r — 1)> = 0. Since r =1
is its double root, s is chosen to be 2, and a particular solution to the nonhomogeneous

equation has the form
zy(t) = 1 (Ast? + Art + Ag) €' = (Aot" + Ait3 + Apt®) €.
We compute

2l = [Agt? 4 (445 + A)) £° + (3A1 + Ag) £ + 240t] €,
ah = [Agt* + (8BAy + Ay) £ + (1245 4+ 6A; + Ag) £ + (6A; +44g) t + 24, ] €".

Substituting these expressions into the original differential equation yields
xy — 2, 4 1, = [12A458% + 6 A1t + 240] ' = 24t%¢".
Equating coefficients yields A; = Ay = 0 and Ay = 2. Therefore, z,(t) = 2t*e’.
24. In (15), we take s = 1 since o + i = i is a root of auxiliary equation. Thus,

Yp = (Alaz:2 + on) cosx + (B1x2 + Boq:) sinz,
y, = [Biz® 4 (Bo + 2A1) & + Ag) cos x4 [—Az® + (2B — Ag) x + By sinz,
yo = [—A12? + (4B — Ap) x + 2 (By + Ay)] cos x

+ [-Biz® + (—4A; — By) x + 2(B; — Ag)| sinz.
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Substitution yields

y'+y=[M4B1x+2(By+ Ay)]cosx + [—4A;x + 2 (By — Ag)|sinz = 4z cos .

So,

4B, =4 Bl1=1

2(By+ Ay) =0 N Bo= -4, =0

—A; =0 A =

2(B; — Ag) =0 Ay=DB =1
and

Yy,(r) = rcosx + 2 sin z.

In the nonhomogeneous term, 4te ' cost, « = —1, 3 =1, and m = 1. We choose s = 1
in (15) since a + i3 = —1 4 is a root of the auxiliary equation. Thus, y, has the form

yp(t) = t[(Ait + Ag)cost + (Byt + By)sint] e

t
= [(Ait? + Aot) cost + (Bit* 4 Byt) sint] e™"

If we compute now y,, vy, substitute into the given equation, we will find unknown
coefficients. A technical difficulty, that one faces, is time consuming differentiation. To

simplify this procedure, we employ complex numbers noting that y, is the real part
of 2z, = (C1t? + Cot) e~ where C; = A; — Byi and Cy = Ay — Byi. Since the

differentiation operator is linear and our equation has real coefficients, z, must satisfy
Re (2 + 2] + 2z,) = 4te™" cost .
Differentiating, we get

z, = [C1(=1+9)t* + (2C1 + Co(=1+1)) t + Co] e(T1+It
27y = [C1(=1 40 + (4C (=1 + 1) + Co(=1+0)*) t + 20y + 2Co(—1 + )] e,

Substitution yields

Re (2, + 2z, + 2z,) = Re [(4C1ti + 2C + 2Ci) e(_Hi)t} = 4te”" cost
= Re [(4C1ti + 2C) + 2Cgi) €] = 4t cost
= (4B1t +2A, + 2By) cost — (4A1t — 2By + 2Ap) sint = 4t cost.
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Thus,
4B, =4 B =1
24, + 2By =0 _ By = —A, =
4A, =0 A1 =0
240 — 2B, = 0 Ag=B; =1

and y, = (tcost + t*sint) e".
The right-hand side of this equation suggests that
yp(t) = t° (Aat® + Ast® + Aot® + At + Ag) €.
Since r = 1 is not a root of the auxiliary equation, r? +3r — 7 = 0, we take s = 0. Thus

Yp(t) = (At + Ast® + Axt> + Ajt + Ap) €.

Here, a + i3 = 1+ is not a root of the associated equation, 72 —2r +1 = (r — 1) = 0.

Therefore, a particular solution has the form

yp(t) = (Agcost + Bysint)e".

From the form of the right-hand side, we conclude that a particular solution should be

of the form
yp(t) = 1° (A6t® + Ast® + Agt? + Ast® + Aot® + Ayt + Ap) e
Since r = —3 is a simple root of the auxiliary equation, we take s = 1. Therefore,

Yp(t) = (Agt” + Ast® + Ayt® + At + Ast® + Ajt® + Agt) e

The right-hand side of the equation suggests that y,(t) = Agt®e~". By inspection, we see
that r = —1 is not a root of the corresponding auxiliary equation, 213 + 372 +r — 4 = 0.

Thus, with s = 0,
n

yp = Aot =y, =—AeTt =y =Aeet =y =—Ae™

= 200+ 3yy + 1y, — Ay, = —4Age T = e

Therefore, Ag = —1/4 and y,(t) = —e /4.
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36. We look for a particular solution of the form y,(t) = t*(Agcost + Bysint), and choose

s = 0, because 7 is not a root of the auxiliary equation, r* — 3r? — 8 = 0. Hence,

yp(t) = Agcost + Bysint
y,(t) = Bocost — Agsint
y,(t) = —Agcost — Bysint

y, (t) = —Bycost 4 Agsint

R R

%24) (t) = Agcost + Bysint.
Hence,

y}(;l) _ Byg — 8yp = —4140 COSt — 4BO Slnt - Slnt

1 int
= A=0, B=—; = yp(t):—%.

EXERCISES 4.5: The Superposition Principle and Undetermined Coefficients
Revisited

2. Let g1(t) := cos2t and go(t) :=t. Then y;(t) = (1/4)sin 2t is a solution to
y'+2y +dy = gi(t)
and y»(t) = t/4 — 1/8 is a solution to
'+ 2+ dy = ga(1).

(a) The right-hand side of the given equation equals go(t) + g1(t). Therefore, the
function y(t) = yo(t) + y1(t) =t/4 — 1/8 + (1/4) sin 2t is a solution to the equation
y" + 2y + 4y =t + cos 2t.

(b) We can express 2t — 3cos 2t = 2¢5(t) — 3g1(t). So, by the superposition principle,
the desired solution is y(t) = 2ys(t) — 3y1(t) = t/2 — 1/4 — (3/4) sin 2¢.

(c) Since 11t — 12 cos 2t = 11go(t) — 12¢,(t), the function
y(t) = 11ya(t) — 12y4(t) = 11¢/4 — 11/8 — 3sin 2¢
is a solution to the given equation.
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The corresponding homogeneous equation, y” 4+ 3’ = 0, has the associated auxiliary
equation 72 +r = r(r + 1) = 0. This gives r = 0, —1, and a general solution to the
homogeneous equation is yp,(t) = ¢ + cze”f. Combining this solution with the particular

solution, y,(t) = t, we find that a general solution is given by

y(t) = yp(t) +un(t) =t + 1+ e

. The corresponding auxiliary equation, 72 + 5r + 6 = 0, has the roots r = —3, —2.

Therefore, a general solution to the corresponding homogeneous equation has the form
yn(z) = c1e72" +coe 3%, By the superposition principle, a general solution to the original

nonhomogeneous equation is
y([E) = yp(x) + yh(l‘) =e" + IEQ + 016_2:E + 026_&‘.

First, we rewrite the equation in standard form, that is,
Y’ — 2y =2tan®z.

The corresponding homogeneous equation, y” — 2y = 0, has the associated auxiliary
equation 7> — 2 = 0. Thus r = ++/2, and a general solution to the homogeneous
equation is

yn(z) = c1eV? 4 cpe YV
Combining this with the particular solution, y,(z) = tan z, we find that a general solution
is given by

y(z) = yp(z) + yp(x) = tanz + eV 4 cpe vV
We can write the nonhomogeneous term as a difference
(e"+ t)2 = e 4+ 2te’ +1° = g1 (t) + g2(t) + g5(t).

The functions g;(t), g2(t), and g3(t) have a form suitable for the method of undetermined
coefficients. Therefore, we can apply this method to find particular solutions y, (),
Yp2(t), and y,3(t) to

Vv +y=g(t), k=123,

respectively. Then, by the superposition principle, y,(t) = yp1(t) + yp2(t) + yp3(t) is a

particular solution to the given equation.
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This equation is not an equation with constant coefficients. The method of undetermined

coefficients cannot be applied because of ty term.

Since, by the definition of cosht,

e+et 1 t+1 i
=—e'+-e
2 2 2

cosht =

and the method of undetermined coefficients can be applied to each term in this sum,

by the superposition principle, the answer is “yes”.

The first two terms in the right-hand side fit the form, for which (14) applies. The last

term, 10° = 19 is of the form, for which (13) can be used. Thus, the answer is “yes”.

The auxiliary equation in this problem is 7? — 2r — 3 = 0 with roots r = 3, —1. Hence,

yn(t) = cr1e® + cpet

is a general solution to the corresponding homogeneous equation. We now find a particu-
lar solution y,(t) to the original nonhomogeneous equation. The method of undetermined

coefficients yields

yp(t) = Aot® + At + Ag = yn(t) = 2Ast + Ay = yn(t) = 24s;
Yo — 24, — 3y, = (2A3) — 2 (245t + A1) — 3 (Ast® + At + Ag) = 37 =5

= —3Aot? + (—4Ay — 3A)) t + (2Ay — 2A; — 3Ap) =3t* — 5

= Ay =—1, A =—44A5/3=4/3, A= (5+24A,—2A;)/3=1/9.

By the superposition principle, a general solution is given by

4t 1
y(t) = yp(t) +yn(t) = > + 3 + 5 + 13 + cqet .

Solving the auxiliary equation, r? +4 = 0, we find that r = £2i. Therefore, a general

solution to the homogeneous equation, y” 4+ 4y = 0, is
yn(0) = 1 cos 260 + cosin 26 .

By the method of undetermined coefficients, a particular solution y,(#) to the original
equation has the form y,(0) = 6°(Ag cos @ + Bysind). We choose s = 0 because r =i is

not a root of the auxiliary equation. So,
Yp(0) = Agcos + Bysin b
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= y;,(&) = Bycosf — Aysin
= Yy, (0) = —Agcos — Bysin6.

Substituting these expressions into the equation, we compare the corresponding coeffi-

cients and find Ay and B,.

Yy, + 4y, = 3Agcos + 3By sin ) = sin f — cos §

1 1 sinf — cos @
= Ay=—=, By=- = )= —
0 3 0= 3 yp( ) 3
Therefore,
inf — cos6
y(0) = kLA ¢y cos 20 + co sin 20

3

is a general solution to the given nonhomogeneous equation.

22. Since the roots of the auxiliary equation, which is 2 4+ 6r 4+ 10 = 0, are r = —3 £ i, we

have a general solution to the corresponding homogeneous equation

3 3 -3z

yn(z) = cre™>" cosx + coe P sinx = (cycos T + cysinz) e
and look for a particular solution of the form

yp(x) = Agz® + Aga® + Aga® + Ajz + A, .
Differentiating y,(z), we get

y;)(flf) = 4A45L’3 + 31431‘2 + 2A2[E + Al s
yo(x) = 12A,2° + 6 A3z + 2A, .

Therefore,

Yo + 6y, + 10y, = 1044z + (1043 + 24A44) 2° + (10A; + 1843 + 1244) 27
+ (10A; + 1245 + 6A43) x + (104y + 6A4; + 2A,)
= 102 + 242° + 22° — 122 + 18.

Hence, Ay =1, A3 =0, A, = —1, A; =0, and Ay = 2. A general solution is given by
y(z) = yp(x) + yn(x) = 1t — 2%+ 24 (cycosx + cysinx) e 3.
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The auxiliary equation, r2 = 0, has a double root » = 0. Therefore,
yh(t) = C1 + CQt,

and a particular solution to the given equation has the form y, = t* (At + Ap). Differ-

entiating twice, we obtain
y, = 6A:t +2A, = 6t = A =1, Ay=0,
and a general solution to the given equation is
y:cl+cgt+t3.

From the initial conditions, we determine constants ¢; and cs.

Hence, y = 3 — t + t3 is the solution to the given initial value problem.

The auxiliary equation, r? + 9 = 0, has roots » = £3i. Therefore, a general solution to
the corresponding homogeneous equation is y,(t) = ¢; cos 3t 4 co sin 3¢, and a particular
solution to the original equation has the form y,(t) = Ay. Substituting this function

into the given equation, we find the constant Ag.
Yy, + 9y, = 940 = 27 = Ag =3,
and a general solution to the given nonhomogeneous equation is
y(t) =3 + ¢y cos3t + co8in 3t .

Next, since y'(t) = —3¢y sin 3t + 3¢, cos 3t, from the initial conditions we get a system

for determining constants c; and cs.

4=y(0)=3+c cp =
y(0) ! = ! = y(t) =3 + cos 3t + 2sin 3t.
6= y/(()) = 3C2 Co = 2
The roots of the auxiliary equation, 7> +7 — 12 = 0, are r = —4 and r = 3. This

gives a general solution to the corresponding homogeneous equation of the form y,(t) =
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3t

cre”# + cpe¥. We use the superposition principle to find a particular solution to the

given nonhomogeneous equation.

y, = Age' + Boe* + Cy = y, = Age’ + 2Bye?t = y, = Age’ + 4 Bye?t;
y, +y, — 12y, = —10Ape" — 6Bye* — 120, = €' + * — 1.

Therefore, Ay = —1/10, By = —1/6, Cy = 1/12, and a general solution to the original

equation is
ol 2

1
N=_° _° . % —4t 3t
y(t) 0" 6 + D + e +cge

Next, we find ¢; and ¢, such that the initial conditions are satisfied. Since

et €2t

y'(t) = —E - ? — 4616_4t + 30263t,
we have
1=y(0)=-1/10—-1/6 +1/124+ ¢ + ¢ N c1+ e =T71/60
3=y(0)=—1/10 —1/3 —4e; + 3¢y —4¢y + 3¢y = 103/30.

Solving yields ¢; = 1/60, ¢, = 7/6. With these constants, the solution becomes

et €2t 1 €—4t 7e3t
H=_-L_ 4 ;¢ o
="ttt T

The auxiliary equation, 72 + 2r + 1 = 0 has a double root r = —1. Therefore, a general

solution to the corresponding homogeneous equation is
yn(t) = cre™ + cote™".

By the superposition principle, a particular solution to the original nonhomogeneous

equation has the form
Yp = A2t2—|—A1t+A0+B()€t = y; = 2A2t+A1+B()€t = yg = 2A2+B0€t.
Therefore,

Yo+ 2y +yp = Aot + (A +4A5) T+ (Ao + 241 + 245) + 4Bye’
= t24+1—¢.

Matching coefficients yields

1
Ap =1, Ar = —44y = =4, Ay =1-241 =24, =7, By = —7,
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and a general solution is
t
e
y(6) = gp(t) +yn(t) = * =4t +T— -+ e +oote™.

Next, we satisfy the initial conditions.

0)=7—-1/44¢ N c, = —27/4
0)=—-4-1/4-c+c cr=25/4+ ¢ = —1/2.

Therefore, the solution to the given initial value problem is

et 27e bt te!
=t —dt+7————— ——.

. For the nonhomogeneous term,
e® +te* +t%e* = (1 +t+ t2) e
a particular solution has the form
yp(t) = t° (Ao + At + Ast®) ™.
Since r = 2 is not a root of the auxiliary equation, 72 — 1 = 0, we choose s = 0.

. Neither r = i nor r = 2i is a root of the auxiliary equation, which is 72 + 5r + 6 = 0.

Thus, by the superposition principle,

Yp(t) = Acost + Bsint + C cos 2t + Dsin 2t .

. Since the auxiliary equation, > —4r +4 = (r — 2)? = 0 has a double root r = 2 and the

nonhomogeneous term can be written as
202t _ o2t _ (t2 _ 1) o2t
a particular solution to the given equation has the form

Yp(t) = 7 (Aot® + Ast + Ag) €™

. Since, by inspection, 7 = i is not a root of the auxiliary equation, which is r*—5r2+4 = 0,

we look for a particular solution of the form
Yp(t) = Acost + Bsint.
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Differentiating y,(t) four times, we get
y,(t) = —Asint 4 Bcost,
y,(t) = —Acost — Bsint,

y, (t) = Asint — Bcost,
(4)

Yy, (t) = Acost + Bsint.
Therefore,
( ) — 5yp + 4y, = 10Acost + 10Bsint = 10cost — 20sint.
So, A=1, B= —2, and a particular solution to the given equation is

y(t) = cost — 2sint.

40. Since r = 0 is a simple root of the auxiliary equation, r* —3r3+3r? —r =r(r —1)> = 0,

a particular solution to the given nonhomogeneous equation has the form
yp(t) =t (Art + Ag) = Ait? + Agt.
Substituting this function into the given equation, we find that
yb — 3y + 3yl — o = 3(241) — (241t + Ag) = 6t — 20.
Thus, A; = —3, Ag = 6A; + 20 = 2, and a particular solution to the given equation is
y(t) = =3t + 2t.

42. (a) The auxiliary equation in this problem is

mr®4+br+ k=0 = r? + (b/m)r + (k/m) = 0,

(Recall that b* < 4mk.) Denoting

which has roots
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we obtain a general solution

yn(t) = (c1 coswt + ¢y sinwt) e/ M)

to the corresponding homogeneous equation. Since b > 0, » = i is not a root of

the auxiliary equation. Therefore, a particular solution to (15) has the form

yp(t) = Acos ft + Bsin Gt
= y;(t) = Bfcos St — ABsin 5t
= yn(t) = —AB® cos Bt — B3 sin 3t .

Thus,

myy + by, + ky, = (—AB*m + Bpb+ Ak) cos ft
+ (—BﬁQm — ABb+ Bk:) sin 5t = sin 3t .
Matching coefficients yields

A(k — 3*m)+Bpb=0
B (k — 3?m) — ABb = 1.

Solving, we obtain

- 3b B k— 3%*m
(k — 52m)* + (50)? (k — 32m)* + (6b)>
Therefore, a general solution to (15) is
b k— 32
y(t) = — g cos Ot + pm 5 sin (3t

(k — 82m)* + (3b)? (k — 82m)* + (53b)
—bt/(2m)

+ (c1 coswt + cosinwt) e :

The solution in part (a) consists of two terms. The second term, yy,, represents
damped oscillation, depends on the parameters of the system and initial conditions.

—bt/(2m) this term will die off, as t — oo.

Because of the exponential factor, e
Thus, the first term, y, caused by the external force will eventually dominate and
essentially govern the motion of the system. With time, the motion will look more

and more like a sinusoidal one with angular frequency S3.
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44. Substituting the mass m = 1, damping coefficient b = 2, spring constant £k = 5, and

134

external force ¢g(t) = 2sin3t + 10cos 3t into (15) and taking into account the initial

conditions, we get an initial value problem
y" + 2y + 5y = 2sin 3t + 10 cos 3t; y(0)=—-1, ¢'(0)=5.

The roots of the auxiliary equation, r? + 2r +5 = 0, are r = —1 £ 2i, and a general

solution to the corresponding homogeneous equation is
yn(t) = (c1cos2t + cosin2t) e ".
We look for a particular solution to the original equation of the form
Yp(t) = A cos 3t + By sin 3t.
Substituting this function into the equation, we get

Yy + 2y, + 5y, = (—9Agcos3t —9Bysin3t) + 2 (—-3Agsin3t + 3By cost)
+5 (Ap cos 3t + By sin 3t)

= (—4Ay+6By)cos3t + (—6Ay — 4By) sin 3t = 2sin 3t + 10 cos 3t
—4Ay + 6By = 10 N Ay = —1
—6A0 - 4B0 — 2 BO - 1

Thus, a general solution to the equation describing the motion is
y(t) = —cos 3t +sin 3t + (c; cos 2t + cosin 2t) e .
Differentiating, we find
y(t) = 3sin3t + 3cos 3t + [(—c1 + 2¢9) cos 2t + (—cy — 2¢1) sin 2t] e .

Initial conditions give a system

y(0)=—-14¢ =-1 =0
y’(()):3—01—|—202:5 02:1.

Hence, the equation of motion is

y(t) = —cos 3t +sin 3t + e~ *sin 2t .
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46. The auxiliary equation in this problem is 2 + A\? = 0, which has the roots r = F\i.

Therefore, a general solution to the corresponding homogeneous equation is given by
Yp = €1 COS A\t + o sin AL.
For a particular solution to the nonhomogeneous equation, we distinguish two cases.
(i) A # £1. In this case, a particular solution has the form
yp, = Agcost + Bysint = y, = —Agcost — Bysint,

and so

Y, + Ny, = (A — 1) (Agcost + Bysint) =sint.

Therefore, Ay =0, By = 1/(A\? — 1), and a general solution to the given equation is

1
y(t) = SVl sint + ¢; cos At + ¢ sin At.

The first boundary condition yields

y(0)=c; =0 = y = sint + ¢g sin At.

A2—1

Now, if A is an integer, then

=0

1
y(m) = e sint + cysin A\t

t=m
for any constant cy. Hence, the second boundary condition cannot be satisfied. If

A is not an integer, then sin Aw # 0,

1
y(m) = sint + cosin At = cysin A =1

A2 —1

t=m

for co = 1/sin Awr, and the boundary value problem has a unique solution

1 . .
y(t) = w1 sint + S Sin At.
(ii) A = £1. Here, a particular solution has the form
Yp =t (Agcost + Bysint) =y, = Ag(—2sint —tcost) + By(2cost —tsint),
Substituting y, into the original equation (with A = £1), we get

Yy +1yp = 2Bycost —2Agsint = sint = Ay=—=, By=0,
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48. (a)

136

(b)

and a general solution is given by

tcost )
y(t) = — 5 + ¢y cost + cysint.

The first boundary condition, y(0) = 0, yields ¢; = 0. But this implies that

t t
y(m) = — c;)s + cosint :g#l,

t=m

for any constant c; .

Using the superposition principle (Theorem 3), we conclude that the functions

yi(t)
yo(t) = (* + 1+ €' cost + e'sint) — (£ + 1+ e'sint) = e’ cost

(tQ—i— 1 +etcost+etsint) — (tQ—i— 1 +etcost) =e'sint,

are solutions to the corresponding homogeneous equation. These two functions are
linearly independent on (—o0,00) since neither one is a constant multiple of the

other.
Substituting, say, y;1(¢) into the corresponding homogeneous equation yields
(¢'sin t)” +p (e sint), + ¢ (e'sint) = (2+ p)e’ cost + (p+ q)e'sint = 0.
Therefore, p = —2, ¢ = —p = 2, and so the equation becomes
y' =2y +2y=g(t). (4.3)

Another way to recover p and ¢ is to use the results of Section 4.3. The functions
y1(t) and yo(t) fit the form of two linearly independent solutions in the case when
the auxiliary equation has complex roots a & fi. Here, @« = g = 1. Thus, the

auxiliary equation must be
r—14)]-[r—0-9)]=0r-12+1=r>=2r42,

leading to the same conclusion about p and gq.
To find ¢(t), one can just substitute either of three given functions into (4.3). But

we can simplify computations noting that, say,
y=1t>+1+ce cost —y(t) =t +1
is a solution to the given equation (by the superposition principle). Thus, we have

git) = (P +1)" —=2(P+1) +2 (P +1) =2 — 4t +4.
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EXERCISES 4.6: Variation of Parameters

2. From Example 1 in the text, we know that functions y;(¢) = cost and ys(t) = sint are
two linearly independent solutions to the corresponding homogeneous equation, and so

its general solution is given by
yn(t) = c1 cost + cysint.

Now we apply the method of variation of parameters to find a particular solution to the

original equation. By the formula (3) in the text, y,(¢) has the form

Yp(t) = v1()y1(t) + va(t)ya(t).

Since

y1(t) = (cost) = —sint, Yo (t) = (sint) = cost,
the system (9) becomes
v (t) cost 4+ v)(t)sint =0
—v(t) sint + vj(t) cost = sect.
Multiplying the first equation by sint and the second equation by cost yields
v (t)sint cost + vh(t) sin*t = 0
— () sint cos t 4 vh(t) cos® t = 1.
Adding these equations together, we obtain
vh(t) (cos®t +sin’*t) =1 or  vy(t)=1.

From the first equation in the system, we can now find v} (¢).

, . sint

vy (t) = —vy(t) i — tant.
So,
vi(t) = —tant N vi(t) = — [tantdt = In|cost| + c3
vh(t) =1 va(t) = [dt=t+cy.

Since we are looking for a particular solution, we can take c3 = ¢, = 0 and get
Yp(t) = (cost)In|cost| + tsint.
Thus, a general solution to the given equation is

y(t) = yp(t) + yn(t) = (cost)In|cost| + tsint + ¢; cost + cosint.
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4. This equation has associated homogeneous equation y” —y = 0. The roots of the
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associated auxiliary equation, r> — 1 = 0, are r = 1. Therefore, a general solution to

this equation is

yn(t) = cre’ + coe".

For the variation of parameters method, we let
Yp(t) = v1(t)y1(t) + v2()ya(t) , where  yi(t) =€’ and y(t) =e".
Thus, y;(t) = €' and y4(t) = —e~*. This means that we have to solve the system

t, ./ -t/
ev; +e vy =0

'] — ety = 2t + 4.
Adding these two equations yields
2e'v] = 2t + 4 = vy = (t+2)e "

Integration yields
() = /(t + e tdt = —(t+ 3)e .
Substututing v} into the first equation, we get

vh = —vie? = —(t 4+ 2)e' = ve(t) = — /(t + 2)efdt = —(t + 1)e".

Therefore,

p(t) = —(t+3)e”'e" — (t+ e'e™ = —(2t +4),

and a general solution is

y(t) = — (2t +4) + cre’ + cpe.

This equation has associated homogeneous equation y” + 2y’ + y = 0. Its auxiliary
equation, 72 + 2r + 1 = 0, has a double root 7 = —1. Thus, a general solution to the
homogeneous equation is yp,(t) = cie” '+ cate™" . For the variation of parameters method,

we let

Yp(t) = v1(8)y1 (1) + v2(D)ya(t) where  y(t) =¢' and yo(t) =te™".
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Thus, y;(t) = —e~" and y5(t) = (1 —¢)e~". This means that we have to solve the system
(see system (9) in text)

e v +te vy =0
—e T+ (1 —t)e v, =e".
Adding these two equations yields

el =e! = vy =1 = Vg = /(1)dt =1.

t2
vy = —tvy = —t = vlz—/tdt:——.

Therefore,

2 2

t t
)=——e¢ttt-tet="—r¢
Yp (1) 5 € +t-te 5 €
2

t
= y(t) = yp(t) +uyn(t) = 3 et F et +eote.

. In this problem, the corresponding homogeneous equation is r? + 9 = 0 with roots
r = +3i. Hence, y,(t) = cos 3t and y»(t) = sin 3t are two linearly independent solutions,

and a general solution to the corresponding homogeneous equation is given by
yn(t) = c1 cos 3t + o sin 3t,
and, in the method of variation of parameters, a particular solution has the form
Yp(t) = v1(t) cos 3t + va(t) sin 3t,
where v/ (t), v5(t) satisfy the system

v} (t) cos 3t + vy(t) sin 3t = 0

—3v] (t) sin 3t + 3vy(t) cos 3t = sec? 3t.

Multiplying the first equation by 3sin 3t and the second equation by cos 3t, and adding

the resulting equations, we get

1
30} (sin® 3¢ + cos® 3t) = sec 3t = vy = 3 sec 3t

N~
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10.

140

1 1
= v2:§/sec3tdt:§ln|sec3t—|—tan3t|.
From the first equation in the system we also find that

1
v (t) = —vh(t) tan 3t = — 3 sec 3t tan 3t

1 1
= vl(t):—g/seCBttaniﬂtdt:—g sec 3t .

Therefore,
1 1.
yp(t) = —g sec 3t cos 3t + g sin 3t1n|sec 3t + tan 3t|
1 1 .
= 3 + 5 sin 3t In | sec 3t + tan 3t|
and

1 1
y(t) = ~9 + 5 sin 3t In | sec 3t + tan 3t| + ¢; cos 3t + co sin 3t

is a general solution to the given equation.

This equation has associated homogeneous equation y” + 4y’ + 4y = 0. Its auxiliary
equation, r? + 4r + 4 = 0, has a double root r = —2. Thus, a general solution to the
homogeneous equation is

yn(t) = cre® + cote .

We look for a particular solution to the given equation in the form
Yp(t) = vy (1) + v2()y(t), where yi(t) =e™ and yy(t) =te .
Since y; = —2e¢~* and yh = (1 — 2t)e™*, v} and v} satisfy the system

e vy +te vl =0

—2e ) 4 (1 — 2t) e vl = e ' Int.
Multiplying the first equation by 2 and then adding them together yields
e vl =e HInt = vy =1Int = Vg = /lntdt =t(Int —1).

Since v; = —tvy = —tlnt, we find that

1 1
=— [tlntdt=—=t*Int— =¢?).
(%1 / n (2 n 1 >
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So,

ot 2Int —3 1202t

1 1
yp(t) = — <— t*Int — —t2) e +t(lnt—1)-te 1 :

2 4

and a general solution is given by

2Int -3
y(t) = HT t2e ™ 4 cre 4 cyte

The corresponding homogeneous equation is 3"’ + y = 0. Its auxiliary equation has the
roots r = 4i. Hence, a general solution to the homogeneous corresponding problem is
given by

Yp = c1cost + cosint.

We will find a particular solution to the original equation by representing the right-hand
side as a sum

tant + e — 1 = g1(t) + g2(2),
where g (t) = tant and go(t) = €3 — 1.

A particular solution to
y' +y=al(t)

was found in Example 1, namely,
Ypa = —(cost)In|sect + tant|.

A particular solution to
y'+y = ga(t)

can be found using the method of undetermined coefficients. We let
Yp2 = Aoe® + By = Yoy = 9Age™.
Substituting these functions yields
Yoo+ yp2 = (940€™) + (Aoe® + By) = 104ge™ + By = ¢* — 1.

Hence, Ag = 1/10, By = —1, and y,5 = (1/10)e* — 1.

By the superposition principle,
Y =1Yp1+ Yp2 +yn = —(cost)In|sect + tant| + (1/10)e* — 1 + ¢, cost + casint
gives a general solution to the original equation.
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14. A fundamental solution set for the corresponding homogeneous equation is y;(6) = cos @

16.
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and y(f) = sin@ (see Example 1 in the text or Problem 12). Applying the method of
variation of parameters, we seek a particular solution to the given equation in the form

Yp = V1Y1 + VoY, where vy and v, satisfy

v1(0) cos € + v5(0) sinf =0
—v1(0) sin 0 + v(#) cos 6 = sec® 6.

Multiplying the first equation by sin# and the second equation by cosf, and adding
them together yields

vy(0) = sec? @ = v} (0) = —v)(0) tan @ = — tan 0 sec? .
Integrating, we get
2 1 2

v1(0) = — [ tan@sec” 0 df = ~5 tan® 0,

v9(0) = /8602 0df = tané,
where we have taken zero integration constants. Therefore,

]- 2 . 1 .
yp(0) = ~3 tan” 6 cost + tanfsinf = 3 tanfsin 6,

and a general solution is given by

y(0) = yp(0) + yn(0) = w + ¢ cos b + cosin .

The corresponding homogeneous equation is y” + 5y’ + 6y = 0. Its auxiliary equation
has the roots r = —2, —3. Hence, a general solution to the homogeneous problem is

given by

Yp = cle_zt + cze_St.

