
3. VECTOR ANALYSIS

7e Applied EM by Ulaby and Ravaioli



Chapter 3 Overview

https://www.youtube.com/watch?v=rB83DpBJQsE



Laws of Vector Algebra



Properties of Vector Operations

Equality of Two Vectors

Commutative property





Position & Distance Vectors

Position Vector: From origin to point P

Distance Vector: Between two points



Vector Multiplication:  Scalar Product or ”Dot Product”

Hence:



Vector Multiplication: Vector Product or ”Cross Product”





Triple Products

Scalar Triple Product

Vector Triple Product Hence:



Cartesian Coordinate System

Differential length vector

Differential area vectors





Cylindrical Coordinate System



Cylindrical Coordinate System







Spherical Coordinate 

System





Technology Brief 5:  GPS

How does a GPS receiver determine its location?



GPS: Minimum of 4 Satellites Needed

Unknown: location of receiver

Also unknown: time offset of receiver clock

Quantities known with high precision: 

locations of satellites and their atomic 

clocks (satellites use expensive high 

precision clocks, whereas receivers do not)

Solving for 4 unknowns requires at least 4 

equations ( four satellites)  



Coordinate Transformations: Coordinates

 To solve a problem, we select the coordinate system that best 

fits its geometry

 Sometimes we need to transform between coordinate systems



Coordinate Transformations: Unit Vectors







Using the relations:

leads to:



Distance Between 2 Points



Gradient of A Scalar 

Field



Gradient ( cont.)





Divergence of a Vector Field



Divergence Theorem

Useful tool for converting integration over a volume to 

one over the surface enclosing that volume, and vice versa







Curl of a Vector Field



Stokes’s Theorem





Laplacian Operator

Laplacian of a Scalar Field

Laplacian of a Vector Field

Useful Relation



Tech Brief 6: X-Ray Computed Tomography

How does a CT scanner generate a 3-D image?



Tech Brief 6: X-Ray Computed Tomography

 For each anatomical slice, the 

CT scanner generates on the 

order of 7 x 105

measurements (1,000 

angular orientations x 700 

detector channels)

 Use of vector calculus allows 

the extraction of the 2-D 

image of a slice

 Combining multiple slices 

generates a 3-D scan 
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Chapter 4 Overview



Maxwell’s Equations

God said: 

And there was light!



Charge Distributions

Volume charge density:

Total Charge in a Volume

Surface and Line Charge Densities



Current Density

For a surface with any orientation:

J is called the current density



Convection vs. Conduction



Coulomb’s Law

Electric field at point P due to single charge

Electric force on a test charge placed at P

Electric flux density D



Electric Field Due to 2 Charges



Electric Field due to 

Multiple Charges



Electric Field Due to Charge Distributions

Field due to:



Cont.





Cont.



Example 4-5 cont.



Gauss’s Law

Application of the divergence theorem gives:



Applying Gauss’s Law

Construct an imaginary Gaussian cylinder 

of radius r and height h:



Electric Scalar Potential

Minimum force needed to move charge 

against E field:



Electric Scalar Potential



Electric Potential Due to Charges

In electric circuits, we usually select a 

convenient node that we call ground and 

assign it zero reference voltage.  In free 

space and material media, we choose infinity 

as reference with V = 0. Hence, at a point P

For a point charge, V at range R is:

For continuous charge distributions:



Relating E to V



Cont.
https://www.youtube.com/watch?v=LB8Rhcb4eQM&t=68s



(cont.)



Poisson’s & Laplace’s Equations

In the absence of charges:





Conduction Current

Conduction current density:

Note how wide the range is, over 24 orders 

of magnitude 



Conductivity

ve = volume charge density of         

electrons

he = volume charge density of 

holes

e = electron mobility

h = hole mobility

Ne = number of electrons per unit 

volume

Nh = number of holes per unit 

volume





Resistance

For any conductor:

Longitudinal Resistor



G’=0 if the insulating material is air or a 

perfect dielectric with zero conductivity.



Joule’s Law

The power dissipated in a 

volume containing electric field E

and current density J is:

For a resistor, Joule’s law reduces to:

For a coaxial cable:



Tech Brief 7: Resistive Sensors
An electrical sensor is a device 

capable of responding to an applied 

stimulus by generating an electrical 

signal whose voltage, current, or some 

other attribute is related to the 

intensity of the stimulus. 

Typical stimuli :   temperature, 

pressure, position, distance, motion, 

velocity, acceleration, concentration 

(of a gas or liquid), blood flow, etc. 