In this problem, we can apply the method of undetermined coefficients to find a particular

solution to the given nonhomogeneous equation.
Yp = A2t2 + Alt + A() = yll) = 2A2t + Al = ?/Z = 2A2 .
Substituting these functions into the original equation yields

6A5t% + (10A5 + 6A1)t + (24 + 5A; +64,) = 1842
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Therefore,
A2:3, A1:—10A2/6:—5, AOZ—(2A2+5A1)/6:19/6
19
= yp:3t2—5t+€,
and

19
Y =yp+yn=3t" =5+ -+ cre” 4 cpe?
is a general solution.
The auxiliary equation in this problem, 7> — 6r + 9 = (r — 3)? = 0, has a double root

r = 3. Therefore, a fundamental solution set for corresponding homogeneous equation

is y1(t) = €3 and y5(t) = te®. We now set

Yp(t) = v1()ya1(t) + va(t)ya(t),
where v; and v, satisfy

3t ./ 3t 1
e’vy + tevy, = 0,

3e3v] 4 (1 + 3t)e®vl, = t 3.

Subtracting the first equation multiplied by 3 from the second one, we get

1

Bty — =35t -
212

ety = = vy =1"? = vo(t) =

Substituting ¢/, into the first equation yields

1
V) = —tv) = —t7? = vy (t) =<
Thus,
1 1 e3t
PN LR

3t

e
Y(t) = yp(t) + cryn (t) + coya(t) = > + 13 + cote.

Since yp(t) = ¢qcost + cosint is a general solution to the corresponding homogeneous
equation, we have to verify that the integral part of y(t) is a particular solution to the
original nonhomogeneous problem. Applying the method of variation of parameters, we

form the system (9).
vy cost +vhsint =0

—vysint + v)cost = f(t).
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Multiplying the first equation by sint, the second equation by cost, and adding them
yields

vy = f(t) cost = vy = —vgsint/ cost = —f(t) sint.
Integrating, we obtain

t t

vl(t):—/f(s)sinsds, vg(t):/f(s)cossds.

0 0

Hence, a particular solution to the given equation is

Y(t) = y2(t)va(t) + yu(H)vi(?)

t
= sint/f(s)cossds—cost/f(s)sinsds
0

0

¢ ¢
= /f(s)sintcossds—/f(s)costsinsds
0 0

= /f(s) (sintcoss — costsins) ds = /f(s) sin(t — s) ds.
0 0

EXERCISES 4.7: Variable-Coefficient Equations

2. Writing the equation in standard form,

> 1 i
t—37 "t —3)

y// +

we see that the coefficients p(t) = 2/(t — 3) and ¢(t) = 1/[t(t — 3)], and g(t) = t/(t — 3)
are simultaneously continuous on (—o0,0), (0, 3), and 3, 00). Since the initial value of ¢
belongs to (0,3), Theorem 5 applies, and so there exists a unique solution to the given

initial value problem on (0,3) (with any choice of Y; and Y7).

4. The standard form for this equation is

s 1 cost

The function p(t) = 0 is continuous everywhere, ¢(t) = t~2, and ¢(t) = t *cost are
simultaneously continuous on (—o0,0) and (0, 00). Thus, the given initial value problem

has a unique solution on (0, co).
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Theorem 5 does not apply to this initial value problem since the initial point, t = 0, is a
point of discontinuity of (say) p(t) =t~ (actually, ¢(¢) and g(t) are also discontinuous
at this point).

Theorem 5 does not apply because the given problem is not an initial value problem.

In this a homogeneous Cauchy-Euler equation with

Thus, substituting y = t", we get its characteristic equation (see (7))
ar* +(b—a)yr+c=r*+r—6=0 = r=-32.

Therefore, y,(t) = t=3 and y»(t) = t? are two linearly independent solutions to the given

differential equation, and a general solution has the form
y(t) = 1t > + cot®.

Comparing this equation with (6), we see that a = 1, b = 5, and ¢ = 4. Therefore, the

corresponding auxiliary equation,
ar’*+ (b—a)yr+c=r*+4r+4=(r+2)>=0

has a double root r = —2. Therefore, y;(t) = ¢t 2 and y(t) = ¢t ?Int represent two

linearly independent solutions, and so
y(t) = cit™ > + ot *Int
is a general solution to the given equation.

In this homogeneous Cauchy-Euler equation a = 1, b = —3, and ¢ = 4. Therefore, the

corresponding auxiliary equation,
ar* +(b—a)yr+c=r*—dr+4=(r—-2)>=0

has a double root 7 = 2. Therefore, y;(t) = t* and y(t) = t*Int are two linearly

independent solutions. Hence, a general solution is
y(t) = ert” + ot Int.
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16.

18.

20.
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In this homogeneous Cauchy-Euler equation a = 1, b = —3, and ¢ = 6. Therefore, the

corresponding auxiliary equation,
ar*+(b—a)yr+c=r"—4dr+6=(r—272+2=0

has complex roots r = 2 £ 1/2i with a = 2, 8 = v/2. According to (8) in the text, the

functions
y1(t) = t* cos (\@lnt) . ya(t) = t?sin <\/§lnt)
are two linearly independent solutions to the given homogeneous equation. Thus, a

general solution is given by
Y = C1Y1 + CoYp = t2 [cl cos (ﬁln t) + ¢9 8in (\/5111 tﬂ )

The substitution y = ¢" leads the characteristic equation (see (7))
rr—1)+3r+5=0 =  r+2r+5=(r+1)°4+4=0.

Solving yields
r=—1+2:.

Thus, the roots are complex numbers « £+ i with « = —1, = 2. According to (8) in

the text, the functions
y1(t) =t 'cos(2Int), yo(t) =t 'sin(2Int)

are two linearly independent solutions to the given homogeneous equation. Thus, a

general solution is given by

Y= ciy1 + coyp =t [er cos(2Int) + cysin(21nt)].

First, we find a general solution to the given Cauchy-FEuler equation. Substitution y = t"

leads to the characteristic equation
r(r—1)+Tr+5=r"+6r+5=0 = r=-—1,-5.

Thus, y = c1t 7! + cot ™ is a general solution. We now find constants ¢; and ¢y such that

the initial conditions are satisfied.

-1 =y(l)=c1 + ¢, N =2,
13 =9'(1) = —c1 — bey cy=—3

and, therefore, y = 2t~ — 3¢~ is the solution to the given initial value problem.
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22. We will look for solutions to the given equation of the form
y(t)=(t+1) = y(t) =r(t+1)"1 = y'(t) =r(r—1)(t+1)"2.
Substituting these formulas into the differential equation yields
[r(r—1)+10r +14](t+1)" =0 = 2+ 9r+14=0 = r=-2-7.

Therefore, y; = (t + 1) and y, = (¢t + 1)~" are two linearly independent solutions on

(—1,00). Taking their linear combination, we obtain a general solution of the form

y=c(t+1) 24t +1)77.

24. According to Problem 23, the substitution ¢ = e* transforms a Cauchy-Euler equation
(6) into the constant-coefficient equation (20) in Y (z) = y(e*). In (a)—(d) below, we
write (20) for the given equation, apply methods of solving linear equations with con-
stant coefficients developed in Sections 4.2-4.6 to find Y (x), and then make the back

substitution e* =t or x = Int, t > 0.

(a) Y” —9Y = 0 has an auxiliary equation r* — 9 = 0 with two distinct real roots

r = 3. Thus, a general solution is
V() = 1673 4 6% = ¢; (%) 4 ¢ (e2)°

Therefore,
y(t) = cit > + eyt

(b) 3" +2Y’ 4+ 10Y = 0. The auxiliary equation r* + 2r + 10 = 0 has complex roots
r = —1 %+ 3¢. Hence,

Y(z) =e " (c1 co83x + ¢y8in3z) = (61)_1 (¢1 cos 3z + ¢o 8in 3x)

= y(t) =t ' [c; cos(3Int) + cpsin(31nt)].

() Y'+2Y' +Y =e" 4 (&%) ' = e* +e~*. This is a nonhomogeneous equation. First,

we find a general solution Y} to the corresponding homogeneous equation.

P22+ 1l=(r+1)2=0 = r=-—1

147



Chapter 4

148

(d)

is a double root of the auxiliary equation. Therefore,

Yi(z) = cre™ + coxe™™.

By the superposition principle, a particular solution to the nonhomogeneous equa-

tion has the form

Y,(r) = Ae” + Bxe ™
V() = Ae®+ B (2z —2*) e "
YV/'(z) = Ae® 4+ B (2° — 4z +2) e ",

Substitution yields

[Aex + B (:1:2 — 4z + 2) e’x] +2 [Aex + B (2:(: - :102) e””]
+ [Aex + BJ}QG_I] =" +e”

1 1

= 4Ae” +2Be " = e+ e " = A:ZL7 B:§
1m 1 —x
= Y;,(:C):Z—le +§Z‘26 .

Thus,
1 1
Y(z) =Yy(x) + Yi(z) = 1 e’ + 3 227 + e + cqre ™" .

The back substitution yields

1 1
y(t) = 1 t+ 3 T It + et et Int.

Y” +9Y = —tan3z. The auxiliary equation has roots r = +3i. Therefore, the

functions Y (z) = cos 3z and Y,(z) = sin 3z form a fundamental solution set, and
Yi(x) = ¢; cos 3z + ¢y sin 3z

is a general solution to the corresponding homogeneous equation. To find a partic-
ular solution to the nonhomogeneous equation, we use the variation of parameters

method. We look for Y,(z) of the form
Yo(2) = 01(2)Y1(2) + va(2)Ya(2),
where v; and vy satisfy equations (12) of the text. We find

W Y1, Y] (x) = V1Y, — Y'Y = (cos 3x) (3 cos 3x) — (—3sin 3z)(sin 3z) = 3



26. (a)
(b)
(c)

(d)

Exercises 4.7

and apply formulas (12).

3 9
tan 3z cos 3x 1

vo(z) = —/#dx: 3 cos 3x .

tan 3z sin 3 1 1
vl(m):/wdx:—— sin3x+§ln|sec3x+tan3x|,

Hence,

1 1
Y, = [ g8 sin3x + — ln]sech—i—tanSx@ cos 3x + [5 COS3JI:| sin 3x
1
9

cos 3z In | sec 3x + tan 3z

and so

1
Y(z) = g s 3z In|sec 3z + tan 3x| + ¢; cos 3z + ¢y sin 3z

is a general solution. After back substitution we obtain a general solution
1
y(t) = 3 cos(3Int)In|sec(3Int) + tan(31Int)| + c; cos(3Int) + cosin(31nt)
to the original equation.

On [0,00), y2(t) = t3 = y1(t). Thus, they are linearly dependent.
On (—00,0], y2(t) = —t* = —yy(¢). So, they are linearly dependent.

If c191 + oy = 0 on (—o0, 00) for some constants ¢; and ¢y, then, evaluating this

linear combination at ¢t = +1, we obtain a system

01+C2:0
= cg=c=0.
—Cl+02:0

Therefore, these two functions are linearly independent on (—o0, 00).

To compute the Wronskian, we need derivatives of y; and ys.

Yy (t) =32, —oo <t <o0;
(t3) = 3t%, t>0

sy =4 =30 = 3.
(—3) = =362, t<0

Since

lim () = lim (1) =0,

t—0t+

we conclude that y5(0) = 0 so that y)(t) = 3t|t| for all . Thus,
W [y, 2] () = (%) (3t]t]) — (3¢%) |[¢*| = 0.
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28. (a) Dependent on [0, 00) because y,(t) = 2t* = 2y, (1).
(b) Dependent on (—oo, 0] because yo(t) = —2t* = —2y;(¢).

(c) If c1y1 + c2yo = 0 on (—o0, 00) for some constants ¢; and ¢y, then, evaluating this

linear combination at ¢t = +1, we obtain a system

61+202:0
= cp=cy=0.
01—262:0

Therefore, these two functions are linearly independent on (—oo, 00).
(d) To compute the Wronskian, we need derivatives of y; and ys.

y(t) =2t, —oco<t< oo;
(2t%) = 4t t>0

5(t) = = 4|t|.
(1) {(—2t2)’:—4t, t<0 g

Since

lim y5(t) = lim yh(t) =0,
t—0~

t—0t
we conclude that y5(0) = 0 so that y5(¢) = 4|¢| for all t. Thus,
W ly1 ye] (1) = (£°) (4]t]) — (2t) 2t[¢] = 0.
30. We have

(c1y1 + cayp) = g + cayh,

(c1y1 + cayo)” = 1yl + cays -

Thus,

(cryn + coy2)” + p (eryn + o) + q (c1y1 + cayp)
= (] +pary) + qeyr) + (cays + peays + qeay)

=c1 (Y1 +pyr +ay) + c2 (v + pya + qy2) = gy + 292
32. (a) Differentiating (18), Section 4.2, yields
W' = (n1yh — yiye) = (1¥s +y195) — (1y2 + 9195) = 1Ys — yive -
Therefore,

W' +pW = (nys — yiy2) +p (1Y — y1y2)
= (o +oys) — 2 () +py1) = (—qy2) —y2 (—qin) = 0.
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(b) Separating variables and integrating from ¢, to ¢ yields

% = —pdt = % = - /p(T) dr (4.4)
= In WV/V((Z) = —/p(T) dr

to
t

= (W (t)| = |W (to)| exp —/p(T) dr

to
Since the integral on the right-hand side is continuous (even differentiable) on (a, b),
the exponential function does not vanish on (a,b). Therefore, W (¢) has a constant
sign on (a, b) (by the intermediate value theorem), and so we can drop the absolute

value signs and obtain

t

W(t) = W (to) exp { — / p(r)dr b (4.5)

to

The constant
C =W (to) = y1 (to) ¥5 (to) — yy (o) y2 (to)

depends on y; and y, (and ty). Thus, the Abel’s formula is proved.
(c) If, at some point ty in (a,b), W (ty) = 0, then (4.5) implies that W (¢) = 0.
34. Using the superposition principle (see Problem 30), we conclude the following.

(a) y1(t) = t* —t and yo(t) = t> — ¢ are solutions to the corresponding homogeneous
equation. These two functions are linearly independent on any interval because

their nontrivial linear combination
C1Y1 + ColYyo = Cgtg + Clt2 — (Cl + CQ)t

is a non-zero polynomial of degree at most three, which cannot have more than

three zeros.

(b) A general solution to the given equation is a sum of a general solution yj, to the cor-
responding homogeneous equation and a particular solution to the nonhomogeneous

equation, say, t. Hence,
y=t+o (®—t)+c(t’—1t)
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= Y=1+c(2t—1)+c (3t —1).

We now use the initial conditions to find ¢; and ¢, .

2:y<2):2+201+602 - Cl+302:0
5=9'(2)=1+3c; + 1ley 3ci +1lcy =4.

Solving this system yields ¢; = —6, ¢o = 2. Therefore, the answer is
y=t—6(>—t) +2 (> —t) = 2> — 6t* + 5t .

(c) From Abel’s formula (or see (4.4) in Problem 32) we have W//W = —p, where
W = W [y, ys2] (t). In this problem,

Wiy, pe) (t) = (1) (8 —1) — (£ 1) (* — 1)
=t 28 12 =13t - 1)°.

Therefore, W' = 4t — 6t* + 2t = 2¢(t — 1)(2t — 1) and

2A(t—1)(2t — 1) 2 —4t

p(t) == 2E—12 -1

We remark that one can now easily recover the “mysterious” equation. Indeed,

substituting y;(¢) into the corresponding homogeneos equation yields

6% — 6t + 2
= — =

Finally, the substitution y = ¢ into the original nonhomogeneous equation gives

36. Clearly, y;(t) and yo(t are linearly independent since one of them is an exponential

function and the other one is a polynomial. We now check if they satisfy the given

equation.

t(et)”— (t+2) (et),+2(et) =te! — (t+2)e' + 2" =0
t(t+2t+2)" —(t+2) (B +2t+2) +2 (2 +2t+2)
=t(2) - (t+2)(2t+2) +2 (£ + 2t +2) = 0.

Therefore, a general solution has the form
y(t) = cre’ + o (£ + 2t +2)
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= y(t) =cre' +co (2t +2) .

For ¢; and ¢y we obtain the system of linear equations

0=1y(1) =cre+ 5cy
1=vy'(1) =cre+4cs.

Solving yields ¢; = 5/e, co = —1. Thus, the answer is

y=>5et —t? -2t —2.

In standard form, the equation becomes

4 6
no_= e =t t72.
Y-yt py=tt

Thus, g(t) =t + ¢t~2. We are also given two linearly independent solutions to the corre-

sponding homogeneous equation, y;(t) = t* and y»(t) = t*. Computing their Wronskian

W ly1, yo] (1) = 2 (3t%) — (2t) t* = t*,

we can use Theorem 7 to find vy (¢) and vq(t).

/ Ht dt:—/(1+t3)dt:%t2—t,

(t t 1
/ ha :/(t_1+t_4)dt:1nt—§t_3.
Therefore,

1 1 1
Yp = Y1 + VYo = (225_2—15) (lnt—gt 3) t3:t31nt—t3—|—6

is a particular solution to the given equation. By the superposition principle, a general

solution to the given equation is

1 1
y(t) =t3Int — > + G +at’ + oot = P Int + 5 +at? +et?,

where c3 = ¢ — 1.

Writing the equation in standard form,

1—2t , t—1 .
YT

1
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42.

154

we see that g(t) = e'. We also have two linearly independent solutions to the correspond-

ing homogeneous equation, y;(t) = e’ and y»(t) = e’ Int. Computing their Wronskian
W ly1,y0) (t) = €' (¢’ In t)/ — (et),et Int =t"te*,
we use Theorem 7 to find vy (t) and vy(t).

tetInt 1 1
Ul(t)Z—/%dtz—/tlntdt:—itzlnprzt?,

elet 1,

1 1 1 1
Yp = (—§t21nt—|— Zt2) el + §t26t1nt = ZtQGt

Therefore,

is a particular solution to the given equation. By the superposition principle, a general
solution to the given equation is

1
y(t) = 2 t?e' + cre' + cyefInt .

In notation of Definition 2, a = 1, b = 3, ¢ = 1. Therefore, the auxiliary equation (7)
becomes

4+ 2r+1=0 = r=—1

is a double root. Hence, y;(t) =t~ and y»(t) = t~!Int are two linearly independent so-

lutions to the corresponding homogeneous equation. Computing their Wronskian yields

t! t~llnt
—t72 t7%(1 —Int)

Wy, 2] (t) = =3,

The standard form of the given equation,

3
ot = 1+ =
Int

shows that g(t) = t2. We now apply formulas (12) to find a particular solution.

3t~ 1hrlt Int
vi(t) = / = —dt ln2 t
t=3¢71 dt
vo(t) = / 3 dt = n =Int.

Thus,
1 1
Yp = V1Y1 + Voo = <—§ In? t) t1 4+ (Int)t 'Int = 5 t1n?t,



44.

46.
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and a general solution to the given equation is given by

1
Y=yp+yn= §t‘11n2t + et ot nt.

Since y1(t) = t~'/%cost and () = t~'/?sint are two linearly independent solutions to

the homogeneous Bessel equation of order one-half, its general solution is given by
yp = t/? (c1cost + cosint) .

The given equation is not in standard form. Dividing it by ¢, we find that g(t) = ¢'/2.

To find a particular solution, we use variation of parameters. First of all,
yi(t) = (t71/2 cos t)/ = —% t=3/2 cost — t71/?sint
yh(t) = (t’1/2 sin t), = —% t=3/2sint + /2 cost

and so

1
Wy, ye] () = t=12 cost (—5 t=32sint + Y2 cos t)

1
— (—5 +73/2 cost — t Y% gin t) 1 26int =71,

We now involve Theorem 7 to find v; and v,.

12712 gin¢
Ulz/ = dt:—/tsintdt:tcost—sint,

/24712 cos t
v2:/Tdt:/tcostdt:tsint—i-cost,

where we have used integration by parts and chose zero integration constants. Therefore,
y, = (tcost —sint)t~ 2 cost + (tsint + cost)t /*sint = t'/2

and y = t'/24¢-1/2 (c1cost 4 cosint) is a general solution to the given nonhomogeneous

Bessel’s equation.
In standard form, the equation becomes

6 6
y//+_y/+

(Yt py=0

Thus, p(t) = 6/t. We also have a nontrivial solution y;(t) = ¢~2. To apply the reduction

of order formula (13), we compute

exp{—/p(t)dt} :exp{—/GTdt} =exp(—6Int) =t°.
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Hence, a second linearly independent solution is

ya(t) =172 / (tzit =2 / t2dt = 1.

One can also take yo(t) = ¢t 2, because the given equation is linear and homogeneous.

48. Putting the equation in standard form yields p(t) = t~' — 2. Hence,

exp {— /p(t) dt} = exp { / (2-t) dt} = 2tInt — =12t

Therefore, by Theorem 8, a second linearly independent solution is

t
yz(t)Ze/ dt—e/t—ldt:eflnt.
(et)?

50. Separation variables in (16) yields

AT Y
w 1 Y1

Integrating, we obtain

/—dt /( —|—p>dt —2/ﬂdt—/pdt
In|w| = —21n|y1|—/pdt = ]w]:y12exp{—/pdt}.

Obviously, w(t) does not change its sign on I (the right-hand side does not vanish on

I). Without loss of generality, we can assume that w > 0 on [ and so

v’:w:nyeXp{—/pdt}

= U:/exp{ fpdt} = y2:y1v:y1/exp{—2fpdt} dt .

yl Ui

52. For y(t) = v(t)f(t) = tv(t), we find

y =t + v,
y// — tUH _"_ 21}/ ,
y/// — tv/// _|_ 3/U” .

Substituting y and its derivatives into the given equation, we get
t (" +30") + (1 —t) (tv" + 20") + t (tv' +v) — tv
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=" — (=4t + (=2t + 200 =0.
Hence, denoting v" = w (so that v = w’" and v = w") yields
2w’ — (2 —4t)w' + (£ =2t + 2w =0,
which is a second order linear homogeneous equation in w.

54. The quotient rule, the definition of the Wronskian (see Problem 34, Section 4.2), and
Abel’s formula (Problem 32) give us

<y>/ B Fy — fly _ W1f,y] _ C’exp{— tip(T)dT}
f f? f? f? '
Integrating yields
/ n% eXp{—ftip(T)dT}

(—) dt = C/ dt

f f?
Y C’/ exp {— fti p(T)dT} »

= == I

f
R . Cf/ exp {— fJép(T)dT} e le/ exp {— #p(r)dT} it

where () depends on C' and the constant of integration. Since the given differential

equation is linear and homogeneous,
(S Iz

is also a solution. Clearly, f and ¥, are linearly independent because f and y are and

Yo is a constant multiple of y.

EXERCISES 4.8: Qualitative Considerations for Variable-Coefficient and

Nonlinear Equations

2. Comparing the given equation with (13), we conclude that
“inertia” =1, “damping” =0, “stiffness” = —6y.

If y > 0, then the stiffness is negative. Negative stiffness tends to reinforce the displace-
ment with the force Fy,ins = 6y that intensifies as the displacement increases. Thus,

the solutions must increase unboundedly.
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4. Assuming that a linear combination

C1 Co C3
L + (2—t)2+ G0 =0 on (—1,1),

we multiply this equality by (1 —¢)%(2 — ¢)?(3 — t)? and conclude that
a2—1>PB -1+l -G -t +c(1-1t)*2-t)>=0 on (-1,1).

The left-hand side of the above equation is a polynomial of degree at most four, which
can have four zeros at most, unless it is the zero polynomial. Equating the first three

coefficients to zero yields the following homogeneous system of linear equations

c1+Cc+c3 = 0
1001 + 862 + 663 =0
1701 + 1002 + 503 =0

for ¢y, ¢, and c3, which has the unique trivial solution ¢; = ¢ = ¢3 = 0. Thus, the

given three functions are linearly independent.

6. Writing the given mass-spring equation in the form (7), we conclude that f(y) = —ky

so that
ky2

F(y) = /(—ky) =—=

Therefore, the energy equation (8) becomes

ky(t)?
2

Et) ==y (t)* - ( ) =C = y(t)?* +ky(t)? =C.

8. In this problem, the dependent variable is 6 and the independent variable is t. From the
pendulum equation (21), we find that f(0) = —(g/¢)sinf. Thus,

F(0) = / <—% sin@) df = % cosf,

and the energy equation (8) becomes

E(t)==0t)? -2 coso(t)

; C. (4.6)

158



Exercises 4.8

yields
. L, 2 g _ 3
0—29(0) ECOS9<O)— ) cosa.
Writing now (4.6) as
I cos o(t) — 19'(t)2 =9 cosa
¢ 2 ¢ ’

we see that, for all ¢,

cosf(t) > cosa

since ¢’(t)? is nonnegative. Solving this inequality on [—, 7] yields
10(t)] < cos™!(cosa) = a.

12. Writing the Legendre’s equation (2) in standard form

2t
i /

1?0

yields

p(t) = = /p(t)dt:ln(l—tQ), —1l<t<1.

Therefore, with y;(t) = t,

/exp{—fp(t)dt}dt:/ (dt :/(1—t2+t2)dt
t?

y1(t)? 1—1t2) t2(1—1t?)

/dt+/ dt 1+11 1+1
e — _ = —— — Inl ——
12 1 —¢2 t 2 1—t)’

and the reduction of order formula (13), Section 4.7, gives

y2(t):y1(t)/eXP{_fP(t)dt}dt:t[_%Jrlln(1+t>] :fln(ﬂ>_1,

1 (1)? 2 \1—t 2 \1—t

14. With n = 1/2, the Bessel’s equation(16) reads

1 1
"=y 1——)y=0. 4.7
vyt ( 4t2) y (4.7)
Since the Bessel’s equation is linear and homogeneous, we will check whether or not

yi(t) ==t ?sint and  y(t) ==t cost

are solutions. If they are, then Jj/o(t) and Yi/5(t) are solutions as well. For y;(t), we

have
1
yi(t) = t™Y2cost — §t_3/23int,
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16.

3
y'(t) = —t72sint —t =% cost + 1 t=5/2sint.
Substituting these expressions into (4.7) and collecting similar terms yields
~1/2 ~3/2 3 52 -3/2 L s
—t sint —t cost+é—Lt sint | + |t cost—ét sint
1
+ (t1/2 sint — 1 =/ sint) =0.

Similarly, for ys(t), we have

1
yo(t) = —t~Y%sint — 3 t=3/2 cost,
3
yy(t) = —t Y2 cost + 173 sint + 1 t=%2 cost .

Substituting these expressions into (4.7) and collecting similar terms, we get
—1/2 -3/2 . 3 52 —3/2 L 55
—1 cost +t¢ smt+1t cost | + | —t smt—§t cost
—1/2 L 50
+{t cost—zlt cost | =0.
Hence, y;(t) and y5(t) are solutions to (4.7).

For the Duffing equation (18), f(y) = — (v + %®) in the energy lemma so that

F(y)Z—/(y+y3) dy:—(%Qer;) = E(t):%y’(t)%u%t)?ju%ty:o_
>

Therefore, since (1/2)y/(t)? + (1/4)y(t)*

y(t)? <20 = |yt)|<V2C =M.

EXERCISES 4.9: A Closer Look at Free Mechanical Vibrations

2.

160

In this problem, we have undamped free vibration case governed by equation (2) in the

text. With m = 2 and k£ = 50, the equation becomes
2y" + 50y = 0

with the initial conditions y(0) = —1/4, ¥'(0) = —1.

The angular velocity of the motion is

| k /50
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It follows that

. 2r 2w
period = — = —
w 5

w
natural frequency = — = —.
27
A general solution, given in (4) in the text, becomes
y(t) = C} coswt + Cysinwt = C cos bt + Cy sin bt.

We find '} and (5 from the initial conditions.

y(0) = (C} cos bt + Cy sin 5t) |t:O: Cy=-1/4 Cy=-1/4
y'(0) = (=5C sin 5t + 5C5 cos 5t) |,_ = 5Cy = —1 Cy = —1/5.

Thus, the solution to the initial value problem is

(£) = — % cos5t—  sin5t
Yy = 4COS 5SlIl .

The amplitude of the motion therefore is

1 1 V41
A= 2 2 _ _ I .
VO =1\15 T35 = 50

Setting y = 0 in the above solution, we find values of ¢ when the mass passes through

the point of equilibrium.

1 1 . 5
—— cosHt — 5 sinbt =0 = tan bt = _Z

4
mk — arctan(5/4)

= t= :
5

k=1,2,....

(Time ¢ is nonnegative.) The first moment when this happens, i.e., the smallest value
of t, corresponds to k£ = 1. So,

7 — arctan(5/4)

t =
)

~ 0.45 (sec).

. The characteristic equation in this problem, r? + br + 64 = 0, has the roots

. _ b VIP 256
- ; .

Substituting given particular values of b, we find the roots of the characteristic equation

and solutions to the initial value problems in each case.
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162

b=0.
v —256

= —— = £8i.
T 9 2

A general solution has the form y = C; cos 8t + C5 sin 8¢. Constants C; and Cs can

be found from the initial conditions.

y(0) = (C} cos 8t 4+ Cy sin 8t) ‘t:OZ Ci=1 =1
y'(0) = (—8C) sin8t + 8C5 cos 8t) |,_,= 8Co =0 Cy=0

and so y(t) = cos8t.

b=10.

r

—10 £ /100 — 256
= 5 = —d £ V39.

A general solution has the form y = (Cy cos v/39¢ + Cy sin v/39¢)e ", For constants
C7 and (5, we have the system

y(0) = (Cicos V39t + Cysin v/30t) ™ | _ = Gy = 1
y/'(0) = [(v/39C; — 5C1) cos /30t — (v/39C: + 5Cy) sin v/30t] e~ |,_,
= \/@Cg - 501 = O

Ci=1
Cy=5//39,

and so

5 8
y(t) = |cos V39t + 75 sin V39t | e = e e sin (\/@t + (b) :

where ¢ = arctan(v/39/5) =~ 0.896 .

b= 16.
—16 £+ /256 — 256
r= = —
2
Thus, » = —8 is a double root of the characteristic equation. So, a general solution

has the form y = (Cyt + Cp)e™8. For constants C; and Cy, we obtain the system

y(0) = (Cit + Co) et |,_j= Coy = 1 Co=1,
y(0) = (=8C1t — 8Cy + Cy) e™ | _ = Cy — 8Cy = 0 o —s,

and so y(t) = (8t + 1)e~®.
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- —20 £+ \/§00—256 _ 10t

Thus, r = —4, —16, and a general solution is given by y = Cie™# + Cye=1%". The

initial conditions give the system

y(0) = (Cre™ + Coe ) | = C1+ Cr =1 L Gi=4p3
y,<0) = (—4016_4t — 16026_16t) ‘t:(): —401 — 1602 =0 CQ = —1/3,

and, therefore, y(t) = (4/3)e™* — (1/3)e'% is the solution.
The graphs of the solutions are depicted in Fig. 4-D and Fig. 4-E, page 174.