Sensing process relies on measuring 

resistance, capacitance, inductance, 

induced electromotive force (emf), 

oscillation frequency or time delay, 

etc.  



Piezoresistivity

The Greek word piezein means to press

R0 = resistance when F = 0

F = applied force

A0 = cross-section when F = 0

 = piezoresistive coefficient of material



Piezoresistors



Wheatstone Bridge

Wheatstone bridge is a high 

sensitivity circuit for measuring 

small changes in resistance



Dielectric Materials



Polarization Field

P = electric flux density induced by E



Electric Breakdown

Electric Breakdown



Boundary Conditions



Summary of Boundary Conditions

Remember E = 0 in a good conductor





Conductors

Net electric field inside a conductor is zero



Field Lines at Conductor Boundary

At conductor boundary, E field direction is always 

perpendicular to conductor surface







Capacitance



Capacitance

For any two-conductor configuration:

For any resistor:





Application of Gauss’s law gives:

Q is total charge on inside of outer 

cylinder, and –Q is on outside surface of 

inner cylinder



Tech Brief 8:  Supercapacitors

For a traditional parallel-plate capacitor, 

what is the maximum attainable energy 

density?

 = permittivity of insulation material

V = applied voltage

 = density of insulation material

d = separation between plates

Mica has one of the highest dielectric strengths 

~2 x 10**8 V/m. 

If we select a voltage rating of 1 V and a 

breakdown voltage of 2 V (50% safety), this 

will require that d be no smaller than 10 nm. 

For mica,  = 60 and  = 3 x 10**3 kg/m3 .

Hence:

W = 90 J/kg = 2.5  x10**‒2 Wh/kg.

By comparison, a lithium-ion battery has 

W = 1.5 x 10**2 Wh/kg, almost 4 orders of 

magnitude greater

Energy density is given by:



A supercapacitor is a “hybrid” battery/capacitor



Users of Supercapacitors



Energy Comparison



Electrostatic Potential Energy

Electrostatic potential energy density (Joules/volume)

Total electrostatic energy stored in a volume

Energy stored in a capacitor



Image Method

Image method simplifies calculation for E and V due 

to charges near conducting planes.

1. For each charge Q, add an image charge –Q

2. Remove conducting plane

3. Calculate field due to all charges





Tech Brief 9: 

Capacitive Sensors



Humidity Sensor



Pressure Sensor



Planar capacitors



Fingerprint Imager
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Chapter 5 Overview



Electric vs Magnetic Comparison



Electric & Magnetic Forces

Electromagnetic (Lorentz) 

force

Magnetic force



Magnetic Force on a Current Element

Differential force dFm on a differential current I dl:



Torque

d = moment arm

F = force

T = torque



Magnetic Torque on Current Loop

No forces on arms 2 and 4 ( because I 

and B are parallel, or anti-parallel)

Magnetic torque:

Area of Loop



Inclined Loop

For a loop with N turns and whose surface 

normal is at angle theta relative to B direction:



Biot-Savart Law

Magnetic field induced by 

a differential current:

For the entire length:



Magnetic Field due to Current Densities



Example 5-2: Magnetic Field of Linear Conductor

Cont.



Example 5-2: Magnetic 

Field of Linear Conductor



Magnetic Field of Long Conductor





Example 5-3: Magnetic Field of a Loop

Cont.

dH is in the r–z plane  , and therefore it has

components dHr and dHz

z-components of the magnetic fields due to dl and 

dl’ add because they are in the same direction, 

but their r-components cancel

Hence for element dl:

Magnitude of field due to dl is



Example 5-3:Magnetic Field of a Loop (cont.)

For the entire loop:





Magnetic Dipole

Because a circular loop exhibits a magnetic field pattern similar to the 

electric field of an electric dipole, it is called a magnetic dipole



Forces on Parallel Conductors

Parallel wires attract if their currents are in the same 

direction, and repel if currents are in opposite directions





Tech Brief 10: Electromagnets



Magnetic Levitation

https://www.youtube.com/watch?v=Wor8C3ZIAu8



Ampère’s Law



Internal Magnetic Field of Long 

Conductor

For r < a

Cont.



External Magnetic Field of Long 

Conductor

For r > a



Magnetic Field of Toroid

Applying Ampere’s law over contour C:

The magnetic field outside the toroid

is zero. Why?

Ampere’s law states that the line integral of 

H around a closed contour C is equal to the 

current traversing the surface bounded by the 

contour.