6. The auxiliary equation associated with given differential equation is r? +4r+k = 0, and

its roots are r = —2 + /4 — k.

k =2. In this case, r = =2+ /4 — 2 = —2 4 /2. Thus, a general solution is given
by y = Cye"2HV21t 4 Che(-2-V2t The initial conditions imply that

y(0) = [Cle(‘”ﬂ’t + Cge<—2—ﬁ>t] =0+ =1
(0) = [(—2 4 V2)Cre VL (—9 ﬁ)oge(fzfmt} g

= (-2+V2)C1 + (-2 - V2)C, =0
= O = (1+\/§)/2, Cy — (1—\/5)/2

and, therefore,
y(t) = L5 V2 e 17 V2 oy
2 2
is the solution to the initial value problem.

k=4 Thenr = -2+ +4—4 = —2. Thus, r = —2 is a double root of the
characteristic equation. So, a general solution has the form y = (Cyt + Cy)e ', For

constants C and CYy, using the initial conditions, we obtain the system

y(O) = (Clt + 00) e 2 |t:0: Co=1
y'(0) = (=201t —2Co + Cy) e | _ = C1 —2C; = 0

and so y(t) = (2t + 1)e 2.

k=6. Inthiscase,r = -2++y4—-6= -2+ V2. A general solution has the form
y = (Cy cos V2t + Cysin V2t)e
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= Yy = [(\/502 — 2CY) cos V2t — (\/501 + 2C5) sin \/§t] e 2.

For constants C'; and C5, we have the system

y(0) = (Cycos0+ Cysin0) e =Cy =1
y'(0) = [(V2Cy — 2C1) cos 0 — (vV2C; + 2C5) sin 0] * = v/2Cy —2C; = 0
= Ci=1, Cy = \/57

and so
y(t) = [COS V2t + V/2sin \/§t] e 2 = /3¢ sin <\/§t + ¢> ;

where ¢ = arctan(1/y/2) ~ 0.615.
Graphs of the solutions for k = 2, 4, and 6 are shown in Fig. 4—F on page 175.

8. The motion of this mass-spring system is governed by equation (12) in the text. With
m = 20, b = 140, and k& = 200 this equation becomes

20y" + 140y’ + 200y = 0 = y" + Ty + 10y = 0,
and the initial conditions are y(0) = 1/4, ¥/(0) = —1. Since
b —4mk =49 —4-10 =9 > 0,

we have a case of overdamped motion.

The characteristic equation, r? + 7r 4+ 10 = 0 has roots » = —2, —5. Thus, a general
solution is given by

y(t) = 016_2t + 026_5t.
To satisfy the initial conditions, we solve the system

y(0) =C1+Cy=1/4 N Cy=1/12
y/(0) = =20, — 50, = —1 Cy = 1/6.
Therefore, the equation of motion is

1 1
g%y et

y(t) = 15 5

which says that, theoretically, the mass will never return to its equilibrium.
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10. This motion is governed by the equation

1d%y 1dy d*y dy
SOV W gy = YL W e
taz taa Y az T Y=Y

with initial conditions y(0) = —1, ¢/(0) = 0. The auxiliary equation, r* + r + 32 = 0,

has roots

1+ /1270

" 2

Therefore, the equation of motion has the form
V127 V127
(Y cos (Tt> + Cs sin (Tt>] }

To find the constants Cy and Cy, we use the initial conditions y(0) = —1 and ¢'(0) = 0.

y(t) =2

Since
y'(t) = e 2 [(@Cg — %C&) cOS (@t) - (J?Cl + %C’g) sin (@t)] ,
we obtain the system

y(0)=C, = -1 C;=-1

J(0) = (VIZTT/2) G — (1/2)Ci =0 Cy=—1/VIT7.

Therefore,

_ V127 1 . [ V127
= —e % |cos | —— ——sin | —— .

The maximum displacement to the right of the mass is found by determining the first

time t* > 0 the velocity of the mass becomes zero. Since

o 64 (V12T
y(t) = —e sin [ ——t |,
V127 2
we have
VIZT L e
_— =TT - .
2 V127

Substituting this value into y(t) yields the maximal displacement
y(t*) = e V12T x~ 0.757 (m) .
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12.

14.

166

The equation of the motion of this mass-spring system is
(1/4)y" 4+ 2y + 8y = 0, y(0)=-1/2, ¢'(0) =—-2.
Clearly, this is an underdamped motion because
b — dmk = (2)* — 4(1/4)(8) = —4 < 0.
So, we use equation (16) in the text for a general solution. With

2 1
Oz:—i:——l/2):—4 and ﬂ:%vélmk‘—lﬂ:?\/z:‘h

2m (
equation (16) becomes y(t) = (C cos4t + Cysindt) e=* . From the initial condiions,
y(0) = (C} cos4t + Cysin 4t) e 4 |t:0: C,=—1/2

Y (0) = [(4(Cy — C}) cos 4t — 4(Cy + Cy) sin 4t] e~ }t:OZ 4(Cy—Ch) =-2
= 01:—1/2, 02:—1,

and so
1
y(t) = — (5 cos 4t + sin 475) et

The maximum displacement to the left occurs at the first point ¢* of local minimum of

y(t). The critical points of y(t) are solutions to
y'(t) = —2e % (cos 4t — 3sin4t) = 0.

Solving for ¢, we conclude that the first point of local minimum is at

arctan(1/3)

tr =
4

~ 0.08 (sec).

For the damping factor, Ae=(b/2m)t.

Iljir%Aef(b/Qm)t — Aef(O/Qm)t _ AGO — A

since the exponential function is continuous on (—oo, c0).

For the quasifrequency, we have

o VAE—8 _ Vamk _\/Gmk)/CmP _ /Rm

b—0 dmm dmm 27 2T
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Since the period P = 27 /w = 2m\/m/k , we have a system of two equations to determine
m (and k).

Dividing the second equation by the first one, we eliminate k& and get

Im+2 4 2 16 18
m+z2_ 4 = m+s_16 = 9m+ 18 = 16m = m = — (kg).
m 3 m 9 7

As it was noticed in the discussion concerning an overdamped motion, a general solution

to the equation my” + by’ + ky = 0 has the form
y(t) = Cre™t + Cye™ (ro <11 <0) = y'(t) = Crrie™ + Cyrye™

From the initial conditions, we have a system of linear inequalities

{ y(O) = 01 + 02 > 0, (48)

y’(O) = 017“1 + 027’2 > 0.

Multiplying the first inequality in (4.8) by r; and subtracting the result from the second

one, we obtain
CQ(TQ—T1)>O = 02<O = Cl>—02>0.

Moreover, the first inequality in (4.8) now implies that

—C,

C, <1. (49)
If the mass is in the equilibrium position, then
—C
y(t) = Cie™ + Che’™ =0 & Cle(m*m)t +C,=0 & elri—r2)t _ . 2
1

Since 1 — r > 0, this equation has no solutions for ¢ > 0 thanks to (4.9).

EXERCISES 4.10: A Closer Look at Forced Mechanical Vibrations

2. The frequency response curve (13), with m = 2, k = 3, and b = 3, becomes

1 1
BV ey 2 e T

The graph of this function is shown in Fig. 4—G, page 175.
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4. The auxiliary equation in this problem is 2 4+ 1 = 0, which has roots » = £i. Thus, a

general solution to the corresponding homogeneous equation has the form
yn(t) = Cycost + Cosint.

We look for a particular solution to the original nonhomogeneous equation of the form
yp(t) = t°(Acost + Bsint),

where we take s = 1 because r = 7 is a simple root of the auxiliary equation. Computing

the derivatives

y'(t) = Acost + Bsint + t(—Asint + Bcost),
y"(t) = 2Bcost — 2Asint + t(—Acost — Bsint),

and substituting y(¢) and y”(¢) into the original equation, we get

2Bcost —2Asint +t(—Acost — Bsint) + t(Acost + Bsint) = 5cost
A=0,
B=5/2.

= 2B cost — 2Asint = 5cost =

So, y,(t) = (5/2)tsint and y(t) = Cycost 4+ Cysint + (5/2)tsint is a general solution.

To satisfy the initial conditions, we compute

Therefore, the solution to the given initial value problem is
: 5, .
y(t) = sint + §tsmt.
The graph of y(t) is depicted in Fig. 4—H on page 175.
6. Differentiating y,(¢) given by (20) in the text yields

y,(t) = Ajcoswt + Agsinwt + wt (= Ay sinwt + A; coswt) |

yn(t) = —2A1wsinwt + 24w coswt + w?t (— Ay coswt — Ay sinwt) .
Substituting y,(¢) and y”(t) (with v = w = y/k/m) into (18), we obtain
m [—2A1w sin wt + 24w cos wt + w’t (—A; coswt — Ay sin wt)]
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+kt (Ay coswt + Agsinwt) = Fy coswt
= (chuAg — mw?Aqt + kAlt) cos wt + (—QmwAl + mw?Aqt + kAzt) sin wt

= Fycoswt
= 2mwAs coswt — 2mwA; sinwt = Fycoswt .
Equating coefficients, we find that
F
A =0, Ay=-—2
2mw
Therefore,
Fo .
t) = t t.
Yp(t) ——tsinw
. With the given values of parameters, the equation (1) becomes
29" + 8y’ + 6y = 18 = y'+4y +3y=9. (4.10)

Solving the characteristic equation yields
2 +4r+3=0 = r=-3,—-1.

Thus, yn(t) = cie™ + coe™t is a general solution to the corresponding homogeneous
equation. Applying the method of undetermined coefficients (Section 4.4), we seek a

particular solution of the form y,(t) = A. From (4.10) one easily gets A = 3. Thus,
y(t) = cre ™ + e +3
is a general solution. We now satisfy the initial conditions.

3 9
Cl1 = — Co = —— .
1 27 2 2

0 =y(0) =c14+c2+3 N -3 = c1+ e
0 =¢'(0) =—=3¢; — ¢ 0 = =3¢ — ¢

Hence, y(t) = (3/2)e 3" — (9/2)e~t + 3 is the solution to the given initial value problem.
The graph of y(t) is depicted in Fig. 4—I on page 176. Clearly,

t—o0 t—oo 2 2

lim y(¢) = lim <§ 3t D ot + 3) =3. (4.11)

From the physics point of view, the graph of y(¢) and (4.11) mean that the external force
Foxt = 18 steadily stretches the spring to the length at equilibrium, which is y(cc) = 3
beyond its natural length.
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10.

12.

170

If, at equilibrium, a mass of m kg stretches a spring by ¢ m beyond its natural length,

then the Hook’s law states that

Therefore, w = \/k/m = \/g/ so that the period

T:2—7T:27r\/2.
w g

First, we find the spring constant. Since, at equilibrium, the spring is stretched £ = 0.2 m

from its natural length by the mass of m = 2 kg, we have

mg = k¢ = k:% = /{;z%leg(N/m).

Thus, with b = 5 N-sec/m and Fe(t) = 0.3cost N, the equation, governing the motion,
becomes

2y" + 5y + 10gy = 0.3 cost . (4.12)
In addition, we have initial conditions y(0) = 0.05, 3/(0) = 0.

The auxiliary equation for the corresponding homogeneous equation is 2r2+5r+10g = 0,

which has roots

54 ,/25 809 V805 =25
S 45 S99 _ 19548 ﬁ:%zasg.

Therefore, y;,(t) = e 1% (¢; cos Bt + ¢y sin ft). The steady-state solution has the form
yp(t) = Acost + Bsint.
Substituting y,(¢) into (4.12) and collecting similar terms yields

2y, + 5y, + 10gy, = [(10g — 2)A + 5B] cost + [-5A 4 (10g — 2) B] sint = 0.3 cost
(10g — 2)A+ 5B = 0.3
_54(10g — 2)B = 0.

Solving for A and B, we obtain

0.3(10g — 2)
A= ~ 0.00311
(10g — 2)2 + 25 ’

1.5
B= ~ 0.00016 .
(10g — 2)2 + 25
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Thus, a general solution is given by

y(t) = e 1 (cy cos Bt + cosin Bt) + Acost + Bsint
~ e 1% (¢ cos Bt + ¢y sin Bt) 4 0.00311 cos t 4 0.00016 sin t .

We now find constants ¢; and ¢y such that y(t) satisfies the initial conditions.

0.05 =y(0) =1+ A
0 = y/(O) = —1.2501 + ﬁCQ + B

1.25¢, — B
= ¢ =0.05—A~0.04689, ¢y — % ~ 0.00848 .

Hence,

y(t) ~ e 1" (0.04689 cos Bt + 0.00848 sin 3t) + 0.00311 cos t + 0.00016 sin t .

To find the resonance frequency, we use the formula (15) in the text.

1 1 [k 2 1 2%
— Yy = —A]— — —— = —14/bg— — ~ 1. -,
or " om N T o T g |29 T g = LU0 (sec™)

In the equation, governing this motion, my” + by’ + ky = Fy, we have m = 8, b = 3,

k =40, and Fo(t) = 2sin(2t + 7/4). Thus, the equation becomes
8y" + 3y + 40y = 2sin(2t + 7/4) = V/2 (sin 2t 4 cos 2t) .
Clearly, this is an underdamped motion, and the steady-state solution has the form

yp(t) = Asin2t 4+ B cos 2t
=N y,(t) = 2A cos 2t — 2B sin 2t
= yg(t) = —4Asin2t — 4B cos 2t .

Substituting these formulas into the equation and collecting similar terms yields

(84 — 6B)sin 2t + (6A + 8B) cos 2t = /2 (sin 2t + cos 2t)
8A — 6B = /2,
6A+8B =2.

Solving this system, we get A = 7v/2/50, B = v/2/50. So, the steady-state solution is

V2 2
y(t) = %_ sin 2t + % cos 2t .
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This function has the amplitude

m:<

V2

)

and the frequency 2/(2w) = 1/m (sec™!).

REVIEW PROBLEMS

2. cre T 4 cote /T

4.

10.

12.

14.

16.

18.

20.

22,

24.

26.

28.

30.

32.
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cr€P/3 - ctedt/?

cre(TAHVB0E ) p(—4=V30)

cre 25 4 cote™ 20

c1cos(v/11t) + cysin(v/11¢)

c1e 2§ cye?t + cote?t

c1e?t cos(v/3t) + cpe® sin(v/31)

e~ [e1 4+ co cos(V21) + ez sin(v21)]

Clt3 + Cgtz + C3t —I— Cy + t5

cret/V2 4 chet/V2 < )cost—< )tsmt

cret + coe3t + (

cret? 4 cqe 35 — (—

092
305

1
3

cre 3t cos(v6 1) + cpe?

)=(5)-

sm \/_t

c12® cos(2Inz) + cua® sin(2In )

3e70 4 20e~°

et cost —

+sin 6

6el/2 sin t

(i
“fa

)i (g )i

)
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Figures
34. et 4 4%
36. —3e /3 4 te2t/3

1 1Y\ . ) . 2m 5
38. y(t) = ~1 cos ot + R sin 5, amplitude =~ 0.320 m, period = = frequency= o
1 5
Lequilib = <5> arctan (Z_L) ~ 0.179 sec.

FIGURES

Figure 4-B: The graphs of A(Q2) and B(2) Problem 10(c).
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Figure 4-D: The graphs of the solutions in Problem 4 for b = 0, 10.

Figure 4—E: The graphs of the solutions in Problem 4 for b = 16, 20.
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Figure 4—F: The graphs of the solutions in Problem 6 for k = 2, 4, and 6.

047 M(7)

0.2

0 T T 1
0 1 2 3 v

Figure 4—G: The frequency response curve in Problem 2.

259 y:sint—b—%tsint

o

77\7 3w 47 Is

-30-

Figure 4-H: The solution curve in Problem 4.
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Figure 4—1: The solution curve in Problem 8.
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CHAPTER 5: Introduction to Systems and
Phase Plane Analysis

EXERCISES 5.2: Elimination Method for Systems with Constant Coefficients

3
2. x = <§> cre?t — cpe 3

y = cre* + cpe™ 3

1 1
4. r = — (5) cre’t + <§> coe

y = c1e3 + coe?

- 7 1
6. x = (Clgc2> el cos 2t + (CQ 5 Cl) e’ sin 2t + (1—()) cost — (E) sint;

y = cret cos 2t + cyel sin 2t + 1 cost + X sint
10 10

8. 1 =— sa ettt — hd t— 26 ;
4 11 121
1 45
— 11t — ¢ -
Yy =ce +(11> +(121)

10. z = cycost + cosint;

-3 3 1 1
Yy = 2T ot — (& + 3c sint+ (= )et—(=)e™?
2 2 2 2

12. u=cie? + coe 2 + 1;

v=—2c1% + 2coe™% + 2t 4¢3
14. x = —cysint + cycost + 2t — 1;

Yy = cjcost + cosint + 2 — 2

2
16. = = cie! + coe 2 + (5) et

1 1
y = —2ciel — <§> coe 2 4 3 — <%) ett
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1
18. z(t) = —1? — 4t — 3 + c3 + cye’ — citet — (5) coe

y(t) = =12 — 2t — cret + coe™t + 3
3 1
20. _ = t - 3t.
0 x(t)—(Q)e <2>e ;
1
y(t) =~ (%) ¢ (5) et

9 5)
22. z(t) =1+ (Z) e3t — Ze_t;

y(t) =1+ (;) Gt (g) -

24. No solution

1
26. © = <§> e' [(c1 — ca) cost + (1 + o) sint] + cze?;
y = €'(cy cost + cosint);
3
z= (§> e' [(c1 — c2) cost + (c1 + ca) sint] 4 cze*

28. z(t) = c1 + coe™ M + 2c3e3;

y(t) = 601 — 202674t + 303€3t;
2(t) = —13c; — coe™ ¥ — 2¢5e3

30. A< 1

32. r = (20 — 10\/1_9> e(—7+\/ﬁ)t/100 + <_20 — 10@) 6(—7—\/ﬁ)t/1oo + 20;

V19 V19

—50 50
_ (=7+v19)t/100 + ( ) e(=7=V19)t/100 +920
= (7%) s

3 1 1 3
34. (b) V1 = <§CQ - 501) e tcos3t — (502 + 501> e tsin3t + 5L;

Vo = cie tcos 3t + coe tsin 3t + 18L

(c) Ast — 400,V — 5L and V, — 18L

400
36. — ~ 36.4°F
11

38. A runaway arms race
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EXERCISES 5.3:

10.

12.

(a) 322 = a3

(b) 6z + 32% — 223
(c) 322 + 2a3;

(d) 6z + 32% — 223
(e) D*+ D —2;

(f) 6z + 32 — 223

—
Ty = T2,

rh = 2% + cos(t — x1);
1'1(0) = 1, .CIZ'Q(O) =0

/

T = T2,
A

Ty = T3,
!/

Ty = T4,
e

Ty = Ts,
!/

Ty = Tg,

rp = x5 — sinxy + e*;

x| = 9,
xh=— 2 T+ 2 x
2 — 3 1 3 3
Ig—x4,

See Table 5-A on page 185

See Table 5-B on page 185

Exercises 5.3

Solving Systems and Higher—Order Equations Numerically
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14. y(8) ~ 24.01531
16. x(1) ~ 127.773; y(1) ~ —423.476
18. Conventional troops

20. (a) period ~ 2(3.14)
(b) period ~ 2(3.20)

(c) period ~ 2(3.34)
24. Yes; Yes

26. (1) ~ 0.80300; y(1) ~ 0.59598; (1) =~ 0.82316

28. (a) o} =z, 1(0) =1
r_ T _
T @ragr MO
Th = 1y, 23(0) =0
—x
), = ’ 24(0) = 1

(b) See Table 5-C on page 185
30. (a) See Table 5-D on page 186

(b) See Table 5-E on page 186

EXERCISES 5.4: Introduction to the Phase Plane
2. See Fig. 5—A on page 187
4. r=—-6;y=1
6. The line y = 2 and the point (1,1)
8. 22 —2y—y2=c

10. Critical points are (1,0) and (—1,0). Integral curves:
fory >0, x| > 1, y = cvVa? — 1;
fory >0, |z| <1,y =cV1 — x?;
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12.

14.

16.

18.

20.

22.

24.

26.

28.

30.

Exercises 5.4

fory <0, |z| > 1,y = —cvz? — 1
fory <0, |z| <1, y=—cv1—2? all withc>0

If c=1, y =41 — 22 are semicircles ending at (1,0) and (—1,0)
922 + 49% = c. See Fig. 5-B on page 187

y = cx*/?® See Fig. 5-C on page 187

(0,0) is a stable node. See Fig. 5—D on page 188

0,0) is an unstable node;

(0,0)

(0,5) is a stable node;
(7,0) is a stable node;
(3,2) is a saddle point;

See Fig. 5—E on page 188

y' =v
v = —y

(0,0) is a center. See Fig. 5—F on page 189

y =v
U/:_yB

(0,0) is a center. See Fig. 5—G on page 189

y =v
V= -yt

(0,0) is a center; (—1,0) is a saddle point; (1,0) is a saddle point. See Fig. 5-H on
page 190

2 ot

2
5 + T + % = ¢; all solutions are bounded. See Fig. 5—I on page 190

(0,0) is a center; (1,0) is a saddle point
(a) © — z*, y — y*, f and g are continuous implies 2'(t) = f(z(t),y(t)) — f(z*,y*)
and y'(t) = g(x(t), y(1)) = g (y")

i (af;, )

(b) z(t) = /x’(T)dT +t(T) t—T)+z(T) = f(x*y") % +C
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(c) If f(z*,y") >0, f(z*,y")t — oo implying z(t) — oo
(d) Similar

(e) Similar

"2 4 4 "2
32. <y2) + yz = ¢ by Problem 30. Thus, yz =c— (y2) < ¢, s0 Jy| < Ve

34. See Fig. 5—J on page 191

d
36. (a) 7 [12 + oy + 22} = 0; the magnitude of the angular velocity is constant
(b) All points on the axes are critical points: (z,0,0), (0,y,0), (0,0, 2)
2 2 2 dy —2x 2 Z/2 .
(c) From (a), z* + y* + 2° = K (sphere). Also = %% + 5 =c (cylinder)
r oy

(d) The solutions are periodic

(e) The critical point on the y-axis is unstable. The other two are stable

EXERCISES 5.5: Applications to Biomathematics: Epidemic and Tumor
Growth Models

2. 79.95m(C"
EXERCISES 5.6: Coupled Mass—Spring Systems

2. 2(t) = (é_lj)()) [(1 = /10) cos it — (1 4 v/10) cosrat];

1
y(t) = <ﬂ> (cosTit — cosrat), where r; = /4 + /10 and 7, = /4 — /10

20
4. mz” = —kix + ko (y — x);

may" = —ky (y — ) — by

37
6. (b) x(t) = c1cost + cosint + c3 cos 2t + ¢4 sin 2t + (E) cos 3t

111
(c) y(t) =2cicost + 2cosint — c3 cos 2t — ¢4 sin 2t — <%> cos 3t

2
(d) z(t) = (g) cost — (g) cos 2t + (i—g) cos 3t;
23 9 111
= (= Z o — [ ==
y(t) <4)cost—|—(5) cos 2t <2o)cos3t
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8. 0 (t)—lcos At + 2 cos Lt ;
F T 5+v10 ) 12 5-V10 )

0y (1) = V10 cos 98 t]— V10 cos Lt
’ 24 5+ /10 24 5— /10

EXERCISES 5.7: Electrical Systems

1
2. q(t) = (5) e * cos 6t + 3 cos 2t + sin 2t coulombs

1 1
4. I1(t)= (3—2) cos 5t — (3—2) cos 50t amps

25 2
8. L =0.01 henrys, R = 0.2 ohms, C' = 3 farads, and F (t) = (5) cos 8t volts

10. I, = — G) e (%) e~/ 29
e (e ()
(- ()
12. I; =1 — e 90t [, — (g) _ <g) e900. . — (g) _ <§) o900t

EXERCISES 5.8: Dynamical Systems, Poincare Maps, and Chaos
2. (zg,v0) = (—1.5,0.5774)

(z1,v1) = (—1.9671, —0.5105)

(ZEQ, Uz) = (—06740, 03254)

((L’QO, 1)20) = (—17911, —05524)

The limit set is the ellipse (z 4 1.5)* + 30% = 1
4. (z0,v0) = (0,10.9987)

(21, 01) = (—0.00574, 10.7298)

(3, 05) = (—0.00838, 10.5332)
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12.

14.

(%30, v20) = (—0.00029, 10.0019)

The attractor is the point (0, 10)

For F' = 0.2, the attractor is the point (—0.319, —0.335). For F' = 0.28, the attractor is
the point (—0.783,0.026)

The attractor consists of two points: (—1.51,0.06) and (—0.22, —0.99). See Fig. 5-K on
page 191

REVIEW PROBLEMS

2.

10.

12.

14.

16.

18.

184

r=—(c1+ c2) e teos2t + (g — cg) et sin 2t;

y = 2cie”t cos 2t + 2coe ! sin 2t

6 2

1 1
T =ct+cetety= (—) cot? + (—) cot? + st + ¢4

g =€ ety = e 4oty = 2 _ et
1
With 2y =y, 9 = ¢/, we obtain 2| = x9, 2, = 3 (sint — 8z + tzs)

With 1 = 2, 23 = 2/, 23 = y, x4 = ¢, we get o} = 29, o), = v1 — 3, 4 = @4,
Ty = —x9+ T3
. . dy  2-—x L :
Solutions to the phase plane equation pr 5 are given implicitly by the equation
x oy —
(x —2)* + (y — 2)® = const. Critical point is at (2,2), which is a stable center. See

Fig. 5—L on page 192

2j+)m 2k+1)7
2 ’ 2
dy cosxsiny tany

Equation for integral curves is — - = , with solutions siny = C'sinx
T slnzcosy tanx

Critical points are (mm, nm) (m, n integers) and ( ) (7, k integers).

Origin is a saddle(unstable) See Fig. 5-M on page 192

Natural angular frequencies are v/2,2v/3.
General solution is z(t) = ¢ cos (2\/§t) + ¢g 8in (2\/525) + ¢3 cos (\/it) + ¢4 8in (\/§t);

y(t) = — (%) e cos (2/3t) — (%) ¢ sin (2v/3t) + 3y cos (vV3F) + 3y sin (v21)



Table 5—A: Approximations to the solution in Problem 10.

TABLES

ti y(ti)

N

0.250 0.96924
0.500 0.88251
0.750 0.75486
1.000 0.60656

Tables

Table 5—B: Approximations to the solution in Problem 12.

t; y(ti)

=W N

1.250 0.80761
1.500 0.71351
1.750 0.69724
2.000 0.74357

t;

:El(ti) ~ {L‘(tl)

z3(ti) ~ y(ti)

10
20
30
40
50
60
70
80
90
100

Table 5—C: Approximations to the solution in Problem 28.

0.628
1.257
1.885
2.513
3.142
3.770
4.398
5.027
5.655
6.283

0.80902
0.30902
—0.30902
0.80902
—1.00000
—0.80902
—0.30903
0.30901
0.80901
1.00000

0.58778
0.95106
0.95106
0.58779
0.00000
—0.58778
—0.95106
—0.95106
—0.58780
—0.00001
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t; l; 0;

1.0 5.27015 0.0
2.0 4.79193 0.0
3.0 4.50500 0.0
4.0 4.67318 0.0
5.0 5.14183 0.0
6.0 5.48008 0.0
7.0 9.37695 0.0
8.0 4.92725 0.0
9.0 4.54444 0.0
10.0 4.58046 0.0

Table 5-D: Approximations to the solution in Problem 30(a).

t; l; 0;
1.0 5.13916 0.45454
2.0 4.10579 0.28930
3.0 2.89358 —0.10506
4.0 2.11863 —0.83585
5.0 2.13296 —1.51111
6.0 3.18065 —1.64163
7.0 5.10863 —1.49843
8.0 6.94525 —1.29488
9.0 7.76451 —1.04062
10.0 7.68681 —0.69607

Table 5—E: Approximations to the solution in Problem 30(b).
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Review Problems

)

Figure 5—L: Problem 12
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CHAPTER 6: Theory of Higher-Order Linear

Differential Equations

EXERCISES 6.1: Basic Theory of Linear Differential Equations

10.

12.

14.

16.

18.

20.

22,

24.

26.

34

. (0,00)

(=1,0)

(0,1)

Linearly dependent; 0

Linearly independent; —2tan®z — sinz cosz — sin® x tanz — 2tanx
Linearly dependent; 0

Linearly independent; (z + 2)e”

c1€” 4+ cocos 2x + c3sin 2x

c1e” +coe ™ +c3co8Tr 4+ cy8ine

(a) c1 + cor + c3x® + 22

(b) 2 — a3 + 22

a) c1e®cosx + coe®sinx 4 cze”FcosT + cue” Fsinx + cosx
3

(b) e*cosx + cosx

(a) Tcos2x +1

(b) —6cos2z — (11/3)

y(@) = 3500 vy (@)

. The coefficient is the Wronskian W [f1, fa, f3] ()
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Chapter 6
EXERCISES 6.2: Homogeneous Linear Equations with Constant Coefficients
2. 1% + coe™ % + c3e”
4. c1e”® + coe™ 4 c5et®
6. cie ¥ 4+ c9e”cosx + c3e®sinx
8. c1€” + coxe® + c5e”
10. e * + cze(*1+ 7 + 036(*1*ﬁ)“”
12. ci1€® + coe 3% + cgre 3
14. ¢isinx 4+ cocosx + c3e™% 4+ cyxe™™

16. (c; + cow) e + (3 + ey + c522) €% + ¢ + ¢ cosw + cgsin + ¢ cos 21 + ¢ sin 2z

18. (c1 + cox + c322) €® + 4 + cse™%/2 cos (\/§x/2) + coe™/?sin (V/32/2)

+ (c7 + cgx + cgx?) €73 cos x + (19 + c11x + c102?) e73°

sin x

20. e ¥ — e f M

22. z(t) = c1e¥? + coe V3 4 ¢y cos 2t + ¢y sin 2,
y(t) = - (201/5) eﬁt - (202/5) 6_\/5'5 + c3co082t + ¢4 8in 2t

28 0161‘8791+C2671.532m+63670.347x

-1 1
34. x(t)-(#) cos 4—1—@1&—1—(%) cos \/4 — V10t,

y(t) = (%ﬁ) cos \/4+ V10t + (#) cos\/4 — /10t

EXERCISES 6.3: Undetermined Coefficients and the Annihilator Method
2. e ¥+ cgcosxr +c3sine
4. c; + coxe® + czzr?e”
6. c1e” + core” + cze 3 + (1/8)e™* + (3/20) cos z + (1/20) sin
8. c1€” + coe P cosx + cze T sinz — (1/2) — (4/25)ze” + (1/10)x?e”
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10.

12.

14.

16.

18.

20.

22.

24.

26.

28.

30.

32.

38.

40.

Exercises 6.4

c16% + o737 cos 2x + c3e 737 sin 2z + (5/116)ze ™37 cos 2x — (1/58)ze 3% sin 2z

— (1/26)x — (1/676)

e
D-5

D¥(D —1)

(D — 3)% + 25]?

DD —1)3(D? + 16)°
13 4+ cycosx + c3sinx
c1xe” + cox’e”®
011’2 + CoT + C3
c1€% + ¢y + ey
c1xe” + co

5+ e®sin 2 — 3

2(t) = {er + (1/2) + (1/ D)ty et = {(3/2)er + (VT/2) e3} e7H/? cos (VTH/2)
F{(V7/2) e2 — (3/2)esy e 2 sin (VTH/2) +t 41,
y(t) = {c1 + (1/4)t} ' + cye /% cos (\/715/2) + cge Y2 sin (ﬁt/Q) +(1/2)

I1(t) = (2187/40) sin(t/8) — (3/40) sin(t/72) — 18 sin(t/24),
L(t) = (243/40) sin(t/8) — (27/40) sin(t/72),
I5(t) = (243/5)sin(t/8) + (3/5) sin(t/72) — 18sin(t/24)

EXERCISES 6.4: Method of Variation of Parameters

2.

4.

6.

(1/2)2* + 2x
(1/6)x3e®

sec — sinftan @ + 0 sin 6 + (cos 6) In(cos 0)
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8. a1z + corlnz + csz® — 22

10. 1/(102) [ g(x)dx + (2*/15) [ 2 Pg(x)dz — (x/6) [ 2 2g(z)dx
REVIEW PROBLEMS

2. (a) Linearly independent.

(b) Linearly independent.

(c) Linearly dependent.
4. (a) c1e73% + cpe™® + c3e” + cywe®

(b) cre” + ere(2HVE)E y oe(-2-VB)e

(c) c1e® 4+ cocosx + ezsinx + ¢y cosz + csrsinx

(d) cre” + e ™ + cze* — (x/2)e” + (2/2) + (1/4)
6. cie~%/V2 cos (x/\/i) + cye~%/V2sin (x/ﬁ)

+ c3e™/V2 cos (z/V2) + cqe/V2 sin (z/v/2) + sin (2?)

8. (a) ciwe™ + co + 37 + ¢y’

(b) crze™ + cpu?e™

(c) c1 + cor + 32 + ¢4 €08 3T + 5 8in 3T

(d) cicosx + cosinz + czxcosx + cqrsine

10. (a) o'/ 4 cpa™V? + e

(b) ciz7! + cuw cos (\/gln x) + ¢z sin (\/gln a:)
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CHAPTER 7: Laplace Transforms

EXERCISES 7.2: Definition of the Laplace Transform

2. For s > 0, using Definition and integration by parts twice, we compute

] N
2 —st42 : —st42
pu— pum— l
L{t*} (s) /e t=dt Jimfre t=dt
0 0
2 t N 2
tce™ IN 2 t 2t 2 N
= lim — ¢ +- /te_St dt| = lim (—— - —3> €_St
N—oo S 0 S N—o0 S S S 0

0
o (2 (NP 2N 2 ] 2
e P s 2 T 8)° SN

because, for s > 0 and any k, N¥e¢=*¥ — 0 as N — oo.

4. For s > 3, we have

00 o N
LA{te™} (s) = / e *'te® dt = / te®™ " dt = lim [ te®7 dt
0 0 0

t 1 N
= i . (8—s)t
Moo <3—s <3—s>2)6

~ [(3_15)2 i (3-’_V5 _ (3_15>2>e<38m} _ <5_13>2'

6. Referring to the table of integrals on the inside front cover, we see that, for s > 0,

) N
L{cosbt} (s) = / e * cosbt dt = A;im e cos bt dt
0 0
. e (—scosbt + bsinbt) [N
= lim ‘
N—oo 52 4 b? 0
’ e *N (—scosbN + bsinbN) —s s
= 1m — =
NSoo 52 4 b? 52 4 b2 52+ b2’

where we have used integration by parts to find an antiderivative of e~*! cos 2t.
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8. For s > —1,

(o) oo

L{e "sin2t} (s) = / e e tsin2t dt = / e~V gin 2t dt
0
e+t (—(s 4+ 1)sin 2t — 2cos 2t) | N

o

= i
N (s+1)2+4 0
. e (HON (54 1)sin2N — 2cos2N] + 2) 2

= 111m = .
N—oo (s+1)2+4+4 (s+1)2+4

10. In this problem, f(t) is also a piecewise defined function. So, we split the integral and

obtain
L{f(t)}(s) = ]Oe_Stf(t) dt = /16_5t(1 —t)dt + 76_St 0dt = /1(1 —t)e "t dt

e ® 1 1

(1t 1 g
S 52

which is valid for all s.

12. Splitting the integral in the definition of Laplace transform, we get

3 o)
zg@n@):/‘ﬂt /)ﬂt%ﬁ+/P 1t
0 0
6(2 s)t 3 e st 1 — 3(3 2) 38
— _ — + ,
2—s lo s I3 s—2 S

which is valid for all s > 2.
14. By the linearity of the Laplace transform,
L5 162} (s) = 5L {1} (s) — £ {} () + 6£ () (5)
From Table 7.1 in the text, we see that

cg}@)zé, 5> 0,

1
L£{e* = > 2
{e }(s) Pt S ,
21 2
E{t2}(5>:ﬁ:§, s > 0.
Thus, the formula
5 1 12
ot /2 _2_ 14
L{5— e +6t*} (s) 5t

is valid for s in the intersection of the sets s > 2 and s > 0, which is s > 2.
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16. Using the linearity of Laplace transform and Table 7.1 in the text, we get

L{t* =3t —2e"sin3t} (s) = L{t*} (s) — 3L{t} (s) — 2L {e "sin 3t} (s)

2 3
o g2+1 g1+l (s—{—1)2+32
2 3 6

)

valid for s > 0.
18. Using the linearity of Laplace transform and Table 7.1, we get
£{t4 — —t+sin\/§t} =L{t'} - c{t*} — L{t} +£{sin\/§t}
41 2! 1! V2

— == - =+
g4+l g2+1 gl+l 52 + (\/5)2

valid for s > 0.

20. For s > —2, we have

L {e‘zt cos V/3t — t2e_2t} (s) =L {e_zt cos \/525} (s) = L{t?e™} (s)

B 5+ 2 B 2!
(s 422+ (V3?2 (27
5+ 2 2

T (s+22+3  (s+2)3°

22. Since the function g;(t) = 0 is continuous on (—oo,00) and f(t) = g¢1(t) for ¢ in [0, 2),
we conclude that f(t) is continuous on [0,2) and continuous from the left at ¢ = 1. The
function go(t) = t is also continuous on (—o0,00), and so f(t) (which is the same as
g2(t) on [2,10]) is continuous on (2, 10]. Since

lim f(t)=0+# 2tlir2n+ f(t),

t—2—
f(t) has a jump discontinuity at ¢ = 2. Thus f(¢) is piecewise continuous on [0, 10]. The
graph of f(t) is depicted in Fig. 7—A on page 263.

24. Given function is a rational function and, therefore, continuous on its domain, which

is all reals except zeros of the denominator. Solving t?> — 4 = 0, we conclude that the
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26.

28.

30.

32.

200

points of discontinuity of f(¢) are t = +2. The point ¢ = —2 is not in [0, 10, and

2 —3t+2 t—2)(t—1 t—1 1
lim (1) = lim =2 gy, =20 =D o t=1 1
—2 —2 124 =2 (t—2)(t+2) t=2t+2 4

Therefore, f(t) has a removable singularity at ¢ = 2, and it is piecewise continuous on

[0,10]. The graph of f(t) is shown in Fig. 7-B on page 263.

Since

t
li t)=li =
R

f(t) has an infinite discontinuity at ¢ = 1, and it is so neither continuous nor piecewise

continuous [0, 10]. The graph of f(¢) is depicted in Fig. 7—C on page 263.

This function is continuous everywhere except, possibly, ¢ = 0. Using L’Hospital’s rule,

we see that

. . sint . cost
fi /(1) = Jim == =l == = 1= f(1).

Therefore, f(t) is continuous at ¢ = 0 as well, and so it is continuous on (—o0, 00). The

graph of f(t) is given in Fig. 7-D on page 264.

All the Laplace transforms F'(s) in Table 7.1 are proper rational functions, that is, the

degree of the numerator is less than the degree of the denominator. Therefore,

lim F(s) =0.

§—00

This statement is a consequence of the following more general result.
If imy . f(t) = 0 and, for some T, |g(t)| < M fort > T, then lim, . f(t)g(t) = 0.

Indeed, for ¢ > T', one has

0<[f()g(t)] < M[f(t)| =0, ast— oo.
Therefore, by the squeeze theorem,

lim f()g(0] =0 = lim f(t)g(t) =0

In the given problem, we take f(t) = e™* and g¢(t) = ssinbt + beosbt. Then f(t) — 0,
as t — 0o, because s > 0 and ¢(t) is bounded (by s+ |b]).



Exercises 7.3
EXERCISES 7.3: Properties of the Laplace Transform

2. Using the linearity of the Laplace transform, we get
L{3t7 =} (s) =3L{t*} (s) — L{"} (s)

From Table 7.1 in Section 7.2 we know that

E{tQ}(s)zz—!:%, E{e%}(s)zs_z.

g3

Thus
1 6 1
L{3t* — e* _3—— == - :
{ } s—2 s s5—=2

4. By the linearity of the Laplace transform,
LA3t" —20* + 1} (s) =3L{t*} (s) — 2L {t*} (s) + L{1} (s).

From Table 7.1 of the text we see that

L{ e =5 L{Py =5, £ ©=1, s>0

55 53

Therefore,

40 20 1 72 4 1
£{3t4—2t2+1}(s):3$—2—+—:———+—,

s s $5 s 3

is valid for s > 0.
6. We use the linearity of the Laplace transform and Table 7.1 to get

L{e *sin2t + et*} (s) = L{e *sin2t} (s) + L {e*t*} (s)

2 2
= > 3.
+22+4 (s—3p °

8. Since (1 +e7)2 =1+ 2e~t + ¢, we have from the linearity of the Laplace transform
that
L{A+e")?}(s)=L{1}(s)+2L{e "} (s)+ L{e*} (s)
From Table 7.1 of the text, we get

L{1}(s) = % Ll ) (s) = Sil, £ (s) =

Thus
,C{(1+e_t)2}(3):1+ 2 —|—L s> 0.
s s+1 s+2
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10. Since
s—2

L {e* cosbt} (s) = 5-27125

we use Theorem 6 to get

L {te* cos 5t} (s) = LAt (e* cos 5t)} (s)=—[L {th cos 5t } (s)]/ = — [L}

(s —2)2+25
 [(s=22425)—(s=2)-2(s—=2) (s—2)7—25
B [(s — 2)2 + 25)° (s —2)?2+ 25

12. Since sin 3t cos 3t = (1/2) sin 6¢, we obtain

' 1 ) 1 6 3
L {sin 3t cos 3t} (s) = §£{sm6t} (s) = 0P T® 2136

14. In this problem, we need the trigonometric identity sin?t = (1 — cos2t)/2 and the

linearity of the Laplace transform.

o 1 —cos2t

L£{e"sin’*t} (s) =L {e T} (s) = % [L{e™} (s) — L {e™ cos2t} (s)]

1 1 s—7 2
T2 L-?‘ (3—7)2+41 T (s=Dls—72+4]"
16. Since
bin?t — t(1 — cos2t) |
2
we write

£{rsin’ ) (s) = S £ {8} (5) — £ {tcos21) (s)]
-3 Llﬁ (5214)] -3

18. Since cos A cos B = [cos(A — B) + cos(A + B)]/2, we get

which holds for s > 0.

£ {cosnt cosmt} (s) = £ {cos(n —m)t 42— cos(n + m)t} (s)
= % (L {cos(n —m)t} (s) + L {cos(n + m)t} (s)]
1 S S
2 |2+ (n—m)? " 2+ (n+m)?
[t
s(s2 +n?+m?)
(2 + (n —m)?[s2 + (n+m)?]’
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20. Since sin Asin B = [cos(A — B) — cos(A + B)|/2, using the linearity of the Laplace

transform and Theorem 6, we get

) _ d cos 3t — cos 7t 1d S s
L{tsin2tsinbt} (s) = —%E{f} (s) = ~5 7 (32+9 — 32+49)

20(3s" 4 585> — 441)

= —20 |:(82_|_9)<82_|_49):| B ($2+9)2(32—|—49)2

22. We represent t" = t" - 1 and apply (6) to get

LY () = £{ 1) (9) = ()"0 1) (9] = (-1 T )
(1) (—1)(=2) - (—m)s A = (—1)”(—812jll 29eiin _ S:il ‘

24. (a) Applying (1), the “translation in s” property of the Laplace transform, to f(t) = t"
yields
n!

(s —a)rtl’

L{e"t"} (s) =LA{t"} (s —a) =

s>a.

(b) We apply (6) to the Laplace transform of f(t) = e, which is of exponential order

L{me} () = (1) [e e} ()] = (- -]
= (—~1)™(=1)(=2) - (—n)(s —a) "t " = (S_”—;)M s>a.

26. (a) By Definition 3, there exist constants M, T', and « such that
lf(t)] < Me* fort >T.
Since f(t) is piecewise continuous on [0, 7, there exists a finite number of points
O=to<ti < - <t, =T

such that f(¢) is continuous on each (¢;,¢;41) and has finite one-sided limits at
endpoints. This implies that f(t) is bounded on any closed subinterval of (¢;_1,%;),

and bounded near the endpoints. Thus,
|f(t)|§M] on (tjvtj-l-l)a jzoalvn_l
Therefore,
f()] <N = max {M;, f(t;)} 0<t<T,

0<j<n
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and so

|f()] < (Nem®) e™ < sup (Ne ) e = Le™

0<t<T
on [0, 7).
Hence, on [0, 00),

|f(t)| < max{L, M}e* = Ke™.

(b) For s > a, we have

0 < [L£{f(®) |_/f ‘Stdt</|f e Stdt
T K t=ee g
< /Keate“dt = K/e(as)tdt = —— ela—9)t = )
a— s -0 s—a
Since

) K
lim =0,
500 § — (O

by the squeeze theorem

lim [£{f()} (s)] = 0,

§—00

which is equivalent to

lim L{f(t)} (s) = 0.

§—00

28. First observe that since both functions f(t) are continuous on [0,00), of exponential
order o for any a > 0, and f(¢)/t — 0 as t — 07. Thus, the formula in Problem 27
applies.

(a) From Table 1,

|
zﬁ{t5} (s) = 5— = 5Hlg O

56

|
= / du—5'/ 6du—f—5uS

(b) Here, we use (21) on the inside back cover with n = 2 to conclude that

F(s) :£{t3/2} (s) = VT _ M3_5/2

:_E;zﬁ{t4}(5):£{?}(s).

S

s

455/2 4
T 3/ [ 37 -2 %0
= /F(u)du:¥/u_5/2du:%%.?
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- e -c{5 .

30. From the linearity properties (2) and (3) of the text we have

L{g} (s) = L{Y" +5y" + 6y} (s) = LAy} (s) +5L{y'} (s) + 6L {y} (s).
Next, applying properties (2) and (4) yields
L{g}(s) = [s"L{y} (s) = sy(0) = ¥/ (0)] + 5 [sL{y} (s) —y(0)] + 6L {y} (s).
Keeping in mind the fact that both initial values are zero, we get
G(s) = (s +6s+10)Y(s),  where  G(s) = L{g}(s), Y(s) = L{y} (s).

Therefore, the transfer function H(s) is given by

Y (s) 1
G(s) s2+55+6

32. The graphs of the function f(¢) = 1 and its translation g(¢) to the right by ¢ = 2 are
shown in Fig. 7-E(a), page 264.

We use the result of Problem 31 to find £{g(¢)}.

6—25

L{gt)} (s) = e P L{1} (s) =

S

34. The graphs of the function f(¢) = sint and its translation g(¢) to the right by ¢ =
units are shown in Fig. 7-E(b).

We use the formula in Problem 31 to find £{g(¢)}.

L{g(t)} (s) = e ™ LAsint} (s) =

s2+1
36. We prove the formula by induction.
(i) Since 0! =1 and
0!
E{to} ‘C{]‘} ) - SO+1 )

the formula is correct for n = 0.
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(ii) We now assume that the formula is valid for n = k and show that it is valid then

for n = k + 1. Indeed, since

= (k+1) [ m*dr,

o\“

applying (5), we conclude that

LY (s) = L4 (k+ 1)/7’k dr p (s)

:(k+1)§£{tk}(3):(k;+1)1 KU (Rt 1)

s ghtl — g(k+1)+1 "

Therefore, the formula is valid for any n > 0.

38. We have
a) lim sC{1 s:lims“l:l'
( ) 5—00 5—00 S ’
s
b) lim s {e' = 1li =1=¢ ;
( ) SLIEOS {6}(8) sl»IgoS—l € =0
(c) lim s {e7"} (s) = lim ; j T =1= et L
2
d) lim sL{cost}(s) = lim =1 = cost :
241
5—00 §—00 S t=0
(e) lim sC{sint}(s) = lim % =0=sint ;
§—00 §—00 § t=0
s2!
f)  lim sC {¢* = lim — =0=¢#| ;
(F)  Jim s£{#7} (s) = lim =5
: . os(s?2=1)
l = 1 _— = =
(g) lim sLA{tcost} (s) lim EFmE 0 =tcost .

EXERCISES 7.4: Inverse Laplace Transform

2. Writing 2/ (s? +4) = 2/ (s* + 2?), from Table 7.1 (Section 7.2) we get

£ {3214} (t)=L"" {ﬁ} (t) = sin2t.

4. We use the linearity of the inverse Laplace transform and Table 7.1 to conclude that

1 4 4 3 4
L {32+9 (t)—SL oY (t)—381n3t.
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The linearity of the inverse Laplace transform and Table 7.1 yields

From Table 7.1, the function 4!/s° is the Laplace transform of 4. Therefore,

£ {%} (t) = %Ll {j—;} (t) = 2—14#.

By completing the square in the denominator, we get

s—1
252+ s+ 3

s—1
(s +1/4)2 + (V47/4)?

s+ (1/4) 5 VAT /4
(s+1/4)2 + (VAT/4)2 VAT (s+ 1/4)? + (VAT /4)?

1
2
1
2

so that

-1 1 VATE VATE
L {28—} (t) = = e *cos (L) e~ sin vt .
28 +s+3 2 4 247 4

(See the Laplace transforms for e* sinbt and e* cos bt in Table 7.1).

In this problem, we use the partial fractions decomposition method. Since the denomi-

nator, (s + 1)(s —2), is a product of two nonrepeated linear factors, the expansion has

the form
-s—-7 A N B A(s—2)+B(s+1)
(s+1)(s—2) s+1 s—2  (s+1)(s—2)
Therefore,
—s—T=A(s—=2)+ B(s+1). (7.1)

Evaluating both sides of (7.1) at s = —1 and s = 2, we find constants A and B.

s=—-1: —6=-34A = A=2,
§=2: -9=3B = B=-3.

Hence,
—s—17 2 3

(s+1)(s—2) s+1 s—2°

First, we factor the denominator completely. Since s? —3s+2 = (s —1)(s — 2), we have

—8s2 —5s+9 —8s2 —5s+9

(s+1)(s2—=3s4+2) (s+1)(s=1)(s—2)°

207



Chapter 7

Since the denominator has only nonrepeated linear factors, we can write

—8s2 — 55+ 9 A B C

(s+1)(s—1)(s—2) s+1+s—1+s—2'

for some A, B and C. Clearing fractions gives us
85 =55+ 9=A(s—1)(s —2) + B(s + 1)(s — 2) + C(s + 1)(s — 1).

With s = —1, this yields 6 = A(—2)(—3) so that A = 1. Substituting s = 1, we get
—4 = B(2)(—1) so that B = 2. Finally, s = 2 yields —33 = C'(3)(1) so that C' = —11.

Thus,
—8s*>—5s+9 1 N 2 11
(s+1)(s2—3s+2) s+1 s—1 s—2

16. Since the denominator has one linear and one irreducible quadratic factors, we have

—bs — 36 A Bs+C(3) A(s*+9)+ (Bs+3C)(s+2)

Gi2(£19) st2 243 (s+2)[2 10 ’
which implies that

—5s—36=A(s*+9) + (Bs+3C) (s +2).

Taking s = —2, s =0, and s = 1, we find A, C, and B, respectively.

s=-2: —26=134 = A=-2
s=0: —=36=9A+6C = C=-3,
s=1: —41=10A4+3(B+3C) = B=2,
and so
—5s5 — 36 1 5 3
= -2 2 -3 .
(s +2)(s2+9) s+2+ s24+9 s2+9
18. We have
382+58+3_382+5S+3_A+B+C+ D (7.2)
st+s3 s+ 1) s 2 s s+l '
Multiplying this equation by s + 1 and evaluating the result at s = —1 yields
352+ 5s+3 A B (C
# :<S+1)(—3+—2—|——>+D = D=-1.
s 1 s3 s s 1
We can find A by multiplying (7.2) by s* and substituting s = 0.
2 D 3
w :A—l-BS—i—CSZ—I— S = A:3
s+1 =0 s+1 s=0
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Thus,
32 +5s+3 3 B C 1
s3(s+1) 352 s s+1
= 35 +55+3=3(s+ 1)+ Bs(s+ 1)+ Cs*(s +1) — s°. (7.3)

One can now compare the coefficients at s*> and s to find B and C. Alternatively,

differentiating (7.3) and evaluating the derivatives at s = 0 yields
6s+5[,_,=5=3+B2s+1)|,,=3+B = B=2.

(The last two terms in the right-hand side of (7.3) have zero derivative at s = 0.)

Similarly, evaluating the second derivative in (7.3) at s = 0, we find that
6=2B+C(6s+2)|,_,=4+2C = C=1.

Therefore,

st + 83 3 52 s s4+1

3 +55s+3 3 2 1 1

Factoring the denominator completely yields

S B S B A . B N C
(s—1)(s2—1) (s—12(s+1) (s—1)2 s—1 s+1
A(s+1)+B(32—1)—|—C’(S—1)2.

(s—1)2(s+1)

Thus,
s=A(s+1)+B(s*— 1)+ C(s —1)*. (7.4)

Evaluating this equality at s =1 and s = —1, we find A and C, respectively.

s=1: 1=24 = A=1/2,
s=-1: —1=4C = C=-1/4

To find B, we evaluate both sides of (7.4) at, say, s = 0.
0=A—B+C = B=A+C=1/4.

Hence,
s B 1 11 1 1

1
G-D(—1) 2(s—12 4s—1 ds+1
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22. Since the denominator contains only nonrepeated linear factors, the partial fractions

decomposition has the form

s+ 11 A B A(s+3)+ B(s—1)

5-1)(543) s—1 543  (5-1)(+3)
= s+11=A(s+3)+B(s—1).

At s =1, this yields A = 3, and we find that B = —2 substituting s = —3. Therefore,
s+ 11 1 1

-2
(s —1)(s+3) s—1 s+3’

and the linear property of the inverse Laplace transform yields

1 s+ 11 1 1 1 1 t 3t
L {(s—l)(s—i—?))} 3L {3—1 L P 3e e

24. Observing that the quadratic s* — 4s + 13 = (s — 2)? + 3? is irreducible, the partial

fractions decomposition for F'(s) has the form

7s® — 41s + 84 A B(s —2)+ C(3)

G- —ds+13) s—1 (s—2713

Clearing fractions gives us
7s° —41s+84=A[(s —2)> + 9] + [B(s —2) + C(3)] (s — 1).

With s = 1, this yields 50 = 104 so that A = 5; s = 2 gives 30 = A(9) + C(3), or
C = —5. Finally, the coefficient A + B at s? in the right-hand side must match the one
in the left-hand side, which is 7. So B =7 — A = 2. Therefore,

7s2 —41s+ 84 1 s—2 3

2 -5
(s —1)(s? —4s +13) s—ljL (s —2)2 + 32 (s —2)2+327

which yields

7s2 — 41s+ 84 1 s—2
—1 _ -1 2—1
= {(5—1)(52—4s+13)} oL {5—1}+£ {(5—2)2+32}

e o)

= 5! + 2¢* cos 3t — 5e* sin 3t .

26. The partial fractions decomposition has the form

A B O D
F(S):g+8—2+;+8_2. (75)
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Multiplying (7.5) by s* and substituting s = 0 yields

Ds3
s—2

7s3 — 252 —3s+6

=-3=A+Bs+0s*+
s — 2

s=0

=A.

s=0

Thus, A = —3. Multiplying (7.5) by s — 2 and evaluating the result at s — 2, we get

753 — 252 — 35+ 6 3, B C
S S s+ :6:(8—2> -t =+ — +D :‘D
33 g3 52 S

s=2

s=2

So, D =6 and (7.5) becomes

7s° =25 =3s+6 3 +B+C+ 6
s3(s — 2) 08 s2 s s5—2°

Clearing the fractions yields
7s% — 25 — 3546 = —3(s — 2) + Bs(s — 2) + Cs*(s — 2) + 65°.

Matching the coefficients at s®, we obtain C +6 = 7 or C' = 1. Finally, the coefficients
at s? lead to B — 2C = —2 or B = 0. Therefore,

F()_7s3—232—3s+6_ 3+1+ 6
7= s3(s —2) 8 s s5—2

and

E*{F@n@):—gﬁ+1+6£ﬁ

First, we find F(s).

s2 44
s2+s
s+ 4 s2+4
F(s) = = .
~ &) = I DET5-6 6T D362

The partial fractions expansion yields

s+ 4 A B C D

s(s+1)(s+3)(s—2) §+3+1+s+3+3—2'

Clearing fractions gives us
s +4=A(s+1)(5+3)(s—2)+ Bs(s+3)(s —2)+Cs(s+1)(s —2) + Ds(s + 1)(s +3).

With s =0, s = —1, s = =3, and s = 2 this yields A = —2/3, B =5/6, C = —13/30,
and D = 4/15. So,

crren o =3 {H o g { o

S
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30.

32.

34.

212

_ 2 t 13 —3t 4 2t
7376 T3¢ "¢
Solving for F'(s) yields
25 +5 A B C
F(s) = ° - + + - (7.6)

(s—=1)(s?+2s+1) (s+1)2 s+1 s—1

Thus, clearing fractions, we conclude that
2s+5=A(s— 1)+ B(s°—1) + C(s + 1)*.

Substitution s = 1 into this equation yields C' = 7/4. With s = —1, we get A = —3/2.
Finally, substitution s = 0 results 5= —-A—- B+ Cor B=—-A+C —5= —7/4. Now

we use the linearity of the inverse Laplace transform and obtain

e Ee 0 = -5 { e 0 - e o o e e

7 7
:—§te_t—16_t+zet.

Functions fi(t), f2(t), and f5(¢) coincide for all ¢ in [0, 00) except for a discrete set of
points. Since the Laplace transform of a function is a definite integral, it does not depend
on values of the function at these points. Therefore, in (a), (b), and (c¢) we have one and
the same Laplace transform, that is

1
s—1°

L{fiB)} () = L{LO} () = L{fs(t)} (s) = L{e'} (s) =

f3(t) = €' is continuous on [0, cc] while f1(¢) and fo(t) have (removable) discontinuities

att=1,2,... and t = 5, 8, respectively. By Definition 4, then

e o= no-

We are looking for L7 {F(s)} (t) = f(t). According to the formula given just before
this problem (with n = 1),

o= {5

Since

F(s)=In (8 - 4) —In(s —4) — In(s — 3),



Exercises 7.4

we have
dF(s) d 1 1
T = 1 [ln(s—4)—ln(3—3)]-S_4 P
dF 1 1
-1 A _ 1 _ _ At _ 3t
= L {ds}(t) L {3—4 s—3}<t> e —e
_ 3t at
= LHFE}0 = () = S

36. Taking the derivative of F(s), we get
dF(s) _d (1 1 d /1 1
= —arctan |~ | =—-——=— [~ | = — '
ds ds s 14+ (1/s)? ds \ s s2+1
So, from Table 7.1, Section 7.2, we have

L {dF(S) } (t) = —sint.

ds

Thus,

L F@Y ()= e {‘“;f) } 0=

38. Since s = r is a simple root of Q(s), we can write Q(s) = (s — r)Q(s), where Q(r) # 0.
Therefore,
lim E=DPE) _y (52 0B6) Bl
o Q) (s =) QL)
Thus, the function (s — r)P(s)/Q(s) — A is a rational function satisfying

Therefore,
(s =) P(s) =
————A=(s—1)R(s),
o (s = 1) R(s)
where E(s) has a finite limit at s = r meaning that its denominator, which is (in the

reduced form) Q(s) is not zero at s = r. Thus,

P(s) _ A+ (s—71)R(s) A ~

Q(s) s—r :s—T+R(S)
It is worth mentioning that
A =lim (s =r)P(s) _ lim P(s) _ P (7.7)
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40.

42.

214

Since s —r;, j = 1,2,...,n, are simple linear factors of ()(s), applying Problem 38
repeatedly, we conclude that the partial fractions decomposition of P(s)/Q(s) has the

form

P(s) < A4
Q(S)_;S—Tj'

Multiplying this equation by s — r; and taking the limit, as s — r;, yields

(s =) P(s) ~ 4 - Aj
lim ————= = lim [(s — ;) = lim [A; + (s — ;) =A,;.
5= Q(s) 5= ]Z:; 5—r; 5= ; 5—r;
Similarly to (7.7), we conclude that
A,=F (ri)
Q' (ri)

so that

P(s) " P(r) 1
Q(s) Zz:; Q (ri) s—ri

Using now the linearity of the inverse Laplace transform, we get

o {P(S } 0= lil g’((z)) o {S —1 TZ} ®)= zil g’((z)) o

)
Q(s)

Similarly to Problem 38, we conclude that

[(s — @)® + 5] P(s)

o Q0) =ATiB
so that
s+ pP(s) . [(s—a)+ 5 P(s)
S 0) =, 0) =A-iB
since P(s) and )(s) are polynomial with real coefficients. Therefore,
P(s)  A+iB A—iB o
Qe) s (arif) s-ta—ig )
where E(s) has finite limits as s — a £ 43. Simplifying yields
P(s) (A+iB)[s— (a—iB)|+(A—iB)[s— (a+if)] =
Qe (- o) + 7 i)
_ 2A(s—a)—-2BB =
= i + R(s).
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Re-denoting 2A by A and —2B by B, we get the required formula

P(s)  A(s—a)+Bp 1
0G) = (s—ap+p -

Multiplying this representation by (s — «)? + 3% and taking the limit yields
=0+ FP()
s—a+i[ Q(S)
- MH{A@—M+Bﬂ+“&%ﬁ+ﬂﬂ§@}:Bﬂ+Mﬂ

s—a+i3

EXERCISES 7.5: Solving Initial Value Problems

2. Let Y = Y(s) := L{y(t)} (s).! Applying the Laplace transform to both sides of the
given equation and using Theorem 5 in Section 7.3 to express £{y"} and L£{y'} in

terms of Y, we obtain

(sY +2s—5) — (sY +2) —2Y =0

1 7—2s 1 3
=~ Y= (T-2)= - . .
52—3—2( s) (s—2)(s+1) s—2 s+1

Taking now the inverse Laplace transform and using its linearity and Table 7.1 from

Section 7.2 yields

s+1

y(t)zﬁl{SiQ— ; }(t):e2t—3et.

4. Applying the Laplace transform to both sides of the given equation and using Theorem 5
in Section 7.3 to express £{y"} and £{y'} in terms of Y, we obtain

12
(32Y+s—7)+6(sY+1)—|—5Y:—1
S_
1 12
= Y=———(1—
32—|—6s—|—5( 8+3—1)
—s*+2s+ 11 1 1 1

(s+1)(s+5)(s—1) s—1 s+5 s+1°
Taking now the inverse Laplace transform and using its linearity and Table 7.1 from

Section 7.2 yields

y(t)—L_l{Sil— ! ! }(t)_et—e—5t—e—t.

s+5_3+1

1We will use this notation in all solutions in Section 7.5.
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6.