Magnetic Vector Potential A

Electrostatics Magnetostatics



Magnetic Properties of Materials





Magnetic Hysteresis



Boundary Conditions



Solenoid

Inside the solenoid:



Inductance

Magnetic Flux

Flux Linkage

Inductance

Solenoid



The magnetic field in the region S  between 

the two conductors is approximately

Example 5-7: Inductance of Coaxial Cable 

Total magnetic flux through S:

Inductance per unit length:



Tech Brief 11:  Inductive Sensors

LVDT can measure displacement with submillimeter precision



Proximity Sensor



Magnetic Energy Density

Magnetic field in the insulating material is

The magnetic energy stored in the

coaxial cable is



Summary
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Chapter 6 Overview



Maxwell’s Equations

In this chapter, we will examine Faraday’s and Ampère’s laws



Faraday’s Law

Electromotive force (voltage) induced by 

time-varying magnetic flux:



Three types of EMF



Stationary Loop in 

Time-Varying B



cont.



Example 6-1 Solution







Ideal Transformer



Motional EMF

Magnetic force on charge q moving with 

velocity u in a magnetic field B:

This magnetic force is equivalent to the 

electrical force that would be exerted on 

the particle by the electric field Em given 

by

This, in turn, induces a voltage 

difference between ends 1 and 2, 

with end 2 being at the higher 

potential. The induced voltage is 

called a motional emf



Motional EMF



Example 6-3: Sliding Bar

The length of the loop is 

related to u by x0 = ut. Hence

Note that B increases with x





EM Motor/ Generator Reciprocity

Motor:  Electrical to mechanical 

energy conversion

Generator:  Mechanical to 

electrical energy conversion



EM Generator EMF

As the loop rotates with an angular velocity 

ω about its own axis, segment 1–2 moves 

with velocity u given by

Also:

Segment 3-4 moves with velocity –u. Hence:





Tech Brief 12:  EMF Sensors

• Piezoelectric crystals generate a voltage across them proportional to 

the compression or tensile (stretching) force applied across them. 

• Piezoelectric transducers are used in medical ultrasound, 

microphones, loudspeakers, accelerometers, etc.

• Piezoelectric crystals are bidirectional: pressure generates emf, and 

conversely, emf generates pressure (through shape distortion).



Faraday Accelerometer

The acceleration a is determined by differentiating 

the velocity u with respect to time



The Thermocouple

• The thermocouple measures the unknown temperature T2 at a junction 

connecting two metals with different thermal conductivities, relative to a 

reference temperature T1.

• In today’s temperature sensor designs, an artificial cold junction is used 

instead.  The artificial junction is an electric circuit that generates a voltage 

equal to that expected from a reference junction at temperature T1.



Displacement Current

This term is 

conduction 

current IC

This term must 

represent a 

current Application of Stokes’s theorem gives:

Cont.



Displacement Current

Define the displacement current as:

The displacement current does not 

involve real charges; 

it is an equivalent current that 

depends on 



Capacitor Circuit

Given: Wires are perfect 

conductors and capacitor 

insulator material is perfect 

dielectric.

For Surface S1:

I1 = I1c + I1d

(D = 0 in perfect conductor)

For Surface S2:

I2 = I2c + I2d

I2c = 0 (perfect dielectric)

Conclusion:  I1 = I2





Boundary Conditions



Charge Current Continuity Equation

Current I out of a volume is equal to rate of 

decrease of charge Q contained in that volume:

Used Divergence Theorem



Charge Dissipation
Question 1: What happens if you place a certain amount of free charge inside of a material?

Answer: The charge will move to the surface of the material, thereby returning its interior to a 

neutral state.

Question 2: How fast will this happen?

Answer: It depends on the material; in a good conductor, the charge dissipates in less than a 

femtosecond, whereas in a good dielectric, the process may take several hours.

Derivation of charge density equation:

Cont.



Solution of Charge Dissipation Equation

For copper:  

For mica: = 15 hours



EM Potentials

Static condition

Dynamic condition

Dynamic condition with propagation delay: Similarly, for the magnetic vector potential:



Time Harmonic Potentials

If charges and currents vary sinusoidally with time:

we can use phasor notation:

with

Expressions for potentials become:

Maxwell’s equations become:

Also: 



Cont.



Cont.



Example 6-8 cont.

Cont.



Example 6-8 cont.



Summary

https://www.youtube.com/watch?v=bxHs9I3lbZc