10.

216

Applying the Laplace transform to both sides of the given equation and using Theorem 5
in Section 7.3 to express £{y"} and £{y'} in terms of Y, we obtain

(.92}/—23—7)—4(5Y—2)+5Y:i

5—3
1 4
= Y=—(2s-1
32—43—1-5(8 +s—3>
252 —Ts+ 7 2 1

T3 [-27+17 53 (s-22t12
Taking now the inverse Laplace transform and using its linearity and Table 7.1 from
Section 7.2 yields
2 1

Applying the Laplace transform to both sides of the given equation and using Theorem 5
in Section 7.3 to express L£{y"} and £{y'} in terms of Y, we obtain

2y _ 8 4. 10
(s’Y 3)+4Y_83 Z+

1 8 4 10

= Y= 34— ——+—

32+4(+s3 32+3>
384108 —4s+8 2 1 2 s

ST P .
s3 (8% 4 22) s3 32+s s2+22+ 52 + 22

Taking now the inverse Laplace transform and using its linearity and Table 7.1 from
Section 7.2 yields
2 1 2 s 2

— r-1 _ 42 :
y(t) =L {3_?+§_232+22+252+22}(t)_t —1+2—2cos2t+ 2sin2t.

Applying the Laplace transform to both sides of the given equation and using Theorem 5
in Section 7.3 to express L£L{y"} and L£{y'} in terms of Y, we obtain

4 8

2

Y —5)—4Y = < —
(s ) 2 542

1 1 8
= Y = 54 — —
32—4( +s2 s+2)
558425744548 2 1 1 1

T P15 -2) (5127 s+2 £ s—2
Taking now the inverse Laplace transform and using its linearity and Table 7.1 from
Section 7.2 yields

2 1 1 1
t)=L"" — - —
y(t) {(s+2)2 s+2 2752

} (t) = 2te ™ —e 2 —t 4+ e,
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12. Since the Laplace transform approach requires that initial conditions are given at the
origin, we make a shift in argument. Namely, let y(t) := w(t — 1). Then
y)=w'(t-1t-1)=w'(t-1),
y'(t)=w'(t-1)t—-1)=u"(t—-1).

Thus, replacing t by t — 1 in the given equation yields
v' =2 +y=6(t—1)—2=6t—8

with the initial conditions y(0) = w(—1) =3, ¥'(0) = w'(-1) =7

Applying the Laplace transform to both sides of this equation and using Theorem 5 in

Section 7.3 to express L£{y"} and L {y'} in terms of Y, we obtain

6 8
%Y =35 —7) —2(8Y =3)+Y = — — -
(s s—T7) (s )+ 273
1 6 8
= Y=—"——(3s+14+ 5 ——
52—2$—|—1<3+ +32 s)
3452 —8s+6 6 4 L2
B s2(s —1)2 2 s s—1 (s—1)2

Taking now the inverse Laplace transform and using its linearity and Table 7.1 from

Section 7.2 yields

6 4 1 2
=L =+ - — t) =6t +4 — e + 2te".
y(t) {32+s S_1+($_1)2}() +4— e+ 2
Finally, shifting the argument back, we get
wt) =yt +1) =6t + 10 — e+ 2(t + 1)e™ = 6t + 10 + "1 + et

14. Similarly to Problem 12, we make a shift in argument first. Let w(t) := y(¢t + 7). Then
w'(t) =y (t+m)(t+m) =y (t+7),
w(t) =y"(t+m)(t+m) =y (t+7).

Thus, replacing t by t 4+ 7 in the given equation yields

w'tw=t+m

with the initial conditions w(0) = y(m)
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Applying the Laplace transform to both sides of this equation and using Theorem 5 in
Section 7.3 to express £{w"} in terms of W := L {w}, we obtain

1

QS‘QVV—FVV:—Q‘Fz
2 s

N W 1 1+7r_1—|—7rs_1+7r s 1
o244 1\s2 s)  s2(s2+1) 2 s s24+1  s241°

Taking now the inverse Laplace transform and using its linearity and Table 7.1 from

Section 7.2 yields

1 m S8 1
=L =+~ — —
w(t) {s2+s s2+1 241

}(t) =t+m—mcost —sint.
Shifting the argument back, we finally get

yt)=w(t—7m)=(t—m)+m—mcos(t —m) —sin(t —w) =t + wcost + sint.

16. Applying the Laplace transform to both sides of the given equation and using Theorem 5

in Section 7.3 to express £ {y"} in terms of Y, we obtain

(32Y+1)+6Y:3—1

s3 s
1 2 1 —s3— 5242
s2+6( +s3 s) s3 (s2 4 6)

18. Applying the Laplace transform to both sides of the given equation and using Theorem 5

in Section 7.3 to express £{y"} and £{y'} in terms of Y, we obtain

1 1 1
2y —5—3)—2(sY —1)-Y = - -
(7Y —5=3) = 2s ) s—2 s—1 (s=1)(s—2)
N v _ 1 L4 1 B 3 —2s2 —s5+3
T2 21| G-1(-2] GG-DE-2)(2—2s—1)

20. Applying the Laplace transform to both sides of the given equation and using Theorem 5

in Section 7.3 to express £{y"} in terms of Y, we obtain

316 6
2
Y+3Y =—=— = Y =—71i—.
srT stost st (s +3)
22. Applying the Laplace transform to both sides of the given equation and using Theorem 5

in Section 7.3 to express L£{y"} and £{y'} in terms of Y, we obtain

(Y —2541) —6(sY —2) +5Y = GO
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Solving for Y(s) yields

1 1
Y(§)=———F——1|2s— 134+ ——
(s) s2—6s+5 | +(s—1)2
28— 178+ 285 — 12 25% — 175 4+ 285 — 12
C (s—1)2(s2—6s+5)  (s—1)3(s—5)

Let us find the Laplace transform of g(¢). (In Section 7.6 we will find a simple way to get
the Laplace transform of piecewise defined functions using the unit step function w(t),

but here we should follow the definition of the Laplace transform given in Section 7.2.)

testdt

L{g(0)} (s) = / e~ g(t) dt = / et 4

o0 1 1— —3s 3 —3s —st |90
L1 /e_Stdt _ e . e e
t=3 S

_ s s 52 |5
3

14 Qe85 738 s+ 2se73% 4 738
5 .

8“\8

_st |3

e te—st

=0 S

S

s 52 s
Applying the Laplace transform to both sides of the given equation and using Theorem 5
in Section 7.3 to express £{y"} in terms of Y, we obtain

s+ 2se73% 4 73

52

(SQY—S—Q)—Y:

Solving for Y'(s) yields

S+ 25735 4 738 s34+ 252 + 5+ 256735 + 738
s+2+ =

Y(s)= s3(s—1)(s+1)

s2 — s2

Applying the Laplace transform to both sides of the given equation and using Theorem 5

in Section 7.3 to express L{y"}, L{y"} and L {y'} in terms of Y, we obtain

(ng—32—43+2)+4(32Y—s—4)+(3Y—1)+Y:—1—S2.

Solving for Y(s) yields

1 12
Y(s) = T B— (824—884-15—?)
s°+ 85>+ 155 — 12 §° + 85”4 155 — 12
s(s3+4s2+s5—6) s(s—1)(s+2)(s+3)
1 1 3 2

s—1+3+3_s+2+§'

Taking now the inverse Laplace transform leads to the solution

y(t) =e +e ¥ —3eH + 2.
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28. Applying the Laplace transform to both sides of the given equation and using Theorem 5
in Section 7.3 to express L{y"}, L{y"} and L {y'} in terms of Y, we obtain

16
s+1°

(s°Y =25 +4) + (s°Y —2) +3(sY) = BY = —

Solving for Y'(s) yields

Y(s) = ! 5<2s—z+ 16)

83+ 524 35 — s+1
252+ 14 252+ 14

(s+1)(s?+s2+3s—=5) (s+1)(s—=1)[(s+1)2+2?
_2 1 sl
s+l os—1 (s+1)2422°

Taking now the inverse Laplace transform we get

y(t) = —2e "+ e + e cos2t.

30. Using the initial conditions, y(0) = a and y'(0) = b, and the formula (4) of Section 7.3,

we conclude that

LA{y'}(s) =sY(s) —y(0) = sY(s) —a,

(7.8)
L{y"} (s) = s*Y(s) — sy(0) = y'(0) = s*Y(s) —as — b.

Applying the Laplace transform to the given equation yields

[SQY(S) —as — b] +6[sY(s) —a] +5Y(s) = LA{t}(s) = 5—12

1 34+ (6 b)s? + 1
= (82+65+5)Y(s):as+b+6a+—2:as+(a+ )+
s

2
as® + (6a + b)s* + 1

s2(s2+ 65+ 5)
as’® + (6a+b)s>+1 A B C D

s2(s+1)(s+5)  s2 s S—|—1+s+5'
Solving for A, B, C', and D, we find that

1
A=l p_ 6 g _batbl o, 2%a+25041
5 25 1 100

1\ 1 6\ 1 S5a+b+1 1 25a + 25b + 1 1
v =(z) 3 (5)5+ -
5/ s? 25/ s 4 s+1 100 s+5

t 6 Sa+b+1 _, 25a+25b+1 _,
= e— s 4 .
5 25 4 100

= Y(s) =
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32. Applying the Laplace transform to both sides the given equation yields

[s°Y(s) —as —b] —5[sY(s) — a] + 6Y (s) = L {—6te”} (s) nE _62)2
= (32—5s+6)Y(s):as+b—5a—m

_as® + (b—9a)s* + (24a — 4b)s + (4b — 20a — 6)

N (s —2)

as® + (b —9a)s® + (24a — 4b)s + (4b — 20a — 6)
(s —2)%(s®> — 5s+ 6)
as® + (b —9a)s® + (24a — 4b)s + (4b — 20a — 6)
(s —2)*(s = 3)
A B C D

PR AT PR

= Y(s) =

(For the Laplace transforms of ¢ and y” we have used equations (7.8).) Solving for A,

B, C, and D, we find that
A=6, B=6, C=3a—-b+6, D=0b—2a—6.

Hence,

6 n 6 +3a—b+6+b—2a—6
(s—2)3  (s—2)2 s—2 s—3
= y(t) = 3t%e* + 6te* + (3a — b+ 6)e* + (b —2a — 6)e™ .

Y(s) =

34. By Theorem 6 in Section 7.3,

L{BY 0} (5) = (10 (£ 400} (5)] = o (£ 00} ().

Theorem 5 in Section 7.3 says that

L{y"()} () = s"Y (s) = y(0)s — y/(0).

Substituting this equation into (7.9) yields

L{t%y ()} (s) = j;PYU y(0)s —y/(0)] = j;[m )

— di; {323//(8) - 23Y(3)] — V" (s) + 4sY"(s) + 2V (s).

36. We apply the Laplace transform to the given equation and obtain

L{ty"} (s) = L{ty'} () + L{y} (s) = L{2} (s) =

(7.9)

(7.10)
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38.

222

Using Theorem 5 in Section 7.3 and the initial conditions, we express £{y"} and £{y'}

in terms of Y.

LA{y'}(s) = sY(s) —y(0) = sY(s) — 2,

L{y"} (s) = s*Y(s) — sy(0) — ¢/ (0) = s?Y(s) — 25 + 1.
We now involve Theorem 6 in Section 7.3 to get

d [sY (s) — 2] = —sY'(s) = Y(s), (7.11)

ds

Ly} (5) = — (£} ()] =

d d
LA{ty"}(s) = —= L{y"} (s)] = — [s°Y(s) — 2s + 1] = —s*Y"(s) — 2sY(s) + 2.
Substituting these equations into (7.10), we obtain

2
(=Y =25 +2) — (—=sY' = Y] +Y ==
S

2(1—s)

= s(1=5)Y' +2(1 -9 =

2 2
= Y+ =-Y(s)= .
+LY(s) =5

The integrating factor of this first order linear differential equation is

2
p(s) = exp (/ - ds) = 2hlsl — 42
s

Y(s):ﬁ/u(s) (%)ds:é% 2ds= 245

where C' is an arbitrary constant. Therefore,

Hence,

y(t) =LY} () =L {% + S—C;} t)=2+Ct.

From the initial condition y'(0) = —1 we find that C' = —1 so that the solution to the

given initial value problem is y(t) = 2 —t,

Taking the Laplace transform of both sides of y” 4+ ty’ — y = 0, we conclude that
LA{y"}(s) + LA{ty'} (s) = L{y} (s) = 0.

Since, similarly to (7.10),

L{ty'} (s) = —sY'(s) =Y (s),
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we get

(Y =3) 4+ (=sY' =Y) =Y =0
3

2
=  —sY'+(s$-2)Y=3 = Y’+(——3)Y:——.
S S

This is a first order linear differential equation in Y'(s), which can be solved by methods

of Section 2.3. Namely, it has an integrating factor

pu(s) = exp [/ (% - s) ds} = exp (2 In|s| — %2> = s2e/2.
Y(s) = ﬁ / 11(s) (—g) ds = —Tim / se %1% ds

_ (e—82/2 + O) 2 (1 + 0682/2> .

§2¢—52/2 52

Thus,

The constant C' must be zero in order to ensure that Y (s) — 0 as s — oo. Therefore,

Y (s) = 3/s?, and from Table 7.1 we get
1 J3
y(t)=L =2 (t) =3t.

This additional assumption makes the total fed back torque to the steering shaft equal
to —ke(t) — pe'(t), where k > 0 and p > 0 are proportionality constants. Thus, the

Newton’s second law
(moment of inertia) x (angular acceleration) = total torque

yields

Iy"(t) = —ke(t) — pe'(t) . (7.12)
Since

y(t) =e(t) +g(t) =et) +a, y(t)=€(t), and y'(t)=e"(t),
the equation (7.12) becomes
Ie" + pe' + ke =0 (7.13)

with the initial conditions e(0) = y(0) —a = —a, €'(0) = ¢'(0) = 0.
Let E = E(s) := L{e(t)} (s). Taking the Laplace transform of (7.13), we obtain
a(Is+p) a(s+p/I)

IS4 pus+k 24 (u/Ds+ (k/I)

I(s°E+as)+u(sE+a)+kE=0 = E=
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Assuming a mild damping (that is, u < 2v/Ik), we have (u/I1)* — (4k/I) < 0 so that the
quadratic s? 4+ (u/I)s + (k/I) is irreducible and, therefore,

Be g { s+ u/I }
s+ 40/ @DF + [(k/1) = 2/ (412)]
. { s+ i/ (21)
s+ 1/ )" + [(k/1) = 12/ (41)
Lowen VE/T) — g2 [(4T%) } |
VR = 2[R [s + /D + [(k/T) — 2/ (412)

Taking the inverse Laplace transform and simplifying yields

ALk — p? VAalk — p?
21 Valk — 2 21

EXERCISES 7.6: Transforms of Discontinuous and Periodic Functions

2. To find the Laplace transform of g(t) = u(t — 1) — u(t — 4), we apply the linearity of the
Laplace transform and formula (4) of the text. This yields

e—s —4s —s —4s

LAu(t—1)—u(t—4)}(s) = — =

S S S

The graph of g(t) is shown in Fig. 7-F, page 264.

4. The graph of the function y(t) = tu(t — 1) is shown in Fig. 7-G on page 265. For this
function, formula (8) is more convenient. To apply the shifting property, we observe

that g(t) =t and a = 1. Hence,
git+a)=gt+1)=t+1.

Now the Laplace transform of g(t 4 1) is
1 1
LAt+1}(s) ==+ —.

52 s

Hence, by formula (8), we have

£ {tu(t = 1)} (s) = e L {g(t + 1)} (s) = ¢~ (812 + 1) % |

S

6. The function ¢(t) equals zero until ¢ reaches 2, at which point g(¢) jumps to t + 1. We
can express this jump by (¢ + 1)u(t — 2). Hence,

g9(t) = (t +ult —2)
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and, by formula (8),
£w®ﬂﬁze%ﬁmw+m+mﬂ$:e%(_+_

. Observe from the graph that g(t¢) is given by

{0, t<m/2,

sint, t>m/2.

The function g(t) equals zero until ¢ reaches the point 7/2, at which g(¢) jumps to the

function sint. We can express this jump by (sint)u(t — 1). Hence

g(t) = (sint)u (t - g) :

Taking the Laplace transform of both sides and using formula (8), we find that the

Laplace transform of the function ¢(¢) is given by

L{gt)} (s) = £{(sintyu (= 3) } ()

—7s/2
= e ™2L {sin (t + g)} (s) = e ™/2L {cost} (s) = 632 - 18 .
. Observe from the graph that g(t) is given by
0 t<1
t)y=¢" =t -1%u(t-1).
o1t {u—m%t>1 (4= V(e = 1)
Thus, by formula (5), we find that
2e~°

LLg(D} () = L{(t =D ult =)} (s) = eL{} () = —3
. We use formula (6) of the text with @ = 3 and F(s) = 1/s%. Since

o= ren o -c { S =r,

we get

L { }(t) = f(t —3)u(t —3) = (t — 3u(t — 3).

. Here, F(s) = 1/(s*+9) so that f(t) = L7 {F(s)}(t) = (sin3t)/3. Thus, applying
Theorem 8 we get

e B avalt — :Sin(3t—9)u B
c { }w—fu Bu(t - 3) = LI gy
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16.

18.

20.

226

We apply formula (6) (Theorem 8) with F(s) =1/ (s*+4) and a = 1.

c—l{ ¢’ }(t)zc—l{ ! }(t—nu(t—n:wu(tq)..

s2+4 52+ 4

By partial fractions decomposition,

3 —s+2 2 L8
(s—1)(s24+1)  s—1 s2+1

so that
S O it
=

2L { }(t—l) £ S2+1}(t—1)}u(t—1)

= [2¢"" + cos(t — 1)] u(t —1).

In this problem, we apply methods of Section 7.5 of solving initial value problems using
the Laplace transform. Taking the Laplace transform of both sides of the given equation

and using the linear property of the Laplace transform, we get
LA+ 41} (s) = L{I"} () + 4L {1} (5) = L{g(D)} (s). (7.14)
Let us denote I(s) := £ {I} (s). By Theorem 5, Section 7.3,
L{I"} (s) = s°L(s) — s1(0) = I'(0) = s"L(s) — s — 3.
Thus,
LAI"+ 41} (s) = (s°I(s) — s — 3) +4I(s) = (s +4) I(s) — (s + 3). (7.15)

To find the Laplace transform of g(t), we express this function using the unit step
function u(t). Since g(t) identically equals to 3sint for 0 < ¢ < 27 and jumps to 0 at

t = 27, we can write
g(t) = (3sint) [1 —u(t — 27)] = 3[sint — (sint)u(t — 27)].

Therefore,

241 s241 s2+1

o) (9 =8 g - ] <2
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Substituting this equation and (7.15) into (7.14) and solving for I(s) yields

I(s) s 3 N 3(1 — e %)
s) = :
244 244 (s241)(s?+4)
Since
3 1 1
(s2+1)(s2+4) s2+1 s2+4’
we obtain
5 3 1 1
I(s) = 1—e?m - : 7.16
(s) 32+4+32+4+( ‘ )(52+1 82+4) (7.16)

Applying the inverse Laplace transform to both sides of (7.16) yields
3 . : L : L.
I(t) = cos2t + 5 sin 2t +sint — 5 sin 2t — |sin(t — 27) — 5 sin 2(t —2m) | u(t —2m)
1
= sint + sin 2t + cos 2t + <§ sin 2t — sin t) u(t —2m) .

In the windowed version (11) of f(t), fr(t) = €' and T = 1. Thus,

00 1 1

1-s __ 1
Fr(s) = /e_Sth(t) dt = /e‘“et dt = /e(l_s)t dt = ¢ :

1—s
0 0 0

From Theorem 9, we obtain

Fr(s) 1—el™s
l—e=s (s—1)(1—e3)"

L)} (s) =

The graph of the function y = f(t) is given in Fig. 7-H, page 265.

We use formula (12) of the text. With the period 7" = 2, the windowed version fr(t) of
f(t) is

fB), 0<t<2 t, 0<t<l,

; U<t <2,
fr(t) = =({1—-t 1<t<?2,
0, t>2
0, t> 2.
Therefore,
[ee) 1 2

Fr(s) = /e‘Sth(t) dt = /e—sttdtJr/e—“(l —t)dt.

0

[e=]
Ju—

Integration by parts yields
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Therefore, by formula (12),

F 1 —2¢e7% —se™° —2s _92g
R

The graph of f(¢) is shown in Fig. 7-I on page 265.

26. Similarly to Example 6 of the text, we conclude that f(¢) is a periodic function with

period T' = a, whose windowed version has the form

t
fr(t) =—, 0<t<a.
a

Thus, we have

Pr(s) = L{fr()} (s) = / e (tfa)dt = / petap = L 0T

Applying now Theorem 9 yields

1—e% —qse

as? (1 —e=)

L@} (s) =

28. Observe that f(t) is periodic with period T' = 27 and

fr(t) =

sint, O0<t<m,
0, T<t<2m.

By formula (12) of the text we have

/sin te st dt
L{f0} ()

0

LLS@D)} (s)

1— 6727rs 1— 67271'3
1+e™™ 1

(824 1) (1 —e ) (824 1) (1 —e )]

where we have used integration by parts to evaluate the integral. (One can also use the

table of integrals in the text.)

30. Applying the Laplace transform to both sides of the given differential equation and using

formulas (4), Section 7.3, and (4) in this section, we obtain

L{w" +w} (s) = L{w"} (s) + L{w} (s)
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= LA{u(t —2) —u(t = 4)} (s) = L{u(t = 2)} (s) = L{u(t —4)} (s)

—2s —4s —2s —4s
9 e —e s e —e
Wis)— W(s)=—— Wis) =
~ sWls) = s+ W) s ~ (s) s2+1 * s(s2+1)
S 1 S
W — —2s _ _—4s - )
- () 52+1+(e ¢ )<s 52—1—1)

Thus,
w(t) = L7H{W(s)} (t) = cost + [1 — cos(t — 2)]u(t — 2) — [1 — cos(t — 4)]u(t —4).
The graph of the solution is shown in Fig. 7—J, page 265.

We apply the Laplace transform to both sides of the differential equation and get

LAY} (s)+ L{y} (s) =3[L{sin2t} (s) — L{(sin2t)u(t — 2m)} (s)]

= [Y(s) —s+2] +Y(s) =3 { — e ™ L {sin2(t + 27)} (S):| — 6(1—¢")

52+ 4

s2+4

S y(s) s—2 N 6(1 —e ) s 2 2 2 o
) — — - — — e .
s2+1 (s2+1)(s2+4) s2+1 s2+4 s241 s2+4

Therefore,
2 2 2
=L {Y(s)} () =L — - - (e
v =L e 0= S - - () e

zﬁ_l{SQil}(t)—E_l{8214}(15)— {25_1{3211}(“2”)

Lt {52 2+ 4} (t— 2#)} ul(t — 27)

= cost — sin 2t — 2(sint)u(t — 27) + (sin 2¢)u(t — 27) .

The graph of the solution is shown in Fig. 7-K on page 266.

By formula (4) of the text and the linearity of the Laplace transform,

—Ts __ ,—27s

€ €

LAu(t —7) —u(t —2m)}(s) =

s
Thus, taking the Laplace transform of both sides of the given equation and using the
initial conditions, y(0) = y'(0) = 0 (see (4) in Section 7.3) gives us

—TSs 6727rs

[2Y (s) + 4] sV (s) + 4V (s) = ——

S

where Y'(s) is the Laplace transform of y(t). Solving for Y (s) yields

e~ TS e—?ﬂ's e~ TS e—27rs

Yis) = 3(32—1—43—{—4): s(s+2)?
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I
—

e TS 6—27'(8) i 1 o 1
ds  4(s+2) 2(s+2)?
1 1 1
—ms __ —2ms - ) )
(e ) L 5+ 2 (3+2)2}

| =

Therefore, by Theorem 8§,

y(t) =LY ()} (1) = = [L —e 2T —2(t — m)e 2] u(t — )

— 7202 _ ot — 27r)e_2(t_2“)] u(t —2m).

g N

—
—_

36. We take the Laplace transform of the both sides of the given equation and use the initial
conditions, y(0) = 0 and y/'(0) = 1 to obtain

[s°Y (s) — 1] 4+ 5sY (s) +6Y(s) = L {tu(t — 2)} (s)

= LA{{t—2)u(t—2)}(s) +2L{u(t —2)}(s)

_ 6725 N 2 6725 _ 672s<28 + 1)
52 s 52

Therefore,

e 2%(2s + 1)
1 ) e=25(2s + 1)
T G126+3) P+ +3)

Using partial fractions decomposition yields

Y(s)—1 Lojew| Ly T3 5
Cs+2 s+3 652 365 4(s+2) 9(s+3)

1 1 1 7 3 5
) = 1 . —2s | _— -
= yl)=L {S+2 s13 ¢ [632+36s 4(s+2)+9(s+3)”(t)

7 t—2 3¢ 272 5302 )
- - t—9).
* [36 LG 1 T ] ut=2)

_ 2 _ Bt

38. We can express ¢(t) using the unit step function as
g(t) =10+ 10u(t — 10) — 20u(t — 20) .

Thus, formula (8) of the text yields

10 10e 105 207205 10
L{g(t)}(s) = o + ¢ -2 - (1 4105 _ 26—205) ‘

S S S

230



Exercises 7.6

Let Y(s) = L£{y} (s). Applying the Laplace transform to the given equation and using

the initial conditions, we obtain

L{y"} (s) +2L4y'} (s) +10Y (s) = L{g(1)} (s)

= [s°Y(s) +s] +2[sY(s) + 1] + 10Y(s) = % (1+e71% —2e72%)

s+2 10
Y — _ 1 7105_2 —20s )
- () =~Gripes T aerErg 0T <)

Using partial fractions decomposition, we can write

s+ 2 [1 s+ 2 ] (14 =105 _ g201)

Y(s) = —

(s+12+49 |s (s+1)2+9
ZE_M 1 s+2 (7105 — 9e=20%)
s (s+1)2+9 s (s+1)2+49
1 s+1 2 3
___2—__
s (s+1)24+9 3 (s+1)2+9

1 s+1 1 3 ~10 —20
- - s 9e7205)
+L (s+1)2+9 3(s+1)2+9] (e )

Therefore, taking the inverse Laplace transform, we finally obtain

2
y(t) =1—2cos3te™" — 3 sin 3te ™"
1
+ ll — e 19 o5 3(t — 10) — 3 e~ 10 gin 3(t — 10)} u(t — 10)

1
—2 {1 — e 29 cos 3(t — 20) — 3 e~ 20 gin 3(t — 20)} u(t — 20).

40. We can express ¢(t) using the unit step function as
gty =e "+ (1—e ") u(t—3).

Thus, taking the Laplace transform yields

L{g}(s) = —— + (1 _ )

s+1 s s—+1

so that

LAY +3y +2y}(s) = [$*Y(s) — 25+ 1] + 3[sY(s) — 2] + 2V (s)

1 N 1 e 3 Y
= - e
s+1 s s4+1 ’

where Y'(s) = L{y} (s). Solving for Y (s), we obtain

1 1 -3
(" +3s+2)Y(s)=2s+5+ ——+ | - — ‘ e 3
s+1 s s+1
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25>+ 7s+ 6 1 e\
L . —_—— 6
s+1 s s+1
25 +7s+6 s(l—e®)+1

= Y(s) = e
(5) (s+1)2(s+2)  s(s+1)%(s+2)
2 L 1 g 1 e 1—e? n 1—2e?
= e — — — .
s+1  (s+1)2 2s  (s+1)2  s+1 2(s+2)
Therefore,

y(t) = LY (s)} (t) =2 +te !

L s 3o _ (1 — o3 -9 4 L7267 aaeg)] iy
5 (t—3)e (1—e?)e +—c u(t — 3)
—t —t 1 -3 3y -t € —2e o
=2e " +te + 3¢ (t —4e’)e +Te u(t —3).
42. (a) FornT <t < (n+1)T,

1, 0<k<

u(t — kT) = =r=n

0, E>n+1.

Thus, (18) reduces to

g(t) = e_at -+ e_a(t_T) + .. 4 e—a(t—nT)

:e*“(1+eﬂi+~-+emJ):e*“[1+edr+(é”f—%~~+(é”Yﬂ.

We can now apply the Hint formula with z = €T to get the required.

(b) Let nT < t < (n+ 1)T. Subtracting (n + 1)7" from this inequality, we conclude

that

nl—(n+1)T <t—n+1D)T=v<n+1)T—(n+1)T = -T<v<0.

Using the formula from part (a), we get

g(t) _ efat 6(n—i—l)ozT -1 _ e—ate(n—i-l)ocT B e—at
el —1 el —1 el —1
- e—a[t—(n—i—l)T] e—at B e—av et
B el —1 T —1 e —1 e —1°

(c) With @ =1 and T = 2, we have

eV —et

1 v=t—2(n+1), 2n<t<2(n+1).
6_

g(t) =
The graph of g(t) is depicted in Fig. 7—L on page 266.
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44. We apply the formula given in Problem 43 with =1 and T = 7.

g(t) = sint +sin(t — m)u(t — 7) + sin(t — 2m)u(t — 27) +
= sint[l—u(t—w)]—{—sint[ (t—2m) —u(t—3m)]+---

—SlntZ{ut—Qkﬂ)—u[t—(Qk—l—l —Slnchk
k=0

wherethe functions

0, t<2km
hi(t) :=u(t —2km) —ult = 2k + 7] =4¢ 1, 2kr<t< (2k+1)mr k=0,1,....
0, t>2k+1)m

Therefore,

> 1, 2nm <t < (2n+1
S hilt) = " (2n+ 1w n=01,...,
— 0, Cn+)mr<t<2(n+1)m,

which is periodic with period 27. Thus,

sint, 2nw <t < (2n+1
—sthhk " ( ) n=0,1,...
0, Cn+1)r <t<2n+1)m,

is also periodic with period 2.
46. Note that f(t) is periodic with period T' = 2a = 2. In order to apply the method of

Laplace transform to given initial value problem, let us find £{f} (s) first. Since the
period of f(t)is T =2 and f(t) =1 on (0, 1), the windowed version of f(¢) is

fT(t)z{l’ 0<t<l,

0, otherwise,

and so .
1 _ —S
FT(S)—/ e fr(t /e“dt °_.
0 0

Hence, Theorem 9 yields the following formula for £{f} (s):
L—e™ 1
s(1—e25) s(l+es)’
We can now apply the Laplace transform to the given differential equation and obtain

1
s(1+4e3)

LA} (s) =

L{y"} (s) +3L{y'}(s) +2L{y} () = (5" + 35 +2)V () =
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N Y() 1 1 1 1 1 . 1
S) = —= -
l+e*s(s+1)(s+2) 14+e*[25 s+1 2(s+2)
Since .
Z k: —ks
k=0

similarly to (18) we obtain

y(t) = Z(_l)k {5 — e (R 5 6—2(t—k):|

k=0
1 — ( 1)n+1 N L (_1)n+1€n+1 -1 o (_1)n+le2(n+1) -1
=——> +e —e
4 e+1 2(e2+1)
48. Since
. > (_1)kt2k+1
t= P 717
S }; 2k +1)! (7.17)
and
2%+1 (2k +1)!
£y (o= D

using the linearity of the Laplace transform we have

) o ( 1)kt2k+1 OO 2k+1)|/s2k+2 1 o 1 k
E{Sm’f}“):ﬁ{zm} Z Gk 1) :zz(—s—z) '

k=0 =0
We can apply now the summation formula for geometric series, that is,

1

l+o+a°+- =
1—x

which is valid for |z| < 1. Taking x = —1/s%, s > 1, yields

. 1 1 |
Lt} )= G Ty ~ 2 r 1

50. Recall that the Taylor’s series for e* about z = 0 is

Z z— (7.18)
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so that

Therefore,

£{e "} i k'

o (=) (2K) SN (—1)R(2K)! 1\
t*} (s) Z(k|) iQk—Bl:Z( >k'( ) (g) '

The given relation is equivalent to

L{t”—lﬂ}(s):l'?’”'(zn_l)ﬁ L (7.19)

From formula (17) of the text,

C{tn_l/Q}(S):F[(n_1/2)+1] L(n+1/2)

5(n—=1/2)+1 o gn+1/2

The recursive formula (16) then yields

1 2n — 1 2n —1 2n — 3
r — | =T 1) = r 1) =...
(o) =r () =B (M )

m—12n—3 1_(1\ @n—12n—3)---1
_ LLIT (2] =
2 2 2 (2) on VT,
and (7.19) follows.
Since
o g2t I
arctanx:nzzg(—l) 2n+1:x—§+€— ;
letting © = 1/s, we obtain
; 1 1 1 L 1
arctan [ — | = - — — + — — -+
s s 3s3  bsd
Substituting —1/s for x into the Taylor’s series (7.18) yields
111 (—1)"
el 14— _—_ R S
=1 + 21s2 3ls3 nlsm *
Thus, we have
1 1 1 (—1)" - "
3/2,=1/s _ — e~ 774
€ T g3/2 55/2 + 2g7/2 + + nlsn+3/2 Z_; nlsn+3/2
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Replacing in Problem 52 of this section n by n + 1 yields

1 2n+1tn+(1/2)
LT ——= ()=
sn+(3/2) 1-3-5---(2n+1)y/7’

so that

e ey o {3

00 1) 1 o0 —1)» 2n+1tn+(1/2)
- (nl) £1{5n+(3/2)}22(n1) 135 (2n+ )/
’ n=0 ’

n=0
Multiplying the numerator and denominator of the nth term by 2-4---(2n) = 2"n!, we
obtain
_1)n2n+12ntn+(1/2) _ i (_1)n22n+1 t(2n+1)/2
| |
(2n+ 1)ly/m — (2n+1)ly7
o (_1)n(2\/%)2n+1

T 2 Gn 1) = % sin (2\/%> .

L1 {873/2671/8} (t) = Z

- (
n=0

1

T

(See (7.17).)

58. (a) Since

1, t>a,

u(t—a):{ 0, t<a

we have

(i) for ¢t <0,
u(t) —u(t —a) =0—0=0;

(ii) for 0 <t < a,

u(t) —u(t—a)=1-0=1;
(iii) for t > a,

u(t) —u(t—a)=1—1=0.
Thus, u(t) — u(t — a) = G4(t).

(b) We use now formula (4) from the text to get

LG} () = £{u(t) ~ ult — )} () ) )
= L{u)} (5) ~ L{ult — )} (5) =+ - T = 1=

S S
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(c) Since
Go(t —b) = u(t —b) —u[(t — b) —a] = u(t —b) —u[t — (a +b)],
similarly to part (b) we have

LA{Ga(t =)} (s) = L{u(t = b) —ult = (a +b)]} (s)
= LA{u(t =)} (s) = L{uft = (a+ )]} (s)

e—bs e—(a—i—b)s e—bs _ e—(a—l—b)s

S S S

60. Applying the Laplace transform to both sides of the original equation and using its

linearity, we obtain
L{y"}(s) = L{y} (s) = L{Ga(t = 3)} (s). (7.20)
Initial conditions, y(0) = 1 and ¢/(0) = —1, and Theorem 5 in Section 7.3 imply that
L{y"} (s) = s*L{y} (s) — sy(0) —y'(0) = s°L{y} (s) — s+ 1.

In the right-hand side of (7.20), we can apply the result of Problem 58(c) with a = 4
and b = 3 to get

LG4t =3)} (s)
Thus, (7.20) becomes

[SQE{ZJ} (8) — s+ 1] —ﬁ{y} (3) _ o35 _ o Ts

1 6_3S _ 6—73

= E{y}(s)zs+1+ s(s?—1)

S

Substituting partial fractions decomposition

L2, 02 1

s(s2—1) s—1 s+1 s

yields

s—1 s+1 s

ST B (T BT By Y (U LI

Since / . .
1/2 1/2 1 et+et—2
-1 e e Heo 2 —=
£ {S—1+8—|—1 8}() 2 ’
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62.
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formula (6) of the text gives us

£—1{6—38 {@+@_ l” no 22 ),

s—1 s+ 1 S

o {6_78 {(1/2) L) 1] } =2 0,

s—1 s+ 1 S

—~
~—

so that
e 43t -9 e T4t -2

y(t) =e "+ 5 u(t —3) — 5

u(t—17).

In this problem, we use the method of solving “mixing problems” discussed in Section 3.2.
So, let x(t) denote the mass of salt in the tank at time ¢ with t = 0 denoting the moment

when mixing started. Thus, using the formula
mass = volume X concentration ,
we have the initial condition
z(0) =500 (L) x 0.2 (kg/L) = 100 (kg).
For the rate of change of z(t), that is, 2/(t), we use then relation
2'(t) = input rate — output rate. (7.21)
While the output rate (through the exit valve C') can be computed as

output rate = % (kg/L) x 12 (L/min) = 31337(;) (kg/min)

for all ¢, the input rate has different formulas for different time intervals. Namely,

0 <t <10 (valve B) : input rate = 12 (L/min) x 0.6 (kg/L) = 7.2 (kg/min)
10 <t <20 (valve A) :  input rate = 12 (L/min) x 0.4 (kg/L) = 4.8 (kg/min);
t > 20 (valve B) : input rate = 12 (L/min) x 0.6 (kg/L) = 7.2 (kg/min).

In other words, the input rate is a function of ¢, which can be written as

7.2, 0<t<10
input rate = g(t) = ¢ 4.8, 10 <t < 20
7.2, t>20.
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Using the unit step function, we can express
g(t) = 7.2 —2.4u(t — 10) + 2.4u(t — 20) (kg/min).

Therefore, (7.21) becomes

3x(t)

125 = Z'(t) + 3 z(t) = 7.2 — 2.4u(t — 10) + 2.4u(t — 20)

125

2'(t) = g(t) —

with the initial condition x(0) = 100. Taking the Laplace transform of both sides yields

LA{z'} (s) + —125 LA{x}(s)=L{7.2—2.4u(t — 10) + 2.4u(t — 20)} (s)
3 7.2 247105 247208
N X (s) — 100] + —— X(s) = ==
[sX(s) 00] + 195 (s) . . + .
—10s —20s
X(s) = 100s + 7.2 B 2.4e n 2.4e (7.22)

sls+(3/125)]  s[s+(3/125)] = s[s+ (3/125)]
Since

100s + 7.2 3 2
sls + (3/125)] 100 {E s (3/125)] ’

24 0 [2 1
s[s +(3/125)] s s+ (3/125)]"
applying the inverse Laplace transform in (7.22), we get

l’(t) — 100 { [3 o 26_3t/125} . [1 . 8_3(t_10)/125] U,(t . 10)+ [1 . 6_3(t_20)/125}u(t _ 20)}

Finally, dividing by the volume of the solution in the tank, which constantly equals to

500 L, we conclude that the concentration C' is given by

C=[0.6 — 0.4e #/125] — 0.2 [1 — e 1012 gy (¢t — 10) + 0.2 [1 — e 2E20/125] (¢ — 20).

EXERCISES 7.7: Convolution

2. Let Y(s) := L{y} (s), G(s) := L{g} (s). Taking the Laplace transform of both sides of
the given differential equation and using the linear property of the Laplace transform,

we obtain

[s°Y(s) — 5] +9Y(s) = G(s) = (s°+9)Y(s) = s+ G(s)
s G(s)
s2 4+ 32 s2 4+ 32 ’

= Y(s) =

239



Chapter 7

Taking now the inverse Laplace transform, we obtain

y(t)—ﬁ_l{ s }(t)+1c—1{ ; G<s)}(t)_cos,3t+§sm(3t)* o(t).

5% 4 32 3 5% + 32

t

y(t) = cos 3t + % / sin [3(t — v)] g(v) dv.

4. Let Y(s) := L{y} (s), G(s) := L{g} (s). Taking the Laplace transform of both sides of
the given differential equation and using the linear property of the Laplace transform,

we obtain

[s°Y(s) — 1] + Y (s) = G(s) = (s°+1)Y(s) =1+ G(s)
1 G(s)

- Y(S)232+1+52+1'

Taking now the inverse Laplace transform, we obtain

v =t or e { S e} o

t
= sint +sint * g(t) = sint + /sin(t —v)g(v)dv.
0

6. From Table 7.1, Section 7.2, L7 {1/(s — a)} (t) = e*. Therefore, using the linearity of
the inverse Laplace transform and the convolution theorem, we have

e rees] (U R PP SO

t

¢
= /e_(t_”)e_2” dve™t / e Vdy=et (1 — e_t) —et— 2,
0

0

8. Since 1/(s* +4)? = (1/4) [2/ (s*> +22)] - [2/ (s* + 2?)], the convolution theorem tells us

-

= isin(%) * sin(2t) = i/sin [2(t — v)] sin(2v) dv.

Using the identity sin asin § = [cos(a — [3) — cos(a + )] /2, we get

c {ﬁ} (1) = % j [cos(2t — 4v) — cos 2] dv
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¢ B sin2t  tcos2t

. 16 8

1 [sin(4v —2¢)
-8

— 2t
1 v COS }

10. We have
1 1 1 2 1 !
-1} L _p1) L ~1 _t_.__/_Q,
: {83(82+1)}_£ {33}*£ {52+1}_2*Smt_2 (t=v)sinvdv
0

t
= —(v—t)2cosv‘z+2/(v—t)cosvdv
0

N| —

t
2

t
= t2+2(v—t)sinv}g —2/sinvdv :§+cost—1.

0

DO | —

12. By the linearity of the inverse Laplace transform,

) O 0 O

The second term can be evaluated similarly to that in Problem 8. (See also Example 2.)

o {%} (1) = St feost (7.23)

2 + 1)2 2
For the first term, we notice that s/(s* 4+ 1)* = [s/(s* + 1)] - [1/(s* + 1)] and apply the

convolution theorem.

t

1
r-1 {ﬁ} (t)y=L"" {32j-1 Jpn 1} (t) = cost*sint = /cos(t—v)sinvdv.

0

Using the identity sin acos § = [sin(a + 3) + sin(a — 3)]/2, we get

t

£ {ﬁ} () = % / [sint + sin(t — 20)] do

0

[ _ cos(t — 21})]
vsint + 5

v=t .
tsint
- S;n . (7.24)

N | —

v=0

Combining (7.23) and (7.24) yields

1 s+1 (t>_tsint+sint—tcost_tsint—i—sint—tcost
(52+1)2 a 2 2 - 2 ’
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14. Note that f(t) = e’ x sint. Hence, by formula (8) of the text,

1 1 1
s—1 s24+1 (s—1)(s2+1)°

L{f0)}(s) = L{e'} (s) - L{sint} (s) =

16. Note that .

/ ey (v) dv = e x y(t).

Let Y (s) := L{y} (s). Taking the Laplace transform of the original equation and using

Theorem 11, we obtain

Y(s)+ L{e xy(t)} (s) =Y(s)+$Y(s) = £ {sint} (s) = 3211
- (1+811>Y(s):82:_1

- Y(S):s(;—+11)23211+s21+1_§

= y(t):£_1{82i1+82:_1—é}(t):cost—l—sint—l.

18. We use the convolution Theorem 11 to find the Laplace transform of the integral term.

t

£ [= o) do p ) = L{s0} () = L} L WO} = 15 (29

0

where Y'(s) denotes the Laplace transform of y(¢). Thus taking the Laplace transform
of both sides of the given equation yields

Y(s)+Ys(28):% N Y(s)zs(sz—il)ﬁ(é—sil)
N y(t)zﬁ_l{Q(%—Szil)}(t):Q(l—cost).

20. The Laplace transform of the integral term is found in Problem 18 (see (7.25)). Since

L{y' )} (s) = sY(s) —y(0) = sY (s),

taking the Laplace transform of both sides of the given equation yields

SY (5) + Y;j) =TV () = £ () =
> V()= !

$+1 (s+1)(s?+s+1)
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11 1 s—(1/2) L (V3/2)
35+l 3 [s—(1/2)2+ (vV3/2)" V3[s—(1/22+ (v3/2)"
Therefore,

a1 s —(1/2) 1 (v3/2) }
y(t) = £ {3 s+1 3 [3—(1/2)]2+(\/§/2)2+\/g[s—(l/Q)]2+(\/§/2)2 ()

= %e_t_ let/QCOS (@) _|_ Let/2sin (@) .

3 2 V3 2

We rewrite the given integro-differential equation in the form
y'(t) —2e" xy(t) =t

and take the Laplace transform of both sides using Theorem 11.

V() = 9(0] - V) = (s 2 ) v -2 =4

(3@ ()

where Y (s) = L{y} (s). Thus, taking the inverse Laplace transform yields

= {(3) 5 (1) i@+ (5) o

Taking the Laplace transform of the differential equation, and assuming zero initial

conditions, we obtain
s°Y (s) — 9Y (s) = (s* = 9) Y(s) = G(s),

where Y = L{y}, G = L {g}. Thus, the transfer function

Y(s) 1
G(s) s2-9°

The impulse response function is then

i) = £ (6N 0 = ¢ { 55 b

1 1 1 et —e 3t sinh 3t
= -1 — — = =
=L {6<s—3 s+3>}@> 6 3
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26.
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Next, we find the solution y,(t) to the corresponding homogeneous equation that satisfies
the initial conditions. Since the characteristic equation, r?> — 9 = 0, has roots r = £3,

we have

0)=C) + Cy =2
ye(t) = Che® + Coe™™ = yr(0) = Cr+ G = O =Cy=1.
y,’f(O) = 301 — 302 =0

Therefore, yi(t) = €% + e = 2 cosh 3¢ and
y(t) = (h*g)(t) + yu(t) = é /Ot sinh[3(t — v)]g(v) dv + 2 cosh 3t .
Taking the Laplace transform of both sides of the given equation and assuming zero
initial conditions, we get
LA{y" +2y — 15y} (s) = L{g(t)} (s) = s*Y () + 25Y (s) — 15Y (s) = G(s).

Thus, Y(s)
s 1 1
Hs) = G(s) s2+2s—15 (s—3)(s+5)

is the transfer function. The impulse response function h(t) is then given by

h(t) = £ { : L )} () = ¥ s 5

s—3)(s+5
t B e3t _ o5t
0 8 .

! 67811
— /63(151))6511 dv = €3t .
8
To solve the given initial value problem, we use Theorem 12. To this end, we need the

0

solution yg(t) to the corresponding initial value problem for the homogeneous equation.
That is,
y'+2y =15y =0,  y(0)=0, y'(0)=S8.

Applying the Laplace transform yields

[s°Yi(s) — 8] + 2[sYi(s)] — 15Y,(s) =0
B 8 B 8 1 1
T 2425—15 (s—3)(s+5) s—3 s+5
1

~ o)=L { !

= Yk(s

~—

s—3 s+5
So,
1 t
y(t) = (h*g)(1) + y(t) = §/ (207 — 500 g(v) dv + €3 — e
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28. Taking the Laplace transform and assuming zero initial conditions, we find the transfer

function H(s).

s*Y(s) —4sY(s) +5Y(s) =G(s) = H(s)= -

Therefore, the impulse response function is

1

h(t) =L {H(s)} (t) = L™ {m

} (t) = e*sint.

Next, we find the solution yx(t) to the corresponding initial value problem for the ho-

mogeneous equation,
y" — 4y + 5y =0, y(0) =0, ¢'(0)=1.

Since the associated equation, 72> —4r +5 = 0, has roots r = 2 £ 4, a general solution to

the homogeneous equations is
yn(t) = e* (Cycost + Cysint) .

We satisfy the initial conditions by solving

OZy(O):Cl 01:0,
1 y’(O) = 201 + 02 02

2

Hence, yi(t) = e** sint and

y(t) = (hxg)(t) + yr(t) = /62@_”) [sin(t — v)] g(v) dv + e* sint

is the desired solution.
30. With given data, the initial value problem becomes
t
101"(t) + 801'(t) + 4101(t) = e(t) = I"(t) + 8I'(t) + 411(t) = % ,

I(0) = 2, I'(0) = —8. Using formula (15) of the text, we find the transfer function

1 1
s2+8s+41  (s+4)2+52°

H(s) =

Therefore,
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Next, we consider the initial value problem
I"(t) + 8I'(t) + 411(t) = 0, I(0)=2, I'(0)=-8

for the corresponding homogeneous equation. Its characteristic equation, r24-8r+41 = 0,

has roots r = —4 % 57, which give a general solution
I(t) = e * (O} cos 5t + Cysin 5t) .

Next, we find constants C; and C5 so that the solution satisfies the initial conditions.

Thus, we have

2:[<O):Cl, 01:27
_8= I'(0) = —4C} + 5C, Cy =0,

and so I;(t) = 2e % cos 5t. Finally,

I(t) = [hx (e/10)] (t) + I (t) = 5—10 / e sin [5(t — v)] e(v) dv 4 2e* cos 5t .

0

32. By the convolution theorem, we get

E{Lw*ﬂ}@)zﬁ{u(@ﬁﬁ}@ﬂ%ﬁ}@):%-—u——:—<

s f2V o L [P P
Lxtxt*=L {86}(75)—6O£ {56 (t)—60.

34. Using the commutative property (4) of the convolution and Fubini’s theorem yields

Therefore,

t

(Feg)eh=lgxf)sh= [(gx it = v)h(e) do
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36. Let

G(t) ::/t/vf(z)dzdv.

Clearly, G(0) = 0. By the fundamental theorem of calculus,

6= [ fG)d GO)=0, 6" = f0).

Therefore, by Theorem 5 in Section 7.3, we get

F(s) = L{G" (D} (s) = SL{GW)} (5) — sG(0) — G'(0) = LG D)} (5)

- .c{G@)}(s):Fs(j) ~ G(t)zﬁl{F(S)}(t).

52

We now apply Theorem 11 to conclude that

c {3_12 F(s)} () = (5—1 {é} Lo {F(s)}> (8) = £+ £(1)

:](t—v)f(v)dv:t/tf(v)dv—/tvf(v)dv

EXERCISES 7.8: Impulses and the Dirac Delta Function

2. By equation (2) of the text,

/ eMo(t) dt = e o =1
4. By equation (3),
/ e o (t+1)dt=e | __ =e.
6. Since 6(t) = 0 for t # 0,
1 oo
/(cos 2t)0(t) dt = /(Cos 2t)0(t) dt = cos2t|,_,=1.
1 —00

8. Using the linearity of the Laplace transform and formula (6), we get

L{36(t— 1)} (s) = 3L{8(t — 1)} (s) = 3=
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10.

12.

14.

16.
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Since d(t — 3) =0 for t # 3,
L8t —3)} (s):= / e 38 (t — 3) dt = / e(t = 3)dt = e | _ = 2Te™

0 —00
by equation (3) of the text.

Another way to solve this problem is to use Theorem 6 in Section 7.3. This yields

L{t?5(t—3)}(s) = (—1)3;[—53 L{5(t—3)}(s) = —% = 27e™ .

The translation property of the Laplace transform (Theorem 3, Section 7.3) yields
L{e'd(t—3)}(s)=L{d(t-3)}(s—1)= e730s7D) — 319,
Let Y(s) := L{y(t)} (s). Applying the Laplace transform to both sides of the given
equation, using Theorem 5 in Section 7.3 and the initial conditions, we find that
[s°Y(s) —s— 1] +2[sY(s) = 1] +2Y(s) = L{6(t — )} (s) = e ™.

Solving for Y(s) yields

1 n s+3 s 1 n s+1 L9 1
=€
$2+25+2 $24+2s5s+2 (s+1)2+1 (s+1)2+1 (s+1)2+1

Thus, by Theorem 8, Section 7.6 and Table 7.1 in Section 7.2,

Y(s)=eT"*

y(t) = [@—(t_”) sin(t — 71')} u(t —m) + e tcost + 2e tsint

= —e" " (sint)u(t —m) +e "cost+ 2 " sint.

Let Y := L{y}. Taking the Laplace transform of y" — 2y’ — 3y = 28(t — 1) — d(t — 3)
and applying the initial conditions y(0) = 2, ¢/(0) = 2, we obtain

(5°Y =25 —2) =2(sY —2) —3Y = L{26(t — 1) — §(t — 3)} =2¢° — e
25 —242 - 25s—2+4e 4
B s2—2s—3  (s=3)(s+1)

_1+1+e_5 1 1 e =38 1 1
s—3 s+1 2 \s—3 s+1 4 \s—3 s+1)"°

so that by Theorem 8, Section 7.6, we get

= Y(s)

1 1
y(t) =" +e ' + 3 (307D — e D]t — 1) — 1 (3073 — o= (=9 (¢ — 3).
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18. Let Y := L{y}. Taking the Laplace transform of " — 3 — 2y = 38(t — 1) + €' and
applying the initial conditions y(0) = 0, ¥/(0) = 3, we obtain

2y o . _ - (A _s
(s°Y =3) — (sY) —2Y = L{38(t — 1) + €'} T3
35 —2 s 3
- Y(S)_(s—l)(32—5—2)+6 $?2—s5—2

35 — 2 3

_ —S8

TGS -26+D ¢ Go2s+1)

Taking the partial fractions decompositions yields

Y (s) 4 1 1 1 5 1 g 1 1
s) = — - — - = e —
3s—2 2s—1 6s+1 s—2 s+1

so that from Table 7.1 in Section 7.2 and Theorem 8, Section 7.6, we get

4 1 )
3 e — 3 el — G e+ [207D — e ]yt — 1).

y(t) =
20. By the translation property of the Laplace transform,
L{e7'8(t—2)}(s) =L{8(t—2)} (s +1) = 2T,
Thus, the Laplace transform of the given equation yields

LY +5y + 6y} = (s*Y — 25 +5) + 5(sY — 2) + 6Y = e 2T

or, solving for Y := L {y(t)} (s),

25+ 5+ e 265t 25 4 5 4 ¢~ 2(s+1)
52+ 5546 (s +2)(s+3)

1 N 1 422 1 1
= e ‘e — .
s+2 s+3 s+2 s+43

Applying now the inverse Laplace transform, we get

Yy —

y(t) _ e—2t + e—3t + 6_2 (e—2r . e—i’)w)|$:t_2 u(t _ 2)
C Y [ D M) ),

22. We apply the Laplace transform to the given equation, solve the resulting equation for

Y = L{y} (s), and then use the inverse Laplace transform. This yields

L&)+ Ly} () = £{8 (1= F) } (5
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= [s°Y (s) — 1] + Y (s) = e /2

1 1
Y — —7ms/2
() 32+1+e s24+1
T

y(t) = sint + [sin (t— g)] u (t— g) =sint + (cost)u (t— 5) .

4

The graph of the solution is shown in Fig. 7-M on page 266.
24. Similarly to Problem 22, we get

(2 (s) = 1] + Y (s) = e — =27

= Y(s) = 52 :_ 1 + (eim o 672”) 52 :_ 1
= y(t) =sint + [sin (t — m)]u (t — 7) — [sin (¢t — 27)] u (¢t — 2m)

= (sint) [l —u(t —7) — u(t — 2m)].
The graph of the solution is shown in Fig. 7-N on page 266.

26. The Laplace transform of both sides of the given equation (with zero initial conditions)
yields
s2Y (s) — 65Y (s) + 13Y (s) = L{6(t)} (s) = 1.

Thus,
1 1

2
s2—6s+13 (s —3)2 4 22

1
3G

Y(s) =

Therefore, the impulse response function is

h(t) = LY (s)} (t) = % e sin 2t .

28. The Laplace transform of both sides of the given equation (with zero initial conditions)
yields
s*Y(s) =Y (s)=L{o(t)}(s) =1.

Thus,

1 1 1 1 1
Y(S>:s2—1:(5—1)(3—1—1):5(5—1_34—1)'

Therefore, the impulse response function is
h(t) = L7H{Y ()} (t) =
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30. Let Y := L{y(t)}. The Laplace transform of the left-hand side of the given equation
(with the imposed initial conditions) is (s* 4+ 1) Y(s) For the right-hand side, one has

L {Z o(t — 2k;7r)} (s) = e

k=1
Hence,
1 - —2kms
(5) s2+1 kz:; ‘

Taking the inverse Laplace transform in this equation yields the following sum () of

the series of impulse response functions hg(t):

y(t) =Y h(t) =) sin (t — 2km) u(t — 2kn)

:Z(Sint) u(t — 2km) = (sint) Zut—Qkﬁr
k=1

k=1
Evaluating y(t) at, say, t, = (7/2) + 2nm for n = 1,2, ... we see that
y(t,) = [Sin( +2nﬁ)}2u (t — 2km) Z(l):nﬁoo
k=1 k=1

with ¢,, — 0o, meaning that the bridge will eventually collapse.
32. By taking the Laplace transform of
y'+by +ey=90(t),  y(0)=y(0)=0,

and solving for Y := L {y}, we find that the transfer function is given by

1

H(s) = ———M.
(5) as?4+bs+c

We consider the following possibilities.

(i) If the roots of the polynomial as? + bs + ¢ are real and distinct, say ry, ry, then

H(s) = a(s_ﬁl)(s_rg) B a(rll—rg) (s—lrl a s—lrg) '
Thus,

h(t) =L {H(s)} (1) = ﬁ

and, clearly, h(t) has zero limit as t — oo if and only if 7 and 7, are negative.

(67‘1t o ergt)
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(ii) If the roots of as® + bs + ¢ are complex, then they are a 4= i3, where o and 3 # 0

satisfy
1

1= oo

so that

h(t) = £ {H(s)} (t) = % ¢ sin Bt

and, again, it is clear that h(t) — 0 as t — oo if and only if the real part a of the

roots is negative.

(iii) Finally, if the characteristic equation has a double real root r¢, then

implying that
A(t) = £ {H(3)} (1) = ~ 1™,

which, again, vanishes at infinity if and only if ro < 0.

34. Let a function f(t) be defined and n times continuously differentiable in a neighborhood
[—€, €] of the origin. Since, for ¢ # 0, §(¢) and all its derivatives equal zero, we can
(formally) consider the improper integral [*_ f ()6 (t)dt assuming that the integrand
vanishes outside of [—¢, €]. Then, applying integration by parts n times yields

oo

/fw&Wwwz/}@&Wwﬁzf@&“Ww

" - / F1 68D @) dt
=—/f@$”%ﬂﬁ=~:44w/}Wmaww

= (-1 [ £08(e) dt = (-1 (0)
by equation (2) of the text.

EXERCISES 7.9: Solving Linear Systems with Laplace Transforms

2. Let X = L{x}, Y = L{y}. Applying the Laplace transform to both sides of the given

equations and using Theorem 4, Section 7.3, for evaluating Laplace transforms of the
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derivatives yields

sX(s)+1=X(s)—Y(s) N (s —1)X(s)+Y(s)=—-1
sY(s) = 2X(s) +4Y (s) —2X(s)+(s—4)Y(s) =0.
Solving this system for, say, Y (s), we obtain

2 2 2 2
Y = — = — = — .
(5) s2 —5s+6 (s—2)(s—3) s—2 s—3

Therefore,

) 22 _ 9.2t _ o 3t
y(t) =L {3—2 8_3}(t)—2e 2e”" .

From the second equation in the given system we find that

[(462t — 663t) —4 <2€2t — Qegtﬂ = —2e% 4 3t

DO | —

a(t) = %(y’ —4y) =

. Let X = L{z}, Y = L{y}. Applying the Laplace transform to both sides of the given
equations and using Theorem 4, Section 7.3, for evaluating Laplace transforms of the

derivatives yields

w

sX(s) —3X(s)+2Y(s) =1/(s*+1) N (s —3)X(s)+2Y(s) =1/(s*+1)
4X(s) —sY(s) =Y (s)=s/(s>+1) 4X(s) = (s+1)Y(s)=s/(s*+1) .
Solving this system for X(s), we obtain

3s+1 3s+1
(s241)(s2—2s+5 (32—1—1)[(8—1)2+22]'

X(s) =

)
The partial fractions decomposition for X (s) is

X(s) 7T s 1 1 Tos—1 2 2
s) = — - — - — Z ]
10s2+1 10241 10 (s—1)2+22 5 (s—1)2+ 22

Hence, the inverse Laplace transform gives us

1 2
z(t) = ! cost — | — | sint — T e'cos2t + | = | e'sin2t.
10 10 10 5

From the first equation in the system,

y(t) = sint — x/(Qt) + 3z(t) ‘

Substituting the solution x(¢) and collecting similar terms yields

11 11
y(t) = (10) cost + (%) sint — (E) e’ cos 2t — <§> e sin 2t .
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6. Denote X = L{z}, Y = L{y}. The Laplace transform of the given equations yields

sX(s)—X(s)—Y(s)=1/s (s—1)X(s)=Y(s)=1/s
—X(s)+sY(s)+(5/2) —Y(s) =0 —X(s)+(s—1)Y(s) =—(5/2).

We multiply the first equation by (s — 1) and add to the second equation.

s—1 5 3s+2
— 1) - 1] X(s) = —— =
(s =1 =1] X(s) = —— =3 5
3s+2 1 3s+2 1 1 1
(s) 2s[(s —1)2 —1] 2 s2(s+2) 252+3 s—2

Taking the inverse Laplace transform we find
t 2t
x(t) = 3 +1—e*.

From the first equation in the given system,

8. By taking the Laplace transform of both sides of these differential equations and using

the linearity of the Laplace transform, we obtain

LD} (s) + L{y} (s) = L{0} (s) =0 sX(s) = (7/4) +Y(s) =0
AL{xz} (s)+ L{D[y]} (s) = L{3}(s) =3/s 4X(s)+sY(s) —4=3/s

or, equivalently,

sX(s)+Y(s)=(7/4)

4X(s)+sY(s) = (4s+3)/s,
where X (s) and Y (s) are the Laplace transforms of z(¢) and y(t), respectively. Solving
this system for X(s) yields

XTI m12 (31 3y 1 (1) 1
C 4s(s2—4)  \4/ s 2) s+2 2)s—2

The inverse Laplace transform leads now to

- ()1 @)k () o Q- ()

Differentiating x(t), we find y(t). (See the first equation in the given system.)

y(t) = —a'(t) = 3e % +e*.
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Denote X = L{xz}, Y = L{y}. The Laplace transform of the given equations (for the

given initial conditions) yields

$?2X(s)—s—1+4+Y(s)=1/s N X (s)+Y(s)=s+1+(1/s)
X(s)+ Y (s)—s+1=—1/s X(s)+s?Y(s)=s—1—(1/s).

If we multiply the first equation by s and subtract the second equation from the result,
we get

1 4 3 1
(34—1)X(s):s3+32+1+—:8 Te ST
s

s
N X(s) st 3 4+s+1 st 3 4+s+1
S g g
s(st—1) s(s—1D(s+1)(s2+1)’

which, using partial fractions, can be written as

11
X(s)= —— + -~

241 s—1 s

Taking the inverse Laplace transform, we find that
z(t) = cost+e' — 1.
From the first equation in the given system,

y(t) =1—2"(t) =cost —e' + 1.

Since

L'} () = $X(5) = o(0) = $X(5),

L{y"}(s) = s"Y(s) = sy(0) =/ (0) = s*Y'(s) = s + 1,
applying the Laplace transform to the given equations yields

sX(s)+Y(s)=X(s) N (s—1)X(s)+Y(s)=0
25X (s) +s*Y(s) —s+1=e2/s 25X (s)+s*Y(s)=s—1+e3/s.

Solving for X (s) yields

1—5—e3 1—s5s s 1
X(S)ZS(SQ—S—Q):s(3+1)(s—2)_6 s2(s+1)(s—2)
B S CC S0 W S W (Y B PAE)
T T2 s+l s—2 ° |45 22 s+l s—2)f

255



Chapter 7

Using linearity of the inverse Laplace transform and formula (6) in Section 7.6, we get

1 2\ 1\ o 1 = 1\ _, 1Y o,
==+ (5) () [im5-(6) e () e
__1+26_t_62t_ 1_t—3_e3_t+62t_6 (t—3)
2773 T a2 3 12 )" ’
Since y = & — 2’ (see the first equation in the given system), we obtain
1 4et % 3 t—3 23t 26
) =—= S - - t—3).
=5+ 5+5 (4 2 3 12)“( 3)
14. Since
L{z"} (s) = s*X(s) — s2(0) — 2/(0) = s*°X(s) — s,
LA{Y"} (s) = Y (s) — sy(0) — /(0) = s*Y(s)
applying the Laplace transform to the given equations yields
$?X(s)—s=Y(s)+e /s N $?X(s) =Y (s) =s+ (e %/s)
s?Y (s) = X(s)+ (1/s) —e /s —X(s)+ %Y (s) = (1/s) — (e73%/s) .

Solving for X (s) yields

—S —S

st+1 N s?—1 st 41 N 1
e = (&
s(st—=1) s(st—1) s(st—1) s(s2+1)

1+ 1 1 N 1 1 N S N 1 S s
= —=— = - - — e’
s 2/ s+1 2)s—1 s24+1 s  s24+1

Using linearity of the inverse Laplace transform and formula (6) in Section 7.6, we get

X(s) =

—t t
z(t) = —1+%+%+cost+ [1—cos(t —1)]u(t—1)

= cosht +cost — 1+ [1 —cos(t — 1)]u(t —1).

Since y = " — u(t — 1) (see the first equation in the system), after some algebra we

obtain

y(t) = cosht — cost — [1 — cos(t — 1) u(t — 1).

16. First, note that the initial conditions are given at the point ¢ = 7. Thus, for the Laplace

transform method, we have to shift the argument to get zero initial point. Let us denote
w(t) :=x(t+1) and v(t) =yt +m).
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The chain rule yields
wt)=2dt+m)t+7)=2(t+7), VO =y{t+m)(t+r)=yt+m).
In the original system, we substitute ¢t 4+ 7 for ¢ to get
w'(t) — 2w(t) + v'(t) = — [cos(t + ) + 4sin(t + 7)] = cost + 4sint
2w(t) + v'(t) + v(t) = sin(t + m) + 3cos(t + ) = —sint — 3cost
with initial conditions w(0) = z(7) = 0, v(0) = y(mw) = 3. Taking the Laplace transform

and using Theorem 4, Section 7.3, we obtain the system

s+4
_9 _ 3
sWi(s) —2W(s)+ sV (s) —3 o
—3s5s—1
2 - = —
W(s)+sV(s) —3+V(s) 27
or, after collecting similar terms,
32 +s5+7
(S — 2)W(S) + 5V(S) = W
352 — 35+ 2
Solving this system for V(s) yields
Vis) = 3s% — 155> 465 — 18 353 — 15s% + 65 — 18
(s2+1)(s?=35s—2) (s241)[s— (3+V17)/2] [s — (3 —V1T7)/2]
s 2V/17 — 12 1 N 2V/17 + 12 1
s2+1 V1T s—(3+V17)/2 V17 s—(3-VI7)/2°

Therefore, taking the inverse Laplace transform, we obtain

o(t) = —cost + | 2YATZ12) orvimyz [ 2VITHI2Y oovmys
V17 V17

Shifting the argument back gives

V17 av

We can now find z(t) by substituting y(¢) into the second equation of the original system.
sint + 3cost —y'(t) — y(t)

a(t) = .
B . VITH13\ s imi—m)2 VIT—=13\ s vini—m)2
=cost+sint+ [ —— | e Tl ]¢ :
22/17 2V 17
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18. We first take the Laplace transform of both sides of all three of these equations and use
the initial conditions to obtain a system of equations for the Laplace transforms of the

solution functions.

sX(s)—2Y(s) =0 sX(s)—2Y(s) =0
sX(s)—[sZ(s)+2] = = sX(s)—sZ(s) =2
X(s)+sY(s)— Z(s) = /s X(s)+sY(s)— Z(s) =3/s.

Solving this system yields
2
X<S):§’ Y(s) ==, Z(s)=—=—-.
Taking the inverse Laplace transforms, we get

p(t) = L7HX()}() =%, y(t) = L7HY ()} (1) =, 2(t) = L7 {Z(s)} () =" — 2.

20. Taking the Laplace transforms of the given equations yields

$*X(s) = 3s + sY (s) — y(0) = 2/s N $?X(s) + sY(s) = y(0) = 2/s + 3s
4X(s)+ sY(s) —y(0) =6/s 4X(s)+sY(s) —y(0) =6/s.

Subtracting the second equation from the first one, we get

3s* — 4 N X(s) 35 —4 1+ 1 i 1
§)=———==—-—+—— :
s s(s2—4) s s—2 s+2

(s —4) X(s) =
We now take the inverse Laplace transform and conclude that
z(t) = LX)} (#)=1+e* +e* =1+ 2cosh2t.
From the second equation in the original system,
y'(t) =6 —4z(t) = 2 — 8cosh 2¢ .

Integrating ¢/(s) from s = 1 (due to the initial condition) to s = ¢t we obtain

t
y(t) = /(2—8cosh2$)ds+4 = (2s — 4sinh 2s) ’i +4 =2t —4sinh2t + 2 + 4sinh 2.

1

22. For the mass m; there is only one force acting on it, that is, the force due to the spring

with the spring constant k;; so, it equals to —ki(x — y). Hence, we get
miz” = —ki(z —y).
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For the mass my, there are two forces: the force due to the spring with the spring
constant ko, which is —ksy; and the force due to the spring with the spring constant k1,

which is k1 (y — x). Thus, we get
may” = k(v —y) — kay.
Therefore, the system governing the motion is

miz” = ki (y — x)
moy” = —ki(y — x) — kay .
With my =1, mg = 2, k; =4, and ky = 10/3 the system becomes

¥ +dr—4y=0

(7.26)
—dx+2y" + (22/3)y =0
with initial conditions
2(0) = —1, 2/(0) =0, y(0)=0, y'(0)=0.
The Laplace transform of this system yields
(X (s) + 5] +4X(s) —4Y (s) =0 N (s?+4) X(s) —4Y (s) = —s
—4X(s)+2[s*Y (s)] + (22/3)Y(s) =0 —2X(s)+ (s*+ (11/3))Y(s) = 0.

Multiplying the first equation by 2, the second equation — by s? + 4 and adding the

results together, we obtain
o 1 2
s+§ (s +4) =8| Y(s) = —2s

N Y (s) 6s 6 s . 6 S
S) = — _— — — _ _ .
354 4 2352 4+ 20 17) s2+1 17) s+ (20/3)

Therefore,
y(t) = LY ()} (8) = — (%) cost + (%) cos < 2:))—015) |

From the second equation in (7.26), we have

EAAGE. <211/3>y<t> o <%) . (%) ( %) |

259



Chapter 7

24. Recall that Kirchhoft’s voltage law says that, in an electrical circuit consisting of an

260

inductor of L (H), a resistor of R(2), a capacitor of C (F), and a voltage source of
E(V),
Er +FEr+ Ec=F, (7.27)

where Ep, Er, and Es denote the voltage drops across the inductor, resistor, and ca-

pacitor, respectively. These voltage grops are given by

dl q

Ep:=RI,  Ec:=. (7.28)

where I denotes the current passing through the correspondent element.

Also, Kirchhoff’s current law states that the algebraic sum of currents passing through

any point in an electrical network is zero.

The electrical network shown in Figure 7.29 consists of three closed circuits: loop 1
through the battery B = 50(V), Ly = 0.005 (H) inductor, and R; = 10({2) resistor;
loop 2 through the resistor Ry, the inductor Ly = 0.01 (H), and the resistor Ry = 20 (Q2);
loop 3 through the battery B, the inductors L; and Ls, and the resistor Ry. We apply
Kirchhoff’s voltage law (7.27) to two of these loops, say, the loop 1 and the loop 2 (since
the equation obtained from Kirchhoft’s voltage law for the loop 3 is a linear combination
of the other two), and Kirchhoff’s current law to one of the junction points, say, the upper
one. Thus, choosing the clockwise direction in the loops and using formulas (7.28), we

obtain

Loop 1:
EL, +FEr =F = 0.0051; + 101, = 50;

Loop 2:
ER1 +EL2 +ER2 =0 = 001]§+10 (—12+2]3) =0

with the negative sign at I due to the opposite direction of the current in this loop

versus to that in Loop 1;

Upper junction point:

[1—[2—[320.
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Therefore, we have the following system for the currents I, I, and I3:

0.0057] 4+ 1015 = 50
0.01 + 10 (— I + 2I3) = 0 (7.29)
Il - [2 - 13 - 0
with initial conditions [;(0) = I5(0) = I3(0) = 0.
Let Ii(s) := L{L}(s), Ia(s) := L{2}(s), and I3(s) := L{I3}(s). Using the initial
conditions, we conclude that
LA} (s) = sli(s) — [(0) = sIi(s),
LA} (s) = sIz(s) — I3(0) = sIz(s).

Using these equations and taking the Laplace transform of the equations in (7.29), we

come up with

50
0.005s1; () + 10Ly(s) = —
S

—10I5(s) + (0.01s +20) I3(s) = 0

Ii(s) —Ix(s) — Is(s) = 0.
Expressing I»(s) = I;(s) — I3(s) from the last equation and substituting this into the
the first two equations, we get

50
(0.0055 + 10) Iy (s) — 10I5(s) = —
S

—101,(s) + (0.01s + 30) I5(s) = 0.
Solving this system for, say, I3(s), we obtain

107 5 10 5

I3(s) = == _ .
a(s) =3 (52 +5-10%s +4-10° 25  3(s+1000) © 6(s + 4000)

The inverse Laplace transform then yields

5 10 5
I t = — — _ —1000¢ _ —4000t )
3(t) = 3 ( 3 ) e +{5)e

From the second equation in (7.29), we find

b(t) = 0.0173(t) + 2013(t) 5 <E> o~ 1000t _ (§) o —4000t

10 3 3

Finally, the last equation in (7.29) yields

15 20 5
Ii(t) = L(t) + I3(t) = 5 - (3) 1000t _ (8) o —4000¢
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REVIEW PROBLEMS

1 — 6—5(5-1—1)

6—55

s+1
4

4, ————
(s —3)2+16

10.

12.

14.

16.

18.

20.

22,

24.

26.

28.

30.

32.

262

(s —2)

S

70

" (s—2249 (s—7)2+25

253 +6s2—(s—2)"' —6(s—1)""

S

€—7rs/2

2+l 1+l

2¢2 cos(v/2t) + (i> e* sin(v/21t)

V2

et —3e73 + 3e?

sin 3t — 3t cos 3t

54
= (=1 = (=Dr2n)! 1
f(t) = Z n  F(s) = Z n! g2n+1
n=0 n=0
(t—3)e 3
10\ o 23 15\ .
— - = t+(— t
(13)6 (13) cos 3 +(13) sin 3
Get + Atet + t2et + 2te® — 6e?

(1+Ct*) e, where C is an arbitrary constant
()= ()59
(3) fmrs fin2 (- 5)] (e~ )

(7)o Qo ()= ()

]_
J}————i—
—
y _—

(

1

6

RIGE O

12

- ()



Figures

FIGURES

104

Figure 7—A: The graph of f(¢) in Problem 22.

0.6

0.4+

0.29

0.0

-0.24

-0.4

Figure 7—-C: The graph of f(¢) in Problem 26.
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_ Jsint/t, t #£0
1, t=0

S

Figure 7-D: The graph of f(t) in Problem 28.

=1 y=sin(?) y=g(®
1 [ 1 /f""\\ ,"‘\\
y=g(® s 4
ld
» l 2 4 6 8 10 B l ~_- ’\/‘
(a) (b)

Figure 7-E: Graphs of functions f(¢) and ¢(¢) in Problems 32 and 34.

0 T ® T T @ T T
1 2 3 4 5 6

Figure 7—F: The graph of the function in Problem 2.
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e

Figure 7—G: The graph of the function in Problem 4.

Figures

Figure 7-H: The graph of f(¢) in Problem 22.

Figure 7—J: The graph of w(t) in Problem 30.
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Figure 7-K: The graph of y(¢) in Problem 32.

DS

Figure 7-L: The graph of ¢(t) in Problem 42.

N
|
|
o L
) v7
o

o

2 4 6 8 10 12\
—0.54
~1.04

Figure 7-IN: The graph of y(¢) in Problem 24.
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CHAPTER 8: Series Solutions of Differential

Equations

EXERCISES 8.1:

2. 244+ 822+ ---

1 2 1 3 1 5
4. (2)90 —l—(6)x (20>x—|—
1 3 1 5
6. ¢ (6):1: +<120):c—|—

8. 1— <SH211):52+<W)$4+...

1 x 2 2

1 24 \* 1 1
) ==Gg_ep <5> S @Y

(c) 2 N Z 1000260
3T \5)| T3 T

(d) See Fig. 8-A on page 276

Introduction: The Taylor Polynomial Approximation

2

= ~ 0.00823

12. The differential equation implies that the functions y(x), ¥'(z), and y”(z) exist and

continuous. Furthermore, 3" (z) can be obtained by differentiating the other terms:

"

y" = —py" — 'y —qy — ¢y + ¢'. Since p, ¢, and g have derivatives of all orders,

subsequent differentiations display the fact that, in turn, y”, y®, y©®, etc. all exist.

2
14. b4 — — — 4
(a) +2 6+

(b) Forr=1,y(t)=1— (1/2)t* —4t* + - -;
For r = —1, y(t) = 1+ (1/2)t% — (49/12)t* + - -

(c) For small ¢ in part (b), the hard spring recoils but the soft spring extends.

16. 1 — — + — +---
S
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EXERCISES 8.2: Power Series and Analytic Functions

(C) (—O0,00)
(d) (—00,00)
(e) (—o0,00)

[ 2+ n+ 2)? n
10. Z[(n+3)!+(2n+l) } (z—1)

n=0
2 2
12. 2 — (2 )22+ (= )2+
T (B)x +(15>x +
14. 1
16. 1 L + g ! 4+
SR [ B A e
2 4 24
— (=" 5
18. Z (2k>!x = Ccosx
k=0
20. Zn(n — Dayz"?
n=2
29 (=1)* S _x_g_i_x_g)_‘”
(2k +1)(2k + 1)! 18 ° 600

26.

)3
k=
24. i(k —2)(k — 3)ap_ox"
k=4
2

268



30.

32

34.

36

38

Exercises 8.3

o)

> (e —1)"

n=0

(-1

)
> 2"
n

n=1

1+G) @-1)-(%) @-1)%(%) (x—l)?’—(%) (x—1)+ .

(a) Always true

(b) Sometimes false
(c) Always true

(d) Always true

= (-1
S

xt 2b

1x2”+2:x2——+__...

2 3

3

EXERCISES 8.3: Power Series Solutions to Linear Differential Equations

10.

12.

14.

16.

18.

20.

-1, 0
-1
No singular points

r<1landz=2

1'2 .]33 ooxn i
y:a0(1+l‘+§+§—|—...):aoz%m:aoe

.’L'Q gj?’
ag 1—?+--- +a a:—g—i—-u

2 2 3
&0(1_?_34_.“)"—&1 (x—l—x2—|—5+...> = ape” + (a1 — ag) we*
372 x3
Qa, 1 —_ e a T _ ..
> . 2 s 2%k-+1

— kT - '
agp k:o(_l) 25! +ax kz:%(—l) m = agCcosT + a;sinx
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22. a3k+2:0,k:0,1,...

- 1-4---(3k—5)(3k —2) ,
. (Hk;(_l)k ( (%)!) ) )

I ’;(_1)%2 5. E?,Zﬁ;f% - 1) mng)

2?2t SN (—1D)F(2k — 3)%(2k — 5)2- .. 32
24. 1—— + = E 2k
Qo 9 + 5 + £ (2]{')‘ T +CL11]
5(32 ZL‘S 134
26. T
T+ 5 + 5 + 3 +
A
28, —1 — — - ...
2 3 8 +
5x2 o8
30. —1 - =
+ x4+ 5 6

32. (a) If a1 =0, then y(x) is an even function;

(d) ay=10,a; >0

9t>
36. 3—7+t3+t4+---

EXERCISES 8.4: Equations with Analytic Coefficients

2. Infinite

4. 2

1
8. ag 1—2(x+1)+3(x+1)2—Eo(x+1)3+--}

10. ag 1—}1<x—2>2——<r—2)3+~~]+a1 [(x—2)+i(x—2)2—1—12(x—2)3+-~}

1 2 7
12. ag 1+§(w+1)2+§(9€+1)3+---] +a [(:c+1)+2(:z:+1)2+§(x+1)3+--}

53

14.1+:c—|—x2+%—|—~-
Bttt

16. —t+ —+—+ —+---
+3+12+24+

270



18.

22,

24.

26.

28.

30.

Exercises 8.6

(o= 3) 45 (e-3) =55 (- 3) +
7o) T\ Ty 24 \" T3

1 x2+ + +x2 x3+
a _— « e :L’ S — « e
0 9 2 6

EXERCISES 8.5: Cauchy-Euler (Equidimensional) Equations Revisited

10.

12.

14.

16.

5/2 3

c1x " 4 o™

Cl$7(1+\/ﬁ)/2 + Cﬂf(lf\/ﬁ)/z

€1 Cos (\/gln :13) + oz Sin (\/gln a:)

5 5
c1 + cor ™2 cos (%— In m) + c3z 2 sin (% In :c)

a2+ cr2Inx + csz 2 (Inz)’
c1(z +2)Y% cos [In(z + 2)] + co(z + 2)1/?sin [In(z + 2)]
ax+ e 2+ rlne — 22 2 Ingx

3r 2413z 2Ilnx

EXERCISES 8.6: Method of Frobenius

2.

4.

6.

0 is regular
0 is regular

+2 are regular
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8.

10.

12.

14.

16. r

18.

20.

22.

24.

26.

28.

30.

32.

34.

36.

38.

40.

272

0, 1 are regular
0, 1 are regular
P +3r+2=0;r=—-1,17=-2

r?—r=0r=1,1=0

162°
a (1+4x+4x2+ - +)

. $1/3 + .T4/3 + 56'7/3 + 33'10/3 + o
0 3 18 ' 162

> n.n+1
<_1) T _ —x
ao T = apze
n:
n=0

/34 io: (_1)n37n+1/3
— n!-10-13---(3n+7)

4y  ?
w\lt5 T3
e xn—l—l
ao Z T apre”; yes, ag < 0
n=0 ’

Qo

ag (1—|—g); yes, ag < 0

5[7'2 JfS ZA
o (”H 20 T 1960 ' 520200 )

726 N 2517768 N 23974186896 *

. ($5/6+31x11/6 2821z17/6  629083x%3/°
0

ap (1 + 2x + 22?)

)



Exercises 8.7

42. The transformed equation is

& d
182(42 — 1)%(62 — 1)d—Z‘Z +9(4z — 1) (9622 — 40z + 3) d—z +32y = 0, so that
2y 1
p(z) = 962 0z +3 and  22q(2) 6z

2(4z —1)(6z — 1) 9(4z — 1)%(6z — 1)

are analytic at z = 0. Hence, z = 0 is a regular singular point.

@ L LB82 0 1600 L, 21661
r)=a —x —=x —z e
h 0 27 243 6561

EXERCISES 8.7: Finding a Second Linearly Independent Solution

2

2. ay1(x) + coya(x), where yy(z) =1 — g — T—S + - and yo(x) = 2712 — 21/2
4. c1y1(z) + coya(x), where
2 , 17623
yi(z) =1+4r+42" 4+ -+ and yo(x) = y1(z) Inz — 8z — 122° — o
43 /3 v a2
6. ys P v 14+ 2 42 4.,
q(x Tty o) ra(lr gt
8. c1y1(x) + coyo(x), where
3 3 3 11 4
yl(ﬁ):x_$2+%+m andyz(ﬂf):yl(x)lnijxQ_%_ 3?5:
10 YR LGNS DV (S S O
. C :L' _— —_— DR C —_— —_— —_ DEREY
' 10 ' 260 “\2? dr 8

2

4
12. c1yi(z) + coya(z), where yi(z) = 1+ Ex + % and yp(z) = 274 + 4073 + 572

14. cy1(x) + coyz(x), where

3 33 11 4
yl(x):x+x2+%+--- andyg(x):yl(x)lnx—xz—i— *

1 19
16. ¢ (1 + g) +co (—— —zlnz —2Inz — 3 + Zx + - -); has a bounded solution near the
T

origin, but not all solutions are bounded near the origin

18. ey (2) + eaya() + cays(), where

x? z? 2/3 3253 9x8/3
wilw) =+ 55+ qggp T @) =@ e i T

- and

2 3/2
ys(x) :x_1/2—|—2x1/2—|—xT+"~
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20. cy1(x) + caya(x) + c3y3(z), where
31x1/6  2821417/6

_ .5/6
m) =20+ — et e
32 43718

— o lng — 9 — 28
ys(x) =y Inw = 92 — o+ oo os

22. c1y1(x) + coya(x), where

2x2 afxd aSx?t
2

12 144 *

a 6

yi(z) =x —

4,.2

Sa*x

2

X
+’y2(gj):1+l‘—|—_+ and

28

- and

5a823

yo(z) = =y (2) Inz + 1+ o’z — 1

2+
)

24
20

26. (d) ap = —

, A2

EXERCISES 8.8: Special Functions

—_

10.

14. 61J4/3(5L') + CQJ,4/3(I‘)

16. Cljo(x) + CQYE)(JI)

18. 01J4($) + CQYZ;(I’)

2 1 32
he - — — - — —_—
x2 2 16

172*

20.
1152 -

JQ(.I)

= "L‘_l

18

11 17 5
C1F<3,5; ,LC)—FCQZ'Q/:SF(?,E,g,x)

arctan x

2523 N
1024

- and

2 2
26. J_35(7) = —x 7 I yj9(x) — Jijo(x) = —\/;x_w cosT — \/;gz:‘l/2 sin x

3_2

T 2
Jop2(2) = —5— Jia(2)

™

3
_E J_1/2<ZE) =3

274

2 2
%% gin x—f—i\/j 273/ cos x—\/jxl/Q sinx
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Review Problems

8

36. y1(z) =z and yo(x

k=1

38. 222 — 1, 423 — 3z, 8z* — 822 + 1

24/c 2./¢c
40. c1J1/(n42) (n—j\(Z x(n/2)+l) +62Y1/(n+2)< Ve x(n/?)-i—l)

n+ 2

REVIEW PROBLEMS

2. (a) =£2 are irregular singular points

(b) nm, where n is an integer, are regular singular points

= 2k =5) o 223
4. (a) a (1 Z 2’%' - ( ) >+a1 (x_T)
= 4k? — 10k +9 2
(b) @ ( Z zk( GO ) )
(4K — 6k +5) o1y
( Z F(2k +1)! ! )

k=

6. (a) clx({”“/ﬁ)/zl +02x(737\/ﬁ)/4

(b) ™'+ cr ' Inz + cz2?

8. (a) yi(x Z an,™ ™ and yo(2) = y1(z) Inz + Z b2
n=0

o0

(b) yi(x) = ZanI and yo(x Zb 21— 3/2)

n=0

o0

(c) yi(x) = Z apxz™ and yo(x) = y1(z) Inx + Z b,x"

n=0
1 7 5 3
10. (a) CIF (372’2 >+CCL’1/2F (5 §,§;ZE)

(b) c1i/3(0) + c2J-1/3(0)
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FIGURES

10

Figure 8—A: The graphs of f(z) = 1/(2 — z) and its Taylor polynomial p3(x)
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CHAPTER 9: Matrix Methods for Linear Systems

EXERCISES 9.1: Introduction

- !
T 0 1 T
2. =
L v ] [ -1 0 ] [ Y ]
—_ -/ —
1 1 -1 1 -1 T
4 i) . 1 O O 1 T
T s VT 0 =1 0| | z3
| T4 | 0 0 0 Ty
_ - _
T cos 2t 0 0 T
6. To = 0 sin2t 0O Ty
i XT3 i | 1 -1 0 XT3
_ -/ -
8 T - 0 1 I
e | | 201 26/1-8) | | 2
~ -/ ~
10. T _ 0 1 T
| 72 | | —1+n?/t 1)t To
— /
I 0 1 0 0 I
12, To _ 0 -3 -2 1 To
XT3 0 0 0 1 I3
L Ty 0O -1 -1 -3 T4

EXERCISES 9.2: Review 1: Linear Algebraic Equations
2

2. x1—0,x2—%,x3—§,$4—0
4. ZL‘1:17I‘2:2,{L‘3:O,$4:0
3 3
s s
6. TL= B2 =, 03 =8 (—o0 < s < )
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8. 11 =—s+t,xg=523=1 (—00 < 8,1 < 0)

—241 244
,xQZO,.Tg: 5

10. ry =

12. (a) The equation produce the format
1

T — 5 To = O,
0=1
(b) The equation produce the format

T +—Qf3 :Oa

2
11
To + —3.I3 = 0,
0=1
14. For r = —1, the unique solution is x1 = x5 = x3 = 0.
For r = 2, the solutions are x; = —g , Ty = Z,xg, =5 (—o0 < s <)

EXERCISES 9.3: Review 2: Matrices and Vectors

3 -1 7
2. (a) A+B=
9 4 —1
10 4 27
(b) TA — 4B =
14 -5 15
[ 2 5 1
4. (a) AB=| 0 12 4
1 8 4
[ 3 2
(b) BA = ]
115
[ 2 7
6. (a) AB =
(a) _15]
9 —1
b) (AB)C =
(b) (AB) : 1]
6 1
c) (A+B)C =
(c) ( ) 5_5]
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10.

12.

14.

16.

18.

20.

22,

24.

26.

28.

2
1
6
1
3 4
-1
+c| —1
1

- 9 1 A
31 31
5 4
L 31 31
(1 0 —1]
1 -1 2
1 -1 1
r 1
]_ _ _
2
1 1
3 2
1
—— 0
L 3
2
(c)z=1]1
0
- 1
sin 2t — cos 2t
2
1 .
cos2t —— sin2t
L 2
_O 0 1
9
(3)
1 —t —
3
0 1
0
11
54
1,6

, with ¢ arbitrary

Exercises 9.3
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30. (b) 0
1
(c) z=c 1
1

(d) CIIC2:C3:—1

3e tcos3t —etsin3t
32.

—3e tcos3t 4+ e tsin 3t

2cos2t —2sin2t —2e¢~ %
34. | —2cos2t —4sin2t —6e %
6cos2t —2sin2t —2e %

40. (a) +

1
i 3t — (5) 6_2t

Ci1 C12
Co1 C22

[ el 1 el
®dy 1 5
e - 1 —3e " +3
[ et 4 3e73 _3et — Qe
(c) —t —3t —t —3t
i —3e "+ 3e —3e7 " —9e

42. Tn general, (AB)” = BTA”. Thus, (ATA)T = AT(AT)T = ATA, so AT A is symmetric.

Similarly, one shows that AAT is symmetric

EXERCISES 9.4: Linear Systems in Normal Form

0 _T/(t)]:[2 0][r(t)]+lsint]
| 0'(t) 1 -1 (t) 1
- dr
dt
p 1 11 x
Y| _
4 7= 2 -1 3
1 0 5
dz
L dt

280



10.

12.

14.

16.

18.

20.

22,

24.

(t)]:[o 1”931@) +'o]
(t) -1 0 zo(t) P
(1) 01 0] [a] 0
O l=| 001 |]a@®]|+] 0
(t) -1 10 .Tg(t)_ cost

2y (t) = 21 (t) + x2(t) + te';

zh(t) = —x1(t) + 3za(t) + €

i (t) = zo(t) +t + 3;

Zh(t) = a5(t) — t+ 1

zh(t) = —x1(t) + x2(t) + 223(t) + 2t

Linearly independent

Linearly dependent

Linearly independent

Yes.

+ Co

et et ' 3et
2e t —ett $ 2e~t

ot
ot

Linearly independent; fundamental matrix is

t

e

e

t

t

e

sint —cost
cost sint

—sint cost

The general solution is

&1

C1

et sint —cost

et | +c2| cost | +c3| sint

et —sint cost

et —e¥t —e 3t 5t+1
0 + ¢ e3t +ecg | —e 3t | + 2t
e3t 0 e 3t At + 2

Exercises 9.4
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2e~! 4 7

_2€—t + €5t

x(t) = [

32. Choosing x¢= col(1,0,0,...,0), then xo = col(0,1,0,...,0), and so on, the correspond-
ing solutions xy, Xs, ..., X, will have a nonvanishing Wronskian at the initial point ¢,.

Hence, {x1,Xs,...,X,} is a fundamental solution set

EXERCISES 9.5: Homogeneous Linear Systems with Constant Coefficients

2. Eigenvalues are ry = 3 and r, = 4 with associated eigenvectors

[t

4. Eigenvalues are r; = —4 and r, = 2 with associated eigenvectors

u; =

1 5
u; =S and uy = s
-1 1
6. Eigenvalues are 1y = r, = —1 and r3 = 2 with associated eigenvectors
[ 1 1 | 1
u =s 1|,ua=v| 0 |[,anduz=s| 1
0 1 1
8. Eigenvalues are 1, = —1 and ry = —2 with associated eigenvectors
1 1
u=s|2|anduy=s|1
4 1
10. Eigenvalues are ry =1, ro =1+, and r3 = 1 — ¢ with associated eigenvectors
1 —1—2i —1+2
u=s|0|,us=s 1 ,and uz = s 1 ,
0 7 —1

282
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12.

14.

16.

18.

20.

22,

24.

26.

28.

1 1
cre™ + cpe™
—2
-1 1
cret 0| +ee™® | =1 | +c3e® | 4
3 3
0
cre 10t 0| +ece® | 1| +es3e’]| 0
-1 0
(a) Eigenvalues are r; = —1 and ry = —3 with associated eigenvectors
1 1
u =S and uy = s
1 -1

—3t —t _ o3t

—t
I =€ 1 = —e€ Iy =€
b C d
() {xQ—e_t ( ){x2—6_3t ( ){xg—e_t—l—e_gt
See Figures 9—A, 9—B, and 9—C on page 290.

[ e 4€4t]

z(t) = cre™ + 2cqe;
y(t) = 2c1e75 + cpet

0.4491€3574  0,6527¢16527
—0. 156063'8794t 61.6527t

3.8794¢ —0. 773361.6527t

—0.20310467%

—0.5509¢0-4679"

€0A4679t e

Exercises 9.5
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i c0-6180t () 518016180t 0 0
30 —0.618060'6180t 671.6180t 0 0
) 0 0 205858t () 90934142t
I 0 0 0.585860'5858t 63'4142t
23t — 12¢% ]
32.
263 — Rt
i e?t 26_t
34. | e* 4 3et
€2t . eft
1 1 4/3
36. ce? + ey S te?! + et /
1 1
(1] 1 0]) o |1 0 ~1/4
38. ciet | 1 |+t | 1| +e]|0 + 3 Te 1|+t | 0| +¢€ 0
0 0 1 0 1 1/2
(1] ] 0
40. ciet | 0 | et | 2 | +estel | 2 | +et | 1
3 3 1
-2
44. Cq +Cgt_5 [ ]
1
e 3t 3— .
46. z,(t) = 0 kg, z5(t) = a (e —1)e ™ kg

The mass of salt in tank A is independent of ov. The maximum mass of salt in tank B

. 3/a
is 0.1 (3 Sa) kg

3 1
50. (b) a(t) = 1+ et 4 e
y(t) =1—e
3 1
2(t) =1— ée_t + 56_3t
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Exercises 9.6

EXERCISES 9.6: Complex Eigenvalues

—5cost —5sint
2. C1 + ¢y
_2cost—sint 2sint 4 cost

5e?t cost 5e?tsint 0
4. ¢1 | —2e*cost+eZsint | +ca | —2eFsint — e cost | +c3 et
5e2t cost 5e2t sin t —e?
6. [ cos 2t sin 2¢ ]
| sin2¢ —cos2t —sin2t —cos2t
[ et et 0 0
3. el et 0 0
0 0 e?t cos 3t et sin 3t
| 0 0 e*(2cos3t —3sin3t) e*(2sin3t + 3cos 3t)
[ —0.0209¢2 cos 3t + 0.0041e? sin 3t —0.0209¢2 sin 3t — 0.0041e? cos 3t —e™t ¢!
10, —0.0296¢€2 cos 3t 4+ 0.0710e? sin 3t —0.0296€% sin 3t — 0.0710e* cos 3t et &!
0.1538¢e% cos 3t + 0.2308¢* sin 3t 0.1538¢? sin 3t — 0.2308¢* cos 3t —et ¢t
i et cos 3t et sin 3t —e bt et
[ 0 0 0 e
0 et e 0
12. 0 0 —et ot 0
—0.07e"* cos 5t + 0.17e 2 sin5t —0.067e 2 sin5t — 0.17e 2 cos5t 0 0 0
I e~ 2t cos 5t e 2t sin 5t 0

etsint — 2e’ cost
14. (a) 2¢e%

—elcost — 2etsint

et sin t
(b) o2(t+7)
—e! cost
18. ey cos(31nt) g sin(31nt)
3sin(31nt) —3cos(31Int)
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20. z,(t) = cost — cos V/3t;

22,

T9(t) = cost + cos /3t

h@%z(?)ﬁ”—(é)f&+2

I(t) = 4e7 % — 78

= (§)

+ 2;

u

4

5

EXERCISES 9.7: Nonhomogeneous Linear Systems

10.

12.

14.

16.

18.

20.

286

[ o3t ot
C1 2e3t + Co _ @_t +
[ 1 et [
C1 + C +
- ol
x, =ta+b+e’c
x, =t*a+tb+c
x, = e 'a+te b
2 1
crett + coe? +
—1
[ cost —sint |
C1 . + C2 +
i sint cost |
[ cost sint |
C1 . + Co +
| - sint cost |
1 0
t t t
cie’ | 0| +ee” | 1| +cse
1

t
2

—2$nt]

2sint + cost

o]

2t — 1
2 —2

4tsint

4t cost — 4sint
t —tel — €t
t | + 0
t+1 —e!

—cy 8in 2t + ¢y cos 2t — cze 2t + 8eqe! + (8/15) tel + (17/225) et — (1/8)
—2¢1 €08 2t — 2¢9 8in 2t + 2c3¢ % + 8cyel + (8/15) te! — (88/225) e
4y sin 2t — 4ey cos 2t — deze™2 + 8eyel + (8/15) tel + (32/225) et
8¢y cos 2t + 8¢y sin 2t + 8cze™* + 8cyel + (8/15) tet + (152/225) et — 1



Exercises 9.8

3 —A4t 2t
22. (a) ¢
I —6e™ 4 4 2t — 2t
() | @D £ (1/3) D
| (8/3) 7D 4 (7/3) 27 — 2t

24. z(t) = 3e 4 + 2t

y(t) = —6e™1 + €2t — 2t;

26. (a) [_;] (b) [ij]

—t41 ]
28. *
—~t—1 |
L 3 1/3
30. Clt + C2 + 1
| 4 2/3

34. (a) Neither wins.
(b) The z; force wins.

(c) The x5 force wins.

EXERCISES 9.8: The Matrix Exponential Function

1-—-t —t
2. (a) r=2k=2 (b) *
t 1+t
4. () r=2,k=3
t2
1t 325—5
(b) | ¢ 1 —t
0 0 1
6. (a) r=—-1k=3
_ ) 2 2 -
1+t+ — t+1 —
ittt 5
t? t?

(b) e* 1+t—t2 t—

2

t? ) t?
—t+ -  =3t+t7 1-2t4 -
+5 + +5
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(1/2) e + (1/2) ™" (1/4) € — (1/4) e

8.
et — et (1/2)e3 + (1/2) e
[ oMty et At -2t -
10. 1 e4t _ e—2t e4t + 26_2t e4t _ e—2t
3 R R T T
. [ et + et —3e~t + 3% —3e ! + 3%
12. 9 —de~t + 4e% 4 6te® de7t + He?t + 3te?t det — 4e* + 3te?t
—2et 4+ 2% — Gte?t 2e7t — et — 3te?t et + Te?t — 3te?t
(et 0 0 0 0 ]
0 el +te? te ! 0 0
14. 0 —tet e t—tet 0 0
0 0 0 cost sint
0 0 0 —sint cost
[t 0 0 0 0 |
0 et+tet te~t 0 0
16. 0 —te”t et —tet 0 0
0 0 0 e 2 4 2te=? te~t
0 0 0 —Ate=2 e~ — ote2t
1 0 [ 1
18. ¢ | 0 | +coet | 1 | +cget | 2t
0 0 1
—4 34t | 1 — 2t + 4¢2
20. cet 1| + et t | +csze —t —1?
0 2 —4t

—(4/3) et + (1/3) e*
22. | (16/9) et — (16/9) e* + (1/3) te**
| (8/9) e+ (19/9) €* — (1/3) te

et +cost —sint —1—t¢
24. el —sint —cost — 1

et —cost +sint

288



REVIEW PROBLEMS

[ —2cos 3t
2. cpe?t + ce?t
| cos 3t + 3sin 3t

0 1 t

4. e | 0| +et | 0| +c3| 1
1 0 0
0 e 0

6. 36_5t 0 €5t

_€—5t 0 36515

1 2e~5t . | 11/36
8. + ¢ +e
2 et 13/18
1 11
Tt
10. c1e?t | 0 | + ¢y { €72 cos <\/—T> -2
4

11
+eg e5t/2 gin (@) —9 | 4+ e%/2cos (?)

4

12 e sin 2t + (3/2) €* cos 2t + (1/2) e*
. 2e2t cos 2t — 3e?t sin 2t — te?t

-1 1 1
14. it 1| +et? | 1| +est™2| —1
2 0 1
1 t 4t+t2
16. | 0 1 2t
00 1

Review problems

—2sin 3t
sin 3t — 3 cos 3t

_3\/7
— eP2gin (@) —T
0

—3V7 —(1/3) et +11/16

—2V7 | p + ~1/4

0 —5/8
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FIGURES

X21<

Figure 9—A: Problem 18(b), Section 9.5

Figure 9-B: Problem 18(c), Section 9.5

Figure 9—-C: Problem 18(d), Section 9.5
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CHAPTER 10: Partial Differential Equations

EXERCISES 10.2: Method of Separation of Variables

(e —1)e” + (1 —e?) e’
ol0 _ o2

2. y=
4. y = 2sin3zx
6. No solution

8. y=e""1 4+ et !

2n —1)? 2n — 1
10. )\, = % and y, = ¢, cos ( n x), where n = 1,2,3,... and ¢,’s are arbitrary
12. )\, = 4n? and y,, = ¢, cos(2nz), where n = 0,1,2,... and ¢,’s are arbitrary
14. N\, = n?+ 1 and y, = c,e®sin(nz), where n = 1,2,3,... and ¢,’s are arbitrary

16. u(z,t) = e " sin3x + He " sin 7w — 27 sin 13z
18. u(x,t) = e ®sindx + 3¢ 1% sin 62 — e73%% sin 10z

2 3 1
20. u(x,t) = — (5) sin 9¢ sin 3z + (?> sin 21t sin Tz — (%) sin 30¢ sin 10z

2 7
22. u(x,t) = cos 3t sin x — cos 6t sin 2x + cos 9t sin 3z + (5) sin 9¢ sin 3x — <B) sin 15¢ sin 5x

—[1 (=t .
24. u(zx,t) = Z 5 Cos Ant + e sindnt | sin nx

n=1
EXERCISES 10.3: Fourier Series
2. Even
4. Neither
6. Odd
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10.

12. f(z

14. f(

16. f(z)

18.

20.

22.

24.

30.

EXERCISES 10.4:

4 o0
- — 2 1
f(x WZ 2k cos(k—l— 5

tOIa

[e.e]

(=)™ (2 — n?r?) — 2

sin nx

cosnx +

— 1
x)wg—l—gﬁ sin 2nx

N f: 2[1 — cos (mn/2)]

sin nx

™n

The 27-periodic function g(z), where g(z) =

The 27-periodic function g(z), where g(z) =

The 27-periodic function g(z), where g(z) =

The 27m-periodic function g(z), where g(z) =

1 )
aO:§7&1:O7a2:_

8

w2 2(=1)"

|zl on — 7 <z <7

(

0,
22,

/2,

T+,

z,

/2,

Fourier Cosine and Sine Series

—nr<z<0
O<ax<m

r==x7

—nrT<xz<O0
O<zr<m
r=0+m

—r<zx<-—m/2
x=-7/2
—m/2<x<0
=0
0<z<m/2
r=m/2
T/2<xz<m

2. (a) The r-periodic function f(z) = sin 2z for = # kr, where k is an integer

292

(b) The 2m-periodic function f,(x) = sin 2z for = # km, where k is an integer

(c) The 2m-periodic function f.(x), where f.(z) = {

—sin2z, —mT<x<0

sin2z, O<z<m



Exercises 10.5

4. (a) The m-periodic function f(x), where f(z) =7 —z,0<z <7

—m -z, —7mT<x<0
(b) The 2m-periodic function f,(z), where f,(z) = { " "
T—x, 0<zx<m

—m<x<0
(c) The 2w-periodic function f.(x), where f.(z) = { T+z, —nT<

T—x, O<zx<m

6. f(x) ~ ;Z i sin(2kx)

10. f(x) ~ QWZ

sin(mnx)

12. f(x) ~ 1+z—ézm cos [(2k + 1)x]

1 1 — (—=1)me !

14. f(x)~1——-+2 cos (mnx)

e ~ 1+ m2n?
I 11
16. f(x) ~c—— > — cos (2mka)
k=1
18. u(x,t) = 8 i b e PR gin [(2k 4 1)z]
’ w (2k +1)3

EXERCISES 10.5: The Heat Equation

3

2. u(zx,t) = Z [27T(_1)n+ + ud (i 1]} ¢ " sin (nx)

2 1 1
6. u(x,t)=1- — 2¢ " cosx + - g 1 e B cos (2k)
k=1

— (=)™ -
8. u(x,t):3x+62 (=1 e " sin (nx)
n
n=1
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2 1 1 2 (—1)"
10. u(z,t) = (71T_8> xr — (1_8> z® + (5) e sina + 3 Z % e~ sin (n)

n=2

12. w(z,t) = Z ane "t sin (), where {gu, -~ is the increasing sequence of positive real
n=1
numbers that are solutions to tan (u,7) = —p,, and
r sin 27wn } /
a, = 5 f(zx)sin (g,

14. u(z,t) =1+ (%”) z — ( ) Z 2/<:+ e SR gin [(2k + 1)x]

0

16. u(z,y,t) = e * cosxsiny + 4e~> cos 2z siny — 3e~ 2> cos 3x sin 4y

oo

m 4 1 2 .
18. u(z,y,t) = (§> e tsiny — — Z m e~ [GRHDZ 1]t o [(2k + 1)z siny
k_

EXERCISES 10.6: The Wave Equation

= Z (ay, cos4nt + b, sin 4nt) sin nx, where
n=1

0, n even
" { (2/m) [n/ (n* —4) —1/n], n odd

and

b - { —1/[47 (n?> = 1)], n even

1/(7n?), n odd

4 S~ (—1)F
4. u(z,t) = sindx cos 12t 4 7 sin 5z cos 15t + 3 Z (2(]{: +)1)3

2L .1 . /nwa\ . /nwz\ . [nrat
6wl t) = ST —a) 2 CHEACH Sm( I )

(="

8. t) =si int —t t 2
u(z,t) = sinx (sin cost) + ;Tﬂ (= 1)

00 ¢ t
10. u(z,t) =U; + (%) (U —Uy) + Z [an cos (Wogl ) + b, sin (Wolé;n )] sin <$>7
n=1

where a,,’s and b,,’s are chosen that

sin [(2k + 1)z] sin [3(2k + 1)t]

(sinnt — nsint) sin nx
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T

flz) = ian sin (W—ZI> + U + (Z) (Uy—Uh)

0= S0 () (52)
14. u(x,t) = 2% + o?t?

16. u(z,t) = sin 3z cos3at +t

18. wu(xz,t) = cos 2z cos2at +t — xt

EXERCISES 10.7: Laplace’s Equation

cosxsinh(y — m)  2cosdxsinh(4y — 4r)

2. =
u(,y) sinh(—m) sinh(—4m)

4. u(z,y) sinzsinh(y — 7)  sin4xsinh(4y — 47)

cu(z,y) =

i sinh(—) sinh(—4)
1 2
8. u(r,0) = 3 + % cos 20
33 3°
12. u(r,0) = 1 (r* —r7%) cos 30 + 301 (r® —r7?) cos 50

14. u(r,0) =C + Z r~" (a, cosnb + by, sin nf),
n=1

where C' is arbitrary and, for n = 1,2, ..

°

1 ™
a, = —— [ f(0)cosnddb,
™m
L
b, = —— [ f(0)sinnbdb
™m

—T

(0 — W)n] " r(lm ~Inm)n

In2 In2 } ) Where

16. u(r,0) = Zan sinh [
n=1

2

ap = —

(In2) sinh2(n7r2 Tn2) / (sin7) sin {W(lnrh? ;nw)n] dr

™

Exercises 10.7
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24. u(z,y) = ZAne’”y sin nx,
n=1

2 ™
where A, = — /f(x) sinnx dx
T
0
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CHAPTER 11: Eigenvalue Problems and

Sturm-Liouville Equations

EXERCISES 11.2: Eigenvalues and Eigenfunctions
2. sinx —cosz+z+1
4. ce™* (sin 2z + cos 27)
6. 2" +e " —x
8. c1sin2x + cycos2x + 1
10. No solution

12. No solution

2,2
14. )\n:M; Yn(z) = by, sin <w) + ¢, cos <M>,n:(),1,2,...
9 3 3
on + 1) on+1
16. )\n:2+%; yn(z) = ¢, 510 [W}n:&l,?,...

18. \g = —pu2, where tanh (uom) = 2410; yo (x) = co sinh (pox);

A = p2, where tan (g, m) = 2,; Yn () = cpsin (ppz), n=1,2,3, ...
20. \, = mn% y, (r) = cpcos (mnlnz), n =0,1,2,...
22. A\, = 4.116, \y = 24.139, A3 = 63.659
24. No nontrivial solutions
26. \, = p2, where cot (u,m) = p, for u, > 0; y, (r) = ¢, sin (upx), n =1,2,3, ...

28. N\, = —put, p, > 0 and cos (u, L) cosh (u, L) = —1;

sin (p, L) + sinh (p, L)
cos (pn L) + cosh (u, L)

Yn = Cn |SIN(pn) — sinh (unx) — (cos (pn) — cosh ()|,
( )

n=123,...
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34. (b) \o=—-1,Xy(z) =cand \, = -1+ n’r? X, (x) = ccos (mnz)
EXERCISES 11.3: Regular Sturm-Liouville Boundary Value Problems
2.y + X ly=0
4. (zy) + a2y —da7ty=0

6. [(1—22)y) + y=0

8. Yes
10. No
1
18. (a) (7) sin <%) , (ﬁ) cos <%), n=12,3,...

n+1 6

, (nwx)
sin
3

Z
>
20. (a) \/781n|:( )x} n=0,12,.

(B) T Qn: SmKnJr;) ]

sinh (poz), where tanh (pom) = 2p0;

M

22. (a)

\/smh 2#07 — 2o

\/2un7r — sin (24, 7) sin (), where tan (p,m) = 2pn, n = 1,2,3, ...

4 (m — 2) cosh (pom) — ) cos (pnm) .
b h( n
(b) sinh (2u07) — 207 sinh (o) + Z 2un7r — sin (2p,7) sin (i)

24. (a) yo(z) = \/61_1, Yn (z) = /2cos (rnlnz), n =1,2,3,...
(b) 1+ Z ( 7r2n2 — 1 cos (mnIn x)

EXERCISES 11.4: Nonhomogeneous Boundary Value Problems and the
Fredholm Alternative

2. L* [y = 2%y + (4o —sinz)y + (22 +2 — cosx) y
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Exercises 11.5
4. Lt [y] = 2% + 62y’ + Ty
6. L7 [y] = (sinz)y” + (2cosx + %)y + (—sinz +e” + 1)y
8. L* [yl =y" + 4y + 5y;
D(L*) ={y € C*[0,27] : y(0) = y(27) = 0}

)
10. L [y] = 2%y" + 22y’ + (é_l) Y;

D(L*)={y e C?[L e :y(1) = y(e7) = 0}

12. ¢ —y +y = 0; y(0) = y(n),y'(0) = ¥/ (x)

(e

14. y" =0; y(0) =y (§> Y (0)=y <§>

16. 2%y" + 22y = 0; y(1) = 4y(2),v'(1) = 4y/(2)
2m

18. /h(m)e_% sinxdr =0
0

e™

20. /h(:z:):cl/2 sin(lnz)dr =0

1

22. Unique solution for each h

/2
24. /h(x) dx =0
0

2
3
26. /h(m) <1 - —) dr =0
x
1
EXERCISES 11.5: Solution by Eigenfunction Expansion
2 L inll L) s 4
- | {gg ) sinllz 17 ) sindz
1 5
. 10
4 <7r—49) cos 7x + (7?— 100) cos 10z
1 1
6. <1—9> coS DT — (1—()) cos4x
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= —8
8. in|(2 1
Zﬂ' 2n +1)3(4n? +4n — 1) sin(2n + 1)z}

n=0

10. Z Tn 5 sin {(n—}-%) :E},Where Vo = z/f(x)sin {(n-}-_

1 T
n_07—(n+§) 0

2 e
12. Let 7, = —/f(x) sin(nlnx) dx
m

If 71 # 0, there is no solution.

If vy =0, then

csin(lnz) + Z — n2 sin(nlnz) is a solution

o0 [ f(x)cos(mnInz) dx
14. Z _11/—7;2712 cos(mn Inz), where 7, = = .

n=0 [ a=tcos?*(rnlnx) dx

1

EXERCISES 11.6: Green’s Functions

_ sinh ssinh(z — 1)

, 0<s<zx
sinh 1 - =
2. G(z,s) =
sinh z sinh(s — 1
- . (s ), r<s<1
sinh 1
4 —cosssinz, 0<s<zx
—cosxsins, z<s<m
6 SlnS—COSS sinz, 0<s<z
' (sinx —cosz)sins, z<s<
3—1—5_2 x? — 16272
), 0<s<z2
68
8.
— 16572
B G ; ) p<s<o
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10.

12.

14.

16. G

18.

20.

24.

0<s<
30e5 + 6 ’ T=
G(z,s) =
(659: —e z) (566—3 + e5s>
<s<1
\ 305 + 6 =
(_S(LII—ﬂ')’ 0<s<z
T
G(z,s) =«
x(s —m)
— , v<s<m
N ™
xt — mix
YT
s, 0<s<z
G(:I:,s)—{ -
T, <s<
47r3x—ac4
y:
-2
_ sinssin(z )’ 0<s<uz
sin 2
-2
_ sinwsin(s )7 <5<
sin 2
yzstSlnx—smx— 2) — sin 2]
h h(z —1
cOS sc.os (x )’ 0<s<u
sinh 1
G(z,s) =
cosh z cosh(s — 1)
. , x<s<1
sinh 1
y=—24
1 2
—(1-2)(1-2), 1<s<u=
s T
G(z,s) =
1 2
_<1__)(1__), P <5<
T s

Exercises 11.6
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(s — 572) (3x + 16273)

6 , 1<s<zx
26. (a) K(x,s)=
_—3) (942 -2
(x —277) (35" + 165 )7 p <5 <9
76
1 4(1+1In2
(b) y= (Z) xlnx%—(—;—gn)(:c?’—x)
( o\ (e2 2
z(m —s)(s 27rs+x’ 0<s<g
6T
28. H(z,s) =
S(?T—I)(QJZ—QWJI—FSQ)’ s
\ 6
(.2 _ 3 _ 2 3(p —
z*[(x — 3m)(s® — 3mws®) + 2m°(x 33)]7 0<s<u
1273
30. H(z,s) =
2 _ 3_ o2 3(o
s*[(s — 3m)(x® — 3ma?) + 273 (s 395)]’ r<s<n
0 1273

EXERCISES 11.7: Singular Sturm-Liouville Boundary Value Problems

o

2. Z by, J3(asnx), where {as,} is the increasing sequence of real zeros of J; and
n=1
1
[ f(x)J3(asnz) dx
by = —

1
— a3, fJ a3, @) dr
0

4. Z b, P,(x), where

6. Z by, Py, (), where

1
ff P2n d

b — 0

1
n—2n(2n +1)] [ P3,(x
0
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Review Problems

16. (c) anLn(:U), where

EXERCISES 11.8: Oscillation and Comparison Theory

2. No; sinx has a finite number of zeros on any closed bounded interval.

11
4. No; it has an infinite number of zeros on the interval {—— —]

272

s
8. —
3

e=25 26
10. Between 7 and 74/ ————
A1 A+ 26sin b

REVIEW PROBLEMS

2. (a) (™) + X"y =0
(b) (e ) e 32y =
(c) (ze™y) + X2y =0
4. (&) ¥ — 2y =0;¢y(0)=0,y(1) =0

(b) %" + 2xy’ — 3y =0; y(1) =0, ¥'(e) =0

2 o 1
6. % + 4 cos2x + - kz cos|(2k + 1)x]

— (2k2 + 2k — 1) (2k + 1)?

8. (a) Z by J7 (), where {ag,} is the increasing sequence of real zeros of J; and

n=1

f(x)J7 () dz

o,

bn—

1
p—a2) [ JHamnz)rde
0

(b) anPn(x), where
n=0
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10. Between T and 7r\/§
V6 5
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CHAPTER 12: Stability of Autonomous Systems

EXERCISES 12.2: Linear Systems in the Plane

2. Unstable proper node
4. Unstable improper node
6. Stable center
8. (—1,—1) is an asymptotically stable spiral point
10. (2,—2) is an unstable spiral point
12. (5,1) is an asymptotically stable improper node
14. Unstable proper node. See Fig. 12—A on page 309.
16. Asymptotically stable spiral point. See Fig. 12—B on page 309.
18. Unstable improper node. See Fig. 12—C on page 309.

20. Stable center. See Fig. 12—D on page 310.

EXERCISES 12.3: Almost Linear Systems

2. Asymptotically stable improper node
4. Asymptotically stable spiral point
6. Unstable saddle point
8. Asymptotically stable improper node
10. (0,0) is indeterminant; (—1, 1) is an unstable saddle point
12. (2,2) is an asymptotically stable spiral point; (—2, —2) is an unstable saddle point
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Chapter 12

14. (3,3) is an unstable saddle point; (—2, —2) is an asymptotically stable spiral point. See
Fig. 12—E on page 310.

16. (0,0) is an unstable saddle point; (—4, —2) is an asymptotically stable spiral point. See
Fig. 12—F on page 310.

EXERCISES 12.4: Energy Methods

2. G(z) =sinz+C; E(z,v) = (%) v? +sinx

4. G(z) = (%) z® — (2—14> at + (%) 2%+ C;
= () () () ()¢

6. G(z)=€e"—ao+C; E(x,v) = (%) V24t —x—1

8. See Fig. 12—G on page 311.
10. See Fig. 12—H on page 311.
12. See Fig. 12—1 on page 312.
14. vh(z,v) = v?, so energy decreasing along a trajectory. See Fig. 12—A on page 312.
16. vh(z,v) = v?, so energy decreasing along a trajectory. See Fig. 12-B on page 313.

18. See Fig. 12—C on page 313.

EXERCISES 12.5: Lyapunov’s Direct Method
2. Asymptotically stable
4. Stable
6. Unstable
8. Asymptotically stable

10. Stable
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Exercises 12.7

12. Stable

14. Stable

EXERCISES 12.6: Limit Cycles and Periodic Solutions

4. (b) Clockwise

6. r = 0 is an unstable spiral point; » = 2 is a stable limit cycle; r = 5 is an unstable limit

cycle. See Fig. 12—M on page 314.
8. r = 0 is an unstable spiral point. See Fig. 12—IN on page 314.

10. r = 0 is an unstable spiral point; r = 2 is a stable limit cycle; » = 3 is a unstable limit

cycle. See Fig. 12—0 on page 314.

12. r = 0 is an unstable spiral point; » = nx is limit cycle that is stable for n odd and

unstable for n even. See Fig. 12—P on page 315.

EXERCISES 12.7: Stability of Higher-Dimensional Systems

2. Asymptotically stable
4. Unstable

6. Asymptotically stable
8. (a) x(t) = [Cl ]
Co

1
0

(b) x(t) = ¢ + ¢

t
]
10. Stable

12. Asymptotically stable

14. Asymptotically stable

16. The equilibrium solution corresponding to the critical point (—3,0,1) is unstable

18. The equilibrium solutions corresponding to the critical points (0,0,0) and (0,0, 1) are

unstable
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REVIEW PROBLEMS
2. (0,0) is an unstable saddle point. See Fig. 12—Q on page 315.
4. (0,0) is a stable center. See Fig. 12—R on page 315.
6. (0,0) is an unstable improper node. See Fig. 12—S on page 316.
8. See Fig. 12—T on page 316.
10. Unstable
12. Asymptotically stable

14. r = 0 is an asymptotically stable spiral point; » = 2 is an unstable limit cycle; » = 3 is

a stable limit cycle; » = 4 is an unstable limit cycle. See Fig. 12—U on page 316.
16. No

18. Asymptotically stable
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Figures

FIGURES

Figure 12—A: Phase plane diagram in Problem 14, Section 12.2

Figure 12—C: Phase plane diagram in Problem 18, Section 12.2
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Figure 12—D: Phase plane diagram in Problem 20, Section 12.2

{ AT

Figure 12—E: Phase plane diagram in Problem 14, Section 12.3

Figure 12—F': Phase plane diagram in Problem 16, Section 12.3
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Figures

Figure 12—G: Potential and Phase plane diagrams in Problem 8, Section 12.4

Figure 12—H: Potential and Phase plane diagrams in Problem 10, Section 12.4

311



Chapter 12

CNL j
-1 (0] 1 2 3
X

c
=

Figure 12-1: Potential and Phase plane diagrams in Problem 12, Section 12.4

Figure 12—J: Phase plane diagram in Problem 14, Section 12.4
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Figures

Figure 12-K: Phase plane diagram in Problem 16, Section 12.4

% >
_ (0] 2
x

_5_

Figure 12—-L: Potential and Phase plane diagrams in Problem 18, Section 12.4
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Figure 12—M: Phase plane diagram in Problem 6, Section 12.6

Figure 12—N: Phase plane diagram in Problem 8, Section 12.6

Figure 12—0: Phase plane diagram in Problem 10, Section 12.6
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Figures

Figure 12—P: Phase plane diagram in Problem 12, Section 12.6

6

Figure 12—Q: Phase plane diagram in Problem 2, Review Section

Figure 12—R: Phase plane diagram in Problem 4, Review Section
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Figure 12—S: Phase plane diagram in Problem 6, Review Section

-

Figure 12—-T: Potential and Phase plane diagrams in Problem 8, Review Section

Figure 12—U: Phase plane diagram in Problem 14, Review Section
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CHAPTER 13: Existence and Uniqueness Theory

EXERCISES 13.1: Introduction: Successive Approximations
2. y(z) = [sinft + y(t)] dt

4. y(x) =1+ [e?Dat

6. 0.3775396

8. 2.2360680
10. 1.9345632
12. yi(z) =142 pe(x) =1+ + 2% + (%) 3

14. yi(z) = y2(x) = sinz

16. yi(x) = (g) —z+ (%) %
ya(7) = (g) - (;) r+a? - (%) 2

EXERCISES 13.2: Picard’s Existence and Uniqueness Theorem

2. No
4. Yes
6. Yes
nx, 0<z<(1/n)
14. No. Let y,(z) = { 2n —n’z, (1/n) <z < (2/n)
0, 2/n<x<1
Then

317



Chapter 13
but

1
lim [ yo(x)de=1#0.

n—oo

0

EXERCISES 13.3: Existence of Solutions of Linear Equations
2. [-2,1)
4. (0, 3]
6. (—o0,0)

EXERCISES 13.4: Continuous Dependence of Solutions

2. 10 %¢

4. 107 2eV2e

6. 10 %¢

8 1 sin 1
. 24 e

10.

9]

6
REVIEW PROBLEMS

2. 0.7390851

T

4. 9+ / [t2° (1) — y2(t)] dt

0

6. y1(z) = =1+ 2x; yo(x) = —1 + 22 — 222

8. No

- =
!\3 o
(s> e /T\
bo | 3
ol
~
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